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Abstract
Full Text
MATHEMATICS

Yu. F. KOROBEINIK

ON ANALYTIC SOLUTIONS OF ONE CLASS
OF PARTIAL DIFFERENTIAL EQUATIONS
(Presented by Academician I. G. Petrovskii on 24 V 1961)

In the present paper analytic solutions of the equation

𝜕𝑟𝑢
𝜕𝑥𝑟 = 𝑎𝑦𝑚 𝜕𝑛𝑢

𝜕𝑦𝑛 , (1)

are considered, where 𝑎 is a constant number; 𝑟, 𝑚, and 𝑛 are natural numbers,
with 𝑚 < 𝑛. With the help of the representation, obtained in the paper, of an
arbitrary analytic integral of equation (1), the Cauchy problem with respect to
the variable 𝑦, as well as some new problems, is solved.

§ 1. Let 𝑢(𝑥, 𝑦) be a solution of equation (1), analytic in the bicylinder |𝑥| ≤
𝑅, |𝑦| ≤ 𝑅1. Then

𝜕𝑟𝑢/𝜕𝑥𝑟∣𝑦=0 = 𝜕𝑟𝑢∣𝑦=0/𝜕𝑥𝑟 = 0,

whence 𝑢(𝑥, 0) = 𝑃0(𝑥), where 𝑃0(𝑥) is a polynomial of degree not higher than
𝑟 − 1; similarly, the functions 𝜕𝑠𝑢/𝜕𝑦𝑠∣𝑦=0, 𝑠 = 1, 2, … , 𝑚 − 1, are also polyno-
mials of order ≤ 𝑟 − 1. Writing the analytic solution in the form of a power
series in 𝑦 and substituting into (1), we arrive at the following representation:

𝑢(𝑥, 𝑦) =
𝑚−1
∑
𝑙=0

𝑦𝑙𝑃𝑙(𝑥) +
𝑛−1
∑
𝑙=𝑚

𝑦𝑙𝑓𝑙(𝑥) +
𝑛−𝑚−1

∑
𝑑=0

∞
∑
𝑘=1

𝑦𝑚+𝑑+𝑘(𝑛−𝑚)𝛼𝑘,𝑑𝑓 (𝑘𝑟)
𝑚+𝑑(𝑥), (2)

where

𝛼𝑘,𝑑 = [(𝑘 − 1)(𝑛 − 𝑚) + 𝑑]! [(𝑘 − 2)(𝑛 − 𝑚) + 𝑑]! … (𝑑)!
[(𝑘 − 1)(𝑛 − 𝑚) + 𝑛 + 𝑑]! [(𝑘 − 2)(𝑛 − 𝑚) + 𝑛 + 𝑑]! … (𝑛 + 𝑑)! 𝑎𝑘 .

The functions
𝑓𝑠(𝑥) = 𝜕𝑠𝑢/𝜕𝑦𝑠∣𝑦=0, 𝑠 = 𝑚, … , 𝑛 − 1,

sovietrxiv.org/items/ru-196101.50296 Machine Translation

https://sovietrxiv.org/items/ru-196101.50296


will be called the growth functions of the solution 𝑢(𝑥, 𝑦).
Introduce the class 𝑀𝑅,𝑅1

of analytic functions 𝜑(𝑧) as follows: 1) if 𝑛 > 𝑟, then
the class 𝑀𝑅,𝑅1

consists of functions analytic in the disk |𝑧| ≤ 𝑅; 2) if 𝑛 = 𝑟,
then 𝑀𝑅,𝑅1

contains functions analytic in the disk

|𝑧| ≤ 𝑅 + [𝑅 𝑛−𝑚
1
|𝑎| (𝑛 − 𝑚

𝑟 )
𝑛
]

1/𝑟
;

3) finally, if 𝑟 > 𝑛, then the class 𝑀𝑅,𝑅1
is the totality of all entire functions of

order 𝑟
𝑟 − 𝑛

and type less than

(1 − 𝑛
𝑟 ) [|𝑎| ( 𝑛−𝑚

𝑟 )𝑛

𝑅 𝑛−𝑚
1

]
1/(𝑟−𝑛)

(as well as all entire functions of order less than 𝑟
𝑟−𝑛 ).

