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Abstract
Full Text

MATHEMATICS
JAN LIPIŃSKI

ON THE CONVERGENCE OF A SEQUENCE
OF CONTINUOUS FUNCTIONS TO INFIN-
ITY
(Presented by Academician P. S. Aleksandrov on 18 V 1961)

Let 𝑓𝑛(𝑥) be a sequence of continuous functions defined on the space ℰ of real
numbers. Let

𝐹1 = {𝑥 ∶ lim
𝑛→∞

𝑓𝑛(𝑥) = +∞}; (1)

𝐹2 = {𝑥 ∶ lim
𝑛→∞

𝑓𝑛(𝑥) = −∞}. (2)

Then, as is known (see (1), p. 259),

𝐹1 =
∞
⋂

𝑚=1

∞
⋃
𝑗=1

∞
⋂
𝑛=𝑗

{𝑥 ∶ 𝑓𝑛(𝑥) ≥ 𝑚}; 𝐹2 =
∞
⋂

𝑚=1

∞
⋃
𝑗=1

∞
⋂
𝑛=𝑗

{𝑥 ∶ 𝑓𝑛(𝑥) ≤ −𝑚}. (3)

Since the sets {𝑥 ∶ 𝑓𝑛(𝑥) ≥ 𝑚}, {𝑥 ∶ 𝑓𝑛(𝑥) ≤ −𝑚} are closed, it follows that

𝐹1 ∈ 𝐹𝜎𝛿, 𝐹2 ∈ 𝐹𝜎𝛿. (4)

It is obvious that

𝐹1 ∩ 𝐹2 = 0. (5)

Let 𝐹 ∈ 𝐹𝜎𝛿. Hahn (2), and also Sierpiński (3), proved that there exists a
sequence of continuous functions 𝑓𝑛(𝑥) such that
𝐹 = {𝑥 ∶ lim𝑛→∞ 𝑓𝑛(𝑥) = 0} (see also (1), pp. 261—262).

Put 𝜑𝑛(𝑥) = [sup(𝑛−1, |𝑓𝑛(𝑥)|)]−1. Then we have 𝐹 = {𝑥 ∶ lim𝑛→∞ 𝜑𝑛(𝑥) =
+∞}. Thus we see that the set of all those points at which a sequence of
continuous functions 𝑓𝑛(𝑥) converges to +∞ has type 𝐹𝜎𝛿. Conversely, every
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set of type 𝐹𝜎𝛿 is the set of convergence to +∞ of some sequence of continuous
functions.

The question arises: if conditions (4) and (5) are satisfied, does there exist a
sequence of continuous functions 𝑓𝑛(𝑥) for which (1) and (2) hold? I. P. Kornfeld
observed that the answer to this question is negative. Indeed, the sets

𝐹1 ⊂ 𝐸(1) =
∞
⋃
𝑗=1

∞
⋂
𝑛=𝑗

{𝑥 ∶ 𝑓𝑛(𝑥) ≥ 1},

𝐹2 ⊂ 𝐸(2) =
∞
⋃
𝑗=1

∞
⋂
𝑛=𝑗

{𝑥 ∶ 𝑓𝑛(𝑥) ≤ −1}.

It is obvious that 𝐸(1) ∈ 𝐹𝜎, 𝐸(2) ∈ 𝐹𝜎, and 𝐸(1) ∩ 𝐸(2) = 0. Using the
terminology of N. N. Luzin, we may conclude that the sets 𝐹1 and 𝐹2 must be
separable by sets of type 𝐹𝜎. I. P. Kornfeld also found some sufficient conditions
for the pair of sets 𝐹1, 𝐹2, but they differ from the necessary ones.

In the present paper we prove that the indicated necessary conditions are suf-
ficient, i.e. for any two sets 𝐹1 and 𝐹2 of type 𝐹𝜎𝛿 and separable by 𝐹𝜎, there
exists a sequence of continuous functions 𝑓𝑛(𝑥) for which (1) and (2) hold.

First we shall formulate several lemmas on sets of types 𝐹𝜎 and 𝐹𝜎𝛿; then we
shall define the functions 𝑓𝑛(𝑥) and give a brief outline of the proof of the
assertion stated above.

Lemma 1. Let 𝐴 ∈ 𝐹𝜎. Then there exist sequences of open sets 𝑃𝑛 and closed
bounded sets 𝐾𝑛 such that

𝐾𝑛 ⊂ 𝐾𝑛+1, 𝐾𝑛 ⊂ 𝑃𝑛, 𝐴 =
∞
⋃
𝑛=1

𝐾𝑛 = lim
𝑛→∞

𝑃𝑛 = lim
𝑛→∞

𝑃 𝑛.

