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Abstract
Full Text
MATHEMATICS

V. G. BOLTYANSKII

MODELING LINEAR OPTIMAL TIME-
RESPONSES BY MEANS OF RELAY CIR-
CUITS
(Presented by Academician L. S. Pontryagin on 11 III 1961)

We shall consider an object whose law of motion in the phase space 𝑋 of variables
𝑥1, … , 𝑥𝑛 has the form

̇𝑥𝑖 =
𝑛

∑
𝛼=1

𝑎𝑖
𝛼𝑥𝛼 +

𝑟
∑
𝜌=1

𝑏𝑖
𝜌𝑢𝜌, 𝑖 = 1, … , 𝑛. (1)

We shall assume that the control parameter 𝑢 = (𝑢1, … , 𝑢𝑟) is a point of a con-
vex closed bounded polyhedron 𝑈 , situated in the space 𝐸𝑟 with coordinates
𝑢1, … , 𝑢𝑟. We shall consider the problem of optimal time-response, i.e., of find-
ing a control 𝑢(𝑡) with values in 𝑈 , under whose action the object (1) passes in
the shortest time from the position 𝑥0 to 𝑥1 (𝑥0 and 𝑥1 are given). This problem
was considered by L. S. Pontryagin, R. V. Gamkrelidze, and the author (1−5);
let us recall the results of these works.

In vector form the system (1) takes the form

̇𝑥 = 𝐴𝑥 + 𝐵𝑢, (2)

where 𝐴 ∶ 𝑋 → 𝑋 and 𝐵 ∶ 𝐸𝑟 → 𝑋 are linear operators defined, in the
coordinates 𝑥1, … , 𝑥𝑛 and 𝑢1, … , 𝑢𝑟, by the matrices (𝑎𝑖

𝑗) and (𝑏𝑖
𝑘), respectively.

Everywhere in what follows it is assumed that the following general-position
condition is fulfilled: if 𝑤 is a vector parallel to one of the edges of the polyhedron
𝑈 , then the vectors 𝐵𝑤, 𝐴𝐵𝑤, … , 𝐴𝑛−1𝐵𝑤 are linearly independent in the space
𝑋 (see condition A in (4)).
Let us introduce the auxiliary system

̇𝜓𝑖 = −
𝑛

∑
𝛼=1

𝑎𝛼
𝑖 𝜓𝛼, 𝑖 = 1, … , 𝑛,

or, in vector form,
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̇𝜓 = −𝐴∗𝜓, (3)

where 𝐴∗ is the operator adjoint to 𝐴, i.e., defined by the matrix obtained from
the matrix (𝑎𝑖

𝑗) by transposition.

Finally, for an arbitrary vector 𝜓 = (𝜓1, … , 𝜓𝑛) denote by 𝑒(𝜓) the set of all
those points 𝑢 ∈ 𝑈 for which the scalar product

(𝜓, 𝐵𝑢) =
𝑛

∑
𝛼=1

𝑟
∑
𝜌=1

𝜓𝛼𝑏𝛼
𝜌 𝑢𝜌, (4)

considered as a function of the point 𝑢 ∈ 𝑈 , attains its greatest value.

Theorem 1. Whatever the nontrivial solution 𝜓(𝑡) of equation (3), for all but
a finite number of values of 𝑡 the set 𝑒(𝜓(𝑡)) repre-

constitutes one vertex of the polyhedron 𝑈 . Thus, the relation

𝑢(𝑡) = 𝑒(𝜓(𝑡)) (5)

(which loses meaning at a finite number of points, which is immaterial) defines
a piecewise-constant function 𝑢(𝑡) with values at the vertices of the polyhedron
𝑈 . Functions of this kind are called extremal controls.

Theorem 2. Every optimal control is extremal. Conversely, suppose that
the origin of the coordinate space 𝐸𝑟 is an interior point of the polyhedron 𝑈 ,
and that all eigenvalues of the matrix (𝑎𝑗

𝑖) have negative real parts. Then for
every point 𝑥0 ∈ 𝑋 there exists, and moreover only one (up to a shift of time),
extremal control 𝑢(𝑡) that transfers the phase point from the position 𝑥0 to the
origin 𝑂 of the space 𝑋. This extremal control is at the same time optimal.