Theorem 1. In order that a solution 𝑢(𝑥, 𝑦) of equation (1) be analytic in
the bicylinder |𝑥| ≤ 𝑅, |𝑦| ≤ 𝑅1, it is necessary and sufficient that its growth
functions

𝜕𝑠𝑢/𝜕𝑦𝑠∣𝑦=0, 𝑠 = 𝑚, … , 𝑛 − 1,
belong to 𝑀𝑅,𝑅1

.

Remark 1. The general form of an analytic solution is given by formula (2).

Remark 2. If 𝑛 > 𝑟, then the solution will be entire in 𝑦, i.e., for any fixed
𝑥, |𝑥| ≤ 𝑅, 𝑢(𝑥, 𝑦) is an entire function of 𝑦. If, however, 𝑛 < 𝑟, then 𝑢(𝑥, 𝑦)
(for fixed 𝑦, |𝑦| ≤ 𝑅1) will be an entire function of 𝑥.

Denote by 𝐹𝑛,𝑟 the collection of all entire functions if 𝑛 ≥ 𝑟, and the set of all
entire functions of growth not exceeding [ 𝑟

𝑟 − 𝑛, 0] if 𝑛 < 𝑟.

From Theorem 1 one easily obtains:

Theorem 2. In order that a solution 𝑢(𝑥, 𝑦) of equation (1) be entire in 𝑥, 𝑦
(i.e., analytic in every bicylinder), it is necessary and sufficient that its growth
functions

𝜕𝑠𝑢
𝜕𝑦𝑠 ∣

𝑦=0
, 𝑠 = 𝑚, … , 𝑛 − 1,

belong to 𝐹𝑛,𝑟.

We note that the class 𝐹𝑛,𝑟 does not depend on 𝑚.

It is natural to formulate the Cauchy problem with respect to the variable 𝑦
for equation (1) in the domain of analytic solutions as follows: find a solution
of equation (1), analytic in some bicylinder |𝑥| < 𝑅, |𝑦| < 𝑅1, such that:
a) 𝜕𝑠𝑢/𝜕𝑦𝑠|𝑦=0 = 𝑃𝑠(𝑥), 𝑠 = 0, 1, … , 𝑚 − 1; b) 𝜕𝑠𝑢/𝜕𝑦𝑠|𝑦=0 = 𝜑𝑠(𝑥), 𝑠 =
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𝑚, … , 𝑛 − 1, where 𝑃𝑠(𝑥) are polynomials of degree less than 𝑟, and 𝜑𝑠(𝑥) are
functions analytic in a neighborhood of the point 𝑥 = 0.

It follows from Theorem 1 that, in order that an analytic solution of the Cauchy
problem exist in the bicylinder |𝑥| < 𝑅, |𝑦| < 𝑅1, it is necessary and sufficient
that the functions 𝜑𝑠(𝑥), 𝑠 = 𝑚, … , 𝑛−1, belong to 𝑀𝑅,𝑅1

. The solution of the
Cauchy problem will be unique in the class of integrals of equation (1) analytic
in a neighborhood of (0, 0).
Analytic solutions of equation (1) and the Cauchy problem with respect to 𝑦
in the case 𝑚 = 0 were studied in detail by Pólya [1]; for this case he obtained
results coinciding (for 𝑚 = 0) with Theorem 1.

§ 2. Let us pose the following problem for equation (1):

Problem C. Find an integral of equation (1), entire in (𝑥, 𝑦), satisfying the
conditions:

𝜕𝑠𝑢
𝜕𝑦𝑠 ∣

𝑦=0
= 𝑃𝑠(𝑥), 𝑠 = 0, 1, … , 𝑚 − 1;

𝑢(𝑥, 𝑘𝑖𝑥) = 𝜆𝑖(𝑥), 𝑖 = 1, 2, … , 𝑛 − 𝑚. (3)

In the conditions (3), 𝑃𝑠(𝑥) are arbitrary polynomials of degree ≤ 𝑟 − 1; 𝑘𝑖
are pairwise distinct real or complex numbers; 𝜆𝑖(𝑥) are functions analytic in a
neighborhood of 𝑥 = 0, which must satisfy certain compatibility conditions. If
by 𝜆̃𝑖(𝑥) we denote the difference