This lemma is first proved for the case when 𝐴 is a set of type 𝐹𝜎 and of the
first category; then when 𝐴 is an open set. In the second case one obtains the
result

𝐴 = lim
𝑛→∞

𝑃𝑛 = lim
𝑛→∞

𝑃 𝑛

(more precise than

𝐴 = lim
𝑛→∞

𝑃𝑛 = lim
𝑛→∞

𝑃 𝑛).

Since an arbitrary set 𝐴 ∈ 𝐹𝜎 is the sum of an open set and a set 𝐹𝜎 of the first
category, from the validity of the lemma for the special cases one can prove its
validity also in the general case.
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Lemma 2. Let 𝐸(1) ∈ 𝐹𝜎, 𝐸(2) ∈ 𝐹𝜎, and 𝐸(1) ∩ 𝐸(2) = 0. Then there exist
open sets 𝐿(𝑖)

𝑗 (𝑖 = 1, 2; 𝑗 = 1, 2, …) and closed bounded sets 𝐾(𝑖)
𝑗 , satisfying the

conditions

𝐿(1)
𝑗 ∩𝐿(2)

𝑗 = 0, 𝐾(𝑖)
𝑗 ⊂ 𝐾(𝑖)

𝑗+1, 𝐾(𝑖)
𝑗 ⊂ 𝐿(𝑖)

𝑗 , 𝐸(𝑖) =
∞
⋃
𝑗=1

𝐾(𝑖)
𝑗 = lim

𝑗→∞
𝐿(𝑖)

𝑗 = lim
𝑗→∞

𝐿(𝑖)
𝑗 .

Lemma 3. Let

𝐸1 =
∞
⋃
𝑖=1

𝐹𝑖,

where 𝐹𝑖 ⊂ 𝐹𝑖+1 are closed bounded sets, and let 𝐺𝑖 be open sets such that
𝐹𝑖 ⊂ 𝐺𝑖,

𝐸1 = lim
𝑖→∞

𝐺𝑖.

Then, if 𝐸2 ∈ 𝐹𝜎 and 𝐸2 ⊂ 𝐸1, there exists a sequence of open sets 𝐵𝑖 and a
sequence of closed bounded sets 𝐻𝑖 such that

𝐻𝑖 ⊂ 𝐻𝑖+1, 𝐻𝑖 ⊂ 𝐵𝑖, 𝐵𝑖 ⊂ 𝐺𝑖, 𝐸2 =
∞
⋃
𝑖=1

𝐻𝑖 = lim
𝑖→∞

𝐵𝑖 = lim
𝑖→∞

𝐵𝑖.

For the proof of Lemmas 2 and 3, Lemma 1 is used.

Lemma 4. Let 𝐹𝑖 ∈ 𝐹𝜎𝛿 (𝑖 = 1, 2), 𝐸(𝑖) ∈ 𝐹𝜎, 𝐹𝑖 ⊂ 𝐸(𝑖), and 𝐸(1) ∩ 𝐸(2) = 0.
Then there exist open sets 𝐿(𝑖)

𝑗,𝑘 (𝑗 = 1, 2, … ; 𝑘 = 1, 2, …) such that

𝐿(1)
1,𝑘 ∩ 𝐿(2)

1,𝑘 = 0, 𝐿(𝑖)
𝑗,𝑘 ⊃ 𝐿(𝑖)

𝑗+1,𝑘,

𝐹𝑖 = lim
𝑗→∞

lim
𝑘→∞

𝐿(𝑖)
𝑗,𝑘. (6)

For the proof of the lemma, first Lemma 2 is used, and then Lemma 3.

Theorem. Let for a pair of sets 𝐹𝑖 ∈ 𝐹𝜎𝛿 (𝑖 = 1, 2) there exist a pair of sets
𝐸(𝑖) ∈ 𝐹𝜎, satisfying the conditions 𝐹𝑖 ⊂ 𝐸(𝑖), 𝐸(1) ∩𝐸(2) = 0. Then there exists
a sequence of continuous functions 𝑓𝑛(𝑥) such that equalities (1) and (2) are
fulfilled.