By virtue of Theorem 1, every extremal trajectory issuing at the instant 𝑡0
from the point 𝑥0 is determined by the initial value 𝜓(𝑡0) of the solution 𝜓(𝑡)
of equation (3). Namely, if an arbitrary nonzero vector 𝜓0 is given, then the
solution 𝜓(𝑡) of equation (3) with initial condition 𝜓(𝑡0) = 𝜓0 is uniquely deter-
mined. After this, relation (5) uniquely determines the corresponding extremal
control 𝑢(𝑡). Finally, knowing the control 𝑢(𝑡), from equation (2) we find the
corresponding trajectory 𝑥(𝑡) issuing from the point 𝑥0. Thus, ultimately the
extremal trajectory 𝑥(𝑡) is uniquely determined by the choice of the initial value
𝜓0. If we have managed to find precisely such an initial value 𝜓0 that the trajec-
tory 𝑥(𝑡) passes through the origin 𝑂, then, by Theorem 2, the optimal control
𝑢(𝑡) and the optimal trajectory 𝑥(𝑡) have been found.

It should be noted that computing the trajectory 𝑥(𝑡) corresponding to the ini-
tial value 𝜓0 is rather laborious. Indeed, this problem includes solving equation
(3), finding the function 𝑢(𝑡) by formula (5), and, finally, solving equation (2),

sovietrxiv.org/items/ru-196101.50719 Machine Translation

https://sovietrxiv.org/items/ru-196101.50719


Fig. 1

Figure 1: Fig. 1

which reduces to solving several systems of differential equations with succes-
sive “matching”of initial values (for the function 𝑢(𝑡), generally speaking, is
not constant, but only piecewise constant).

If one assumes that the determination of the trajectory 𝑥(𝑡) from the initial value
𝜓0 is carried out by some device, then there remains the problem of finding the
initial value 𝜓0 for which the trajectory 𝑥(𝑡) passes through 𝑂.

In the present note, without touching upon the second problem (the problem
of finding the initial values 𝜓0), we shall indicate a method for constructing a
modeling device which, from the initial value 𝜓0, makes it possible to find the
corresponding extremal trajectory 𝑥(𝑡). It consists of two linear objects with
equations (2) and (3), and of a certain number of relay elements, the number
and connection scheme of which are determined by the polyhedron 𝑈 and the
operator 𝐵.

Fig. 1

Let us pass to the mathematical description of the indicated modeling device
(Fig. 1). Consider a linear object whose phase states are described by the
variables 𝜓1, … , 𝜓𝑛, varying according to law (3) (section 𝐴𝐵 of the circuit
shown in Fig. 1). Let, further,

𝑤1, 𝑤2, … , 𝑤𝛾 (6)

be pairwise noncollinear vectors having the directions of the edges of the poly-
hedron 𝑈 (i.e., each of the vectors (6) is parallel to at least one edge of the
polyhedron 𝑈 , and for each edge there is in the system (6) one vector parallel
to it). Denote the coordinates of the vector 𝑤𝑗 by 𝑤1

𝑗 , … , 𝑤𝑟
𝑗 , and set

𝜉𝑗 = (𝜓, 𝐵𝑤𝑗) =
𝑛

∑
𝛼=1

𝑟
∑
𝜌=1

𝜓𝛼𝑏𝛼
𝜌 𝑤𝜌

𝑗 , 𝑗 = 1, 2, … , 𝛾. (7)

The variables 𝜉1, … , 𝜉𝛾 are linear forms (generally speaking, linearly dependent)
of 𝜓1, … , 𝜓𝑛. The values of the quantities 𝜉𝑗 are determined by the quantities
𝜓𝑖, but they exert no inverse action on them (this is expressed on the section
𝐵𝐵 by the directions of the arrows).

We shall feed each of the quantities 𝜉𝑗 to its own relay element; denote the
outputs of these relay elements by 𝜂1, … , 𝜂𝛾 (i.e., 𝜂𝑗 = sign 𝜉𝑗; see the section
𝐵Γ in Fig. 1).
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Let now 𝑒1, … , 𝑒𝑞 be all the vertices of the polyhedron 𝑈 . Put 𝜀𝑖𝑗 = 1 or
𝜀𝑖𝑗 = −1, if the vector issuing from the vertex 𝑒𝑖, equal to 𝑤𝑗 or, respectively,
−𝑤𝑗, goes along one of the edges of the polyhedron 𝑈 . If, however, the vector
𝑤𝑗 is not parallel to any edge incident with the vertex 𝑒𝑖, then the number 𝜀𝑖𝑗
is not defined. Fix some index 𝑖 = (1, 2, … , 𝑞) and consider only those indices 𝑗
for which the number 𝜀𝑖𝑗 is defined. Then the vectors 𝜀𝑖𝑗𝑤𝑗 are directed along
the edges issuing from the vertex 𝑒𝑖; denote the number of these edges by 𝑙𝑖.
It is easy to see that the function (4) then and only then assumes its greatest
value at one vertex 𝑒𝑖 (i.e., 𝑒(𝜓) = 𝑒𝑖) when all the quantities 𝜀𝑖𝑗𝜉𝑗 are negative,
i.e., 𝜀𝑖𝑗𝜂𝑗 = −1. In other words, the equality 𝑒(𝜓) = 𝑒𝑖 holds if and only if the
quantity

