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(Presented by Academician M. A. Lavrent ev on February 6, 1961)

The problem of the constants of the Christoffel-Schwarz integral was posed more
than 90 years ago in the well-known works of E. Christoffel and H. Schwarz (*2).
However, up to the present time there has been no sufficiently general and simple
method for determining them. In the present article, power series are used to
determine these constants, which substantially simplifies all computations.

Fig. 1
Fig. 1

1°. An arbitrary simply connected ( + 1)-gon z, under the normalization indi-
cated in Fig. 1, is mapped onto the half-plane { by means of the Christoffel-
Schwarz integral:

2= D, / ¢ (1 — Q)0 (1— k()% dC + Dy, 1)

whose constants kg, ky, ..., k,, Dy, D, must be determined in advance.

For computing the improper integrals I, needed below, we use the formula which
we obtain by expanding each factor of the integrand into a binomial series:

1/k; 1 a;—1
Ii — / Cv +8;—1 <1 _ ) (1 _ ij)aj_l dC _
1k, k;¢

_ Slnﬂﬁz 1 v,—B; - (4 (m) v;—B;

B sin 73; ki z:()bl’7+m i T ky Z bl’ -m g/w (2)
1=1,2,3,...; j=i+1; By = ay; By =Bp1t+a,—1; (3
pli) — L(B:)T(ey) br(/lll _ v+ bgz)zfl _ v—>8 | (4)
TG+ ay)’ ) v+1+8;] b, v+1-5
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Ao (B e o _mtl-q,
j/i = Qm E ’ Gy =L a%) = ma+1 . (5)
For 8, = 0,41, ..., formula (2) loses its meaning, but in this case as well it is easy

to obtain an analogous formula whose composition will include a logarithmic
function.

According to formula (1) we have

li HEs a;—1 1)1 k 1)e—1(1 k a,;—1 1 k « 71d
D=, e e kO (- R dg

. . 1/k; 5 1 ay—1 1 a;—1 )
e R (T (1—) 1= k)
; " G Re) UTHY
(1= k&)t dg,

Expanding, in the integrand thus obtained, all the brackets except the i-th
and j-th into binomial series and then using formula (2), we obtain a system
of equations for determining the required constants of the Christoffel-Schwarz
integral:

My _ i AP Al AR
2

D R
M, -8 S 40 40 4072
2 — 3 : Z A#p% "'A4iA2§ p+..+n—m>
bo Pyec.ym=0 3 2
MXs a1 -8, N~ 4(0) 4(m) 4(m)7(3)
(3) — k 3 k.4 3 Z AM % A2 iAg 4 Ypt.—n—m>
bo Pye.ym=0 2 3
M s
p—1 _ jaz—1;a,—1 Bu-1 (p) (n) m (n—1)
= — kTR kg ) ;:OAZ% Ay e ARy e b e,
(6)
where
1 &, 1 o b
A =1y L= l;sinmf3; M=— by =—. (7
1 1 sin 73, Zl J J |D, | bg) (7)
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The coefficients b are computed by the same recurrence formulas (4), but under
the condition that Bg) = 1. All sums in the system (6) have multiplicity equal
to u—2.

Eliminating M from equations (6), we determine the constants kg, ky, ..., k,, by
the Newton-Fourier method. The first approximations are conveniently found
by the iteration method.

2°. Let us consider in greater detail the case of a quadrilateral (u = 3) and of a
pentagon (p = 4).

For 1 = 3, denoting k; = k and taking into account that k, = 1, we have from

(5):

(m) _ (3).m. (m) _ (2)pm
A3/2—amk: ; A23/2—o¢mk .

Introducing next the new notation

A, = a8l B, -l ®)

m

and taking into account formulas (4), (5), (7), from the system (6) for u = 3 we
obtain

Mf)l — Z Amk‘m; AO =1 Am+1 _ (m+ 1 —a3)(m—|— Oél); (9)
bE) m=0 Am (m + 1)<m + ay + O‘Q)

0
M/\2 _ k—ﬂz Z Bmkm7 32 _ 17 Bm+1 _ (m+ 1 —a2>(m+ 044).
= (m+1)(m+az+ay)

e B

0 m=0 m
(10)
Dividing now (10) by (9), we find an equation for determining k:
f(k) =g~ k"I, =0, (11)
where
g= lle)?) _ llr(al +a2)r<ﬁ2)r<a3> . I = ZAmkm — i C k.
b AT ()T (ag)T(By + ag)” © X Bk A

(12)
The coefficients of the series I, are determined from the recurrence formulas

((3%),§20)
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CVO =1 Cm:Am_<Bm+Clefl++Cmlel) (13)
Putting I, = 1 in (11), we obtain the zeroth approximation for k:

sin oy

ko = gt/P2; = —1 A=+l . 14
0=9"'"% By =0y +ay—1; 2 =gt 1 Sin A, (14)
More accurate results are given by the first-approximation formula:
k C Q05 + asa
ko — 0 : d, = _ 71 _ =173 274 15
b 1= dyky B g1 19

Further refinement is carried out by Newton’ s formula

Kooy =k, — J{,(ZZ”)); #/(k) = —kP1 <5QIC + f: mkam> . (16)

m=1

Having determined the constant k, we find the constants D, and D, from equa-
tions (9) and (1) in the usual way (1).