𝜆𝑖(𝑥) −
𝑚−1
∑
𝑙=0

(𝑘𝑖𝑥)𝑙𝑃𝑙(𝑥),

then these necessary compatibility conditions have the form

𝜆̃(𝑝)
𝑖 (0) = 0, 𝑝 = 0, 1, … , 𝑚 − 1; 𝜆̃(𝑠)

𝑖 (0) =
𝑠

∑
𝑗=𝑚

𝑎𝑠,𝑗𝑘𝑗
𝑖 ,

𝑠 = 𝑚, … , 𝑛 − 2; 𝑖 = 1, 2, … , 𝑛 − 𝑚. (4)

Theorem 3. Let 𝑢(𝑥, 𝑦) be a solution of Problem C. Then: a) the functions

𝜕𝑠𝑢
𝜕𝑦𝑠 ∣

𝑦=0
, 𝑠 = 0, 1, … , 𝑚 − 1,

must be polynomials 𝑃𝑠(𝑥) of degree < 𝑟; b) the entire functions 𝜆𝑖(𝑥) and the
polynomials 𝑃𝑠(𝑥) satisfy the relations (4).

Suppose now that 𝑟 ≥ 2(𝑛 − 𝑚). Then, conversely, for any 𝑛 − 𝑚 distinct lines
𝑦 = 𝑘𝑖𝑥 one can specify such a subclass 𝐺 of sufficiently slowly growing entire
functions that, if 𝑃𝑠(𝑥), 𝑠 = 0, 1, … , 𝑚−1, are polynomials of degree ≤ 𝑟−1, and
𝜆𝑖(𝑥) are entire functions from 𝐺 satisfying the conditions (4), then Problem C
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has a solution. This solution is unique in the class of integrals, entire in 𝑥, 𝑦, of
sufficiently slow growth (namely, such that their growth functions belong to 𝐺).

The class 𝐺 generally depends on the numbers 𝑘𝑖, 𝑛, 𝑚, 𝑟 and 𝑎, but each time
contains the collection of all polynomials (without reducing merely to it).

If the condition 𝑟 ≥ 2(𝑛 − 𝑚) is violated, then for the solvability of problem C
it is generally necessary that the functions 𝜆𝑖(𝑥), in addition to the conditions
(4) natural for analytic solutions, also satisfy conditions of another character.
Moreover, uniqueness of the solution of problem C in this case may fail even in
the class of entire solutions in 𝑥, 𝑦 whose growth functions are polynomials.

Let us consider problem C for some concrete equations of type (1).

1.
𝜕4𝑢
𝜕𝑥4 = 𝜕2𝑢

𝜕𝑦2 . (5)

Problem C consists in determining an entire in 𝑥, 𝑦 integral of equation (5)
under the conditions 𝑢(𝑥, 𝑘1𝑥) = 𝜆1(𝑥), 𝑢(𝑥, 𝑘2𝑥) = 𝜆2(𝑥). Condition (4) in
the present case has the form 𝜆1(0) = 𝜆2(0). Let 𝑄 = max{𝑥1, 𝑥2}, where 𝑥1 is
the positive root of the equation

(ch |𝑘2|
𝑥 − 1) (𝑥 + 1) = 1

𝑐1
;

𝑥2 is the positive root of the equation

(ch |𝑘2|
𝑥 − 1) (1 + 1

𝑥) = 1
𝑐1

; 𝑐1 = 2
|𝑘1 − 𝑘2| sup{1, |𝑘1𝑘2|, |𝑘2|}

(it is assumed that |𝑘2| ≥ |𝑘1|). Introduce the set 𝑅𝑄 of entire functions growing
no faster than entire functions of order 1/2 and type < 2/√𝑄. From Theorem
3 one can derive the following result:

Theorem 4. Suppose that 𝜆1(𝑥), 𝜆2(𝑥) are entire functions from 𝑅𝑄, with
𝜆1(0) = 𝜆2(0). Then there exists a solution of problem C, unique in the class
of entire integrals 𝑣(𝑥, 𝑦) of equation (5) for which 𝑣(𝑥, 0), 𝜕𝑣(𝑥, 𝑦)/𝜕𝑦∣𝑦=0 are
entire functions from 𝑅𝑄.