𝜁𝑖 = 𝑙𝑖 − 1 + ∑
𝑗

𝜀𝑖𝑗𝜂𝑗 (8)

is negative. The quantities 𝜁1, … , 𝜁𝑞 are linear functions of the variables 𝜂𝑗
(section Γ𝐷). Feeding the quantities 𝜁1, … , 𝜁𝑞 to relay elements and denoting the
output quantities by 𝜒1, … , 𝜒𝑞 (section 𝐷𝐸), we find that the equality 𝑒(𝜓) = 𝑒𝑖
holds if and only if 𝜒𝑖 = −1.

Let now 𝑒1
𝑖 , … , 𝑒𝑟

𝑖 be the coordinates of the vertex 𝑒𝑖 of the polyhedron 𝑈 . Put

𝑢𝜌 = 1
2

𝑞
∑
𝛼=1

(1 − 𝜒𝛼)𝑒𝜌
𝛼, 𝜌 = 1, … , 𝑟 (9)

(section 𝐸 in Fig. 1). If 𝑒(𝜓) = 𝑒𝑖 (i.e., 𝜒𝛼 = 1 for 𝛼 ≠ 𝑖 and 𝜒𝑖 = −1), then
the point (𝑢1, … , 𝑢𝑟) coincides with 𝑒𝑖 (see (9)). In other words, if the function
(4) attains its maximum at only one vertex of the polyhedron 𝑈 , then

(𝑢1, … , 𝑢𝑟) = 𝑒(𝜓). (10)

Finally, the section of the circuit in Fig. 1 represents an object whose behavior is
described by equation (2) (i.e., the original object or its model). From what has
been said above it is clear that, whatever the initial conditions for the quantities
𝜓𝑖 may be, the section 𝐴𝐵 of the circuit produces functions 𝜓1(𝑡), … , 𝜓𝑛(𝑡)
constituting a solution of equation (3), which in the subsequent sections are
transformed into the quantities (𝑢1(𝑡), … , 𝑢𝑟(𝑡)) = 𝑒(𝜓(𝑡))
(see (10)), i.e., into the corresponding extremal control (see (5)), and at the
output of the circuit we obtain the quantities 𝑥1(𝑡), … , 𝑥𝑛(𝑡), describing the
extremal trajectory. Thus it has been proved:

Theorem 3. The circuit shown in Fig. 1 (see also (7), (8), (9)) realizes the
motion of the object (2) along an extremal trajectory (for arbitrary initial values
of the quantities 𝜓𝑖 and 𝑥𝑖).
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Fig. 2

Figure 2: Fig. 2

It remains to solve the problem of finding the initial value for 𝜓 for which (for a
given initial value 𝑥0) the resulting trajectory passes through the origin—this will
be the optimal trajectory. Such a search should apparently be carried out by one
of the following two methods: either, having a fixed initial value 𝑥0, by means
of several trials find the required initial value 𝜓0; or else, reversing the direction
of the flow of time, draw a sufficiently dense net of trajectories emanating from
the origin (all of them will be optimal), after which, having “memorized”all
points of the phase space 𝑋 at which switchings occur, construct the“switching
surface”(i.e., carry out the synthesis of optimal controls).

Fig. 2

In conclusion let us consider an important case in applications, when the poly-
hedron 𝑈 is a parallelepiped defined in the space 𝐸𝑟 by the inequalities

𝛼𝜌 ≤ 𝑢𝜌 ≤ 𝛽𝜌, 𝜌 = 1, … , 𝑟. (11)

In other words, we shall consider the case when each of the quantities 𝑢𝜌 in
equations (1) is a separate control parameter, whose range of variation does
not depend on the values of the other control parameters and is specified by
inequality (11).

In this case the circuit indicated above may be replaced by the simpler circuit
shown in Fig. 2, where

𝜉𝑖 =
𝑛

∑
𝛼=1

𝜓𝛼𝑏𝛼
𝑖 , 𝑖 = 1, … , 𝑟,

𝑢𝜌 = 𝛼𝜌 + 𝛽𝜌
2 + 𝜂𝜌 𝛽𝜌 − 𝛼𝜌

2 , 𝜌 = 1, … , 𝑟.

These formulas can be derived from (7), (8), (9) or proved directly.
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