We shall now give, for the constant k, an expansion in a series in powers of the
approximations k, and k;. According to equations (12), (13), (15) we have

g= k2 {14+ Cik+ Cok?® + -},

Reverting the resulting series ((3°),§73), we solve the problem:

k= ko + dok? + dgkp + -+ ko = g/P2,

d2:

By 5B,

C i 1 <3+52

= 2%, Cf—cz). (17)

Assuming approximately that d,, ~ d3~!, we obtain from (17) the first-
approximation formula (15), after which, regrouping the series (17) in powers
of k;, we have:

k =k, + ask? +aski + as = d3 — ds; ay =d, — d3 — 3azd,. (18)

In a similar way we obtain two formulas of the second approximation:
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dyk3

ky = ky (14 agk?); krp=ko+ %3 dgy = d, (19)
Table 1
ly:
lysh:

No. Qg Qg Qg Qy L Kexact kpr krr ko

1 020 055 060 065 0,600000,0552750055276205527H90552764

2 0,20 0,55 0,60 0,65 0,5000000,212645m21267 0,21261 0,21273

3 0,20 0,55 0,60 0,65 0,3988638500000M5007 0,4983 0,5031

4 0,55 0,60 0,65 0,20 0,42160542042829,20430 0,20426 0,20435

5 0,55 0,60 0,65 0,20 0,50076380375188037518303751880375183

6 0,30 1,20 0,75 —0,25 1,5000000,113394341133945113394%1133946

7030 120 0,75 —025 1,00000(,186086G518608T® 1860871860876

8 0,30 1,20 0,75 —0,25 0,9371541,200000m200001®%2000016,2000018

9 0,30 1,20 0,75 —0,25 0,500000,3616691,361680,36168%,361689
10 0,30 1,20 0,75 —0,25 0,314921®500000050011 0,500098),500113
11 0,28 1,89 0 —1,17 5,000000,2215000221498822144382215518
12 0,28 1,89 0 —1,17 3,0000000,3092554309238),309013,309462
13 0,28 1,89 0 —1,17 2,000000,392066839198 0,39133 0,39263
14 0,28 1,89 0 —1,17 1,23885dm500000Mm4996 0,4975 0,5016
15 0,28 1,89 0 —1,17 0,641699065000M6472 0,6389 0,6555
16 0,51 0,24 1,15 0,10 1,0000000,0692268069227M06922685,0692276

Table 1 gives results for 16 examples of quadrilaterals, closed, open, and degen-
erate (g = 0). The exact value k., was determined by formula (16) with 7
decimal places, and the approximate k,, = 0.5(k;; + k5). Under numbers 1-5
and 11-15 in Fig. 2, graphs are constructed for one-parameter families of the
corresponding quadrilaterals. If k£ > 0.5, it is better to compute the additional
constant k, = 1 — k, for which one must pass to the transposed quadrilateral:
[ =1y 15 =13 a5 = ajq; aj = aq. For more detail on the quadrilateral, see
).

In the case of a pentagon (u = 4), taking into account that k, = 1, it is more
convenient to use the simpler notation

A(V) — agwk]y; A(”) — a(_V)Tu.

17 1T 7 ’

T =ky/ks. (20)

Then, starting from (4)—(7), we finally arrive at a system of two equations for
determining the constants ks, kj:

Fig. 2

sovietrxiv.org/items/ru-196101.47109 Machine Translation


https://sovietrxiv.org/items/ru-196101.47109

f(kSa ky) = 911l — kgzlm = 0; @(ksa ky) = 93lor — 7'7[53134 =0;

L, = Z S§’§§Aiﬁ); I, = Z Sg%AEﬁ)? I3, = Z SéﬁlAéZ);
n=0 n=0 n=0
() _ N7 4m) ) _ N2 40 ) _ N7 alm)
Sizz = Z byam Az’ Sa03 = Z bn-mAgs’; Szar = Z bn—mAzr s
m=0 m=0 m=0
~ MD(B)T ()T (0 + ) | ~ AD(B3)T ()T (B5 + ay)

AT (0)T ()T (By + ay)’ 95 = AT (B3)T (g )T(By + c3)” (21)

9

We solve system (21) by the Newton—Fourier method; the initial values for it
are found by the method of iterations:

1, "™ L\ © _ 1/8 1/
k3{91[27—} ; 7{93]27} s Ry =g 7O =g
14 34
(22)
Table 2
No. o Qy Qg oy as Uyl gl ks ky

1 0.70 055 060 065 0.50 1.25 1.60 0.458884306130500
2 030 1.20  0.25 140 —0.15 1.75  2.00 0.329684208852677

Table 2 gives the results for two pentagons, a closed and an open one. In the
general case, for g > 5, initial values with 2—3 significant figures can easily be
determined by electric modeling (4).

For regular (p + 1)-gons we have:

L—ky=ks(1—ky)=ky(1=ks)=...=k, 1(1-k,) =k, (23)
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