Let the sets 𝐿(𝑖)
𝑗,𝑘 (𝑖 = 1, 2) have the properties indicated in Lemma 4. Then the

sets
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𝐿(1)
𝑛,𝑛, 𝐿(2)

𝑛,𝑛, 𝐿(1)
𝑗,𝑛 ∖ 𝐿(1)

𝑗,𝑛, 𝐿(2)
𝑗,𝑛 ∖ 𝐿(2)

𝑗,𝑛 (𝑗 = 1, 2, … , 𝑛 − 1)

are closed and have no pairwise common points. Put

𝑓𝑛(𝑥) = {(−1)𝑖+1𝑛, for 𝑥 ∈ 𝐿(𝑖)
𝑛,𝑛,

(−1)𝑖+1𝑗, for 𝑥 ∈ 𝐿(𝑖)
𝑗,𝑛 ∖ 𝐿(𝑖)

𝑗,𝑛,

where 𝑖 = 1, 2; 𝑗 = 1, 2, … , 𝑛 − 1. In each component interval of the open set

ℰ ∖ (𝐿(1)
1,𝑛 ∪ 𝐿(2)

1,𝑛),

whose boundary points belong to two different sets 𝐿(1)
1,𝑛 and 𝐿(2)

1,𝑛, the function
𝑓𝑛(𝑥) is defined so that

so that in the closure of this component interval it is linear. In a component
interval whose boundary points belong to the same set 𝐿(𝑖)

1,𝑛, the function 𝑓𝑛(𝑥)
is defined by the equality

𝑓𝑛(𝑥) = (−1)𝑖+1 + (−1)𝑖 min[1/2, 𝜌(𝑥, 𝐿(𝑖)
1,𝑛)].

Since at the boundary points of this component interval the function 𝑓𝑛(𝑥) has
the value (−1)𝑖+1, 𝑓𝑛(𝑥) is continuous in the closure of the interval. Moreover, on
this component interval the function 𝑓𝑛(𝑥) satisfies the Lipschitz condition with
constant 1. It remains now to define 𝑓𝑛(𝑥) at the points of the sets 𝐿(𝑖)

𝑗−1,𝑛 ∖𝐿(𝑖)
𝑗,𝑛

(1 < 𝑗 ≤ 𝑛). These sets are open, and at the boundary points of their component
intervals the function 𝑓𝑛(𝑥) has already been defined. If the boundary points of
an interval belong to two different sets 𝐿(𝑖)

𝑗−1,𝑛, 𝐿(𝑖)
𝑗,𝑛, or both belong to the set

𝐿(𝑖)
𝑗−1,𝑛, then 𝑓𝑛(𝑥) is defined so that it is linear in the closure of the interval. If

both boundary points belong to 𝐿(𝑖)
𝑗,𝑛, then let, in this component interval,

𝑓𝑛(𝑥) = (−1)𝑖+1𝑗 + (−1)𝑖 min[1/2, 𝜌(𝑥, 𝐿(𝑖)
𝑗,𝑛)].

Thus, in the closure of an arbitrary component interval the function 𝑓𝑛(𝑥) is
either linear or satisfies the Lipschitz condition with constant 1.

It is possible to verify that all the functions 𝑓𝑛(𝑥) are continuous and that

𝐸(1)
𝑚,𝑛 = {𝑥 ∶ 𝑓𝑛(𝑥) ≥ 𝑚} = {𝐿(1)

𝑚,𝑛, for 1 ≤ 𝑚 ≤ 𝑛,
0, for 𝑚 > 𝑛;

𝐸(2)
𝑚,𝑛 = {𝑥 ∶ 𝑓𝑛(𝑥) ≤ −𝑚} = {𝐿(2)

𝑚,𝑛, for 1 ≤ 𝑚 ≤ 𝑛,
0, for 𝑚 > 𝑛.
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Hence it follows that
lim

𝑛→∞
𝐸(𝑖)

𝑚,𝑛 = lim
𝑛→∞

𝐿(𝑖)
𝑚,𝑛.

On the basis of (3) and of the preceding,

{𝑥 ∶ lim
𝑛→∞

𝑓𝑛(𝑥) = +∞} =
∞
⋂

𝑚=1

∞
⋃
𝑗=1

∞
⋂
𝑛=𝑗

𝐸(1)
𝑚,𝑛 = lim

𝑚→∞
lim

𝑛→∞
𝐿(1)

𝑚,𝑛,

{𝑥 ∶ lim
𝑛→∞

𝑓𝑛(𝑥) = −∞} =
∞
⋂

𝑚=1

∞
⋃
𝑗=1

∞
⋂
𝑛=𝑗

𝐸(2)
𝑚,𝑛 = lim

𝑚→∞
lim

𝑛→∞
𝐿(2)

𝑚,𝑛.

Taking (6) into account, we see that equalities (1) and (2) are valid for the
constructed sequence of functions 𝑓𝑛(𝑥), as was required to prove.

In conclusion the author expresses sincere gratitude to Prof. D. E. Menshov,
under whose supervision this work was written, and also to Prof. P. L. Ulyanov
for posing the problem and for a number of valuable suggestions.

Moscow State University
named after M. V. Lomonosov

Received
16 V 1961
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