2.
𝜕𝑟𝑢
𝜕𝑥𝑟 = 𝑎𝜕𝑢

𝜕𝑦 .

In this case one has to find an entire integral 𝑢(𝑥, 𝑦) for which 𝑢(𝑥, 𝑘𝑥) = 𝜆(𝑥).
Denote by 𝑇𝑘 the class of entire functions of order 1 − 1

𝑟 and type

< 𝑟
𝑟 − 1 [|𝑎| ln 2

|𝑘| ]
1/𝑟

.
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Then, if 𝜆(𝑥) ∈ 𝑇𝑘, there exists a solution of problem C, unique in the class of
entire integrals 𝑣(𝑥, 𝑦) for which the function 𝑣(𝑥, 0) belongs to 𝑇𝑘.

3.
𝜕2𝑢
𝜕𝑥2 = 𝑎𝜕2𝑢

𝜕𝑦2 .

Here it is necessary to determine an entire solution such that 𝑢(𝑥, 𝑘1𝑥) = 𝜆1(𝑥),
𝑢(𝑥, 𝑘2𝑥) = 𝜆2(𝑥). The condition 𝑟 ≥ 2(𝑛 − 𝑚) is not fulfilled in this case,
and Theorem 3 is inapplicable. Analyzing the known formula for the general
solution of the wave equation, we easily find that, for example, in the case where
𝑘2 = 1/𝑘1, for the solvability of problem C it is necessary that the function
Φ(𝑥) = 𝜆2(𝑘1𝑥) − 𝜆1(𝑥) be odd. If this condition is satisfied, then a solution of
problem C exists and has the form

𝑢(𝑥, 𝑦) = Φ ( 𝑥 + 𝑦
1 + 𝑘1

) /2+𝜆1 ( 𝑥 + 𝑦
1 + 𝑘1

)−𝜇 [(𝑥 + 𝑦)(1 − 𝑘1)
(1 + 𝑘1)]+𝜇(𝑥−𝑦)+Φ ( 𝑥 − 𝑦

𝑘1 − 1) /2,

where 𝜇(𝑥) is an arbitrary even function. This example shows that violation of
the condition 𝑟 ≥ 2(𝑛 − 𝑚) substantially changes the nature of the conclusions
concerning solvability and uniqueness of problem C.

§ 3. In an analogous manner one investigates:

Problem C1. Determine an entire integral of equation (1) under the conditions:
a) 𝜕𝑠𝑢/𝜕𝑦𝑠∣𝑦=0 = 𝑃𝑠(𝑥), 𝑠 = 0, 1, … , 𝑚 − 1;
b) 𝜕𝑠𝑢/𝜕𝑦𝑠∣𝑦=𝑘𝑠𝑥 = 𝜆𝑠(𝑥), 𝑠 = 𝑚, … , 𝑛 − 1. In these conditions 𝑃𝑠(𝑥) are, as
before, polynomials of degree < 𝑟; 𝑘𝑠 are pairwise distinct numbers; 𝜆𝑠(𝑥) are
entire functions; no compatibility conditions are required.

If 𝑟 ⩾ 2(𝑛−𝑚), then for any 𝑛−𝑚 distinct straight lines one can specify a set 𝐺1
of sufficiently slowly increasing entire functions such that, if 𝜆𝑠(𝑥) ∈ 𝐺1, then
there exists a solution of problem C1, unique in the class of entire integrals 𝑣(𝑥, 𝑦)
whose growth functions belong to 𝐺1. Violation of the condition 𝑟 ⩾ 2(𝑛 − 𝑚)
leads to the same consequences as in problem C.

In both problems one can specify a metric in which there is continuous depen-
dence of the solution on the data of the problem.

In conclusion, we note that problems C and C1 resemble the problem consid-
ered by V. P. Mikhailov (2) for general systems of first-order partial differential
equations. At the same time, these problems, in their formulation and in the
character of the results, differ from V. P. Mikhailov’s problem and cannot be
reduced to it.

Rostov-on-Don
State University
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