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Consider the Fredholm integral equation of the second kind

b
o(s) = A / K(s,0)o(t) dt + (), (1)

where f(s) and K(s,t) are continuous functions on the interval a < s < b and
in the square a < s, t < b, respectively. Suppose that a table is given

ty | @y
ty | Dy (2)
t, | ®

n n

with

a<ty <ty<-<t, <D,

which represents an approximate numerical solution of equation (1). The
method by which table (2) is obtained is immaterial.

Denote by ¢, the value of the solution ¢(s) of equation (1) at the point t;:
v; = o(t;), i = 1,2,...,n. Below an estimate is given for the norm of the
difference ¢ — ® of the vectors

80:(90178027"%@71)7 (b:(q)17q)27"'aq)n)'

By the norm of a vector = (&, &,, ..., &,) we shall mean
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e, = ma J¢, |

By the norm of a function z(s) continuous on [a,b] we shall mean the norm in
the space C of continuous functions,

Jollc: = masx fa(s)].

Take the quadrature formula

/ Pl dt = " AF(), 3)

constructed using the nodes t, to, ... , t,,, the arguments of table (2). It is known
that such formulas exist.

In what follows an important role is played by the functions (see (1))

n

b
e(s,t) = / K(s, 1)K (7, t)dr — Y A;K(s,t,)K(t;,1); (4)

J=1

b n
(s = [ Kl n)(rdr = > 4K, (5)

The function e(s,t) is the quadrature error arising in the computation of the
integral with respect to 7 of the function K (s, 7)K(7,t) by means of the quadra-
ture formula (3); €(s) is the quadrature error of the function K(s,t)f(t).

We shall use the notation

€1 = ansl?é(b; |Aj€(s, tj)| ; (6)
b

= 1‘2;2/& le(t;,t)] dt; 7

Ky = max > [Ajx(st))]- .
Soch o=

If ¥(t) is a certain function given on [a,b], then the vector with components
¥, = (t;) will be denoted by .
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Theorem. Let A be a proper value of equation (1), let an estimate of the norm
in C of the resolvent R(s,t, A) of the kernel K(s,t) be known,

b
max / |R(s,t,A)|dt <T 9)

a<s<b
and let the inequality
q=|\*e,B <1, (10)
be satisfied, where
B=1+\T (11)

and ¢, is defined by equality (6). Then the estimate

lp = @[, <

1+|\K,B
ﬁ (IAllle glly + IAPBIfl e + lell,) - (12)

is valid. Here the vector p is defined by the equality

p=T—=AL)®—f, (13)

where L is the matrix of order n, generated by the kernel K (s, ) and the quadra-
ture formula (3):

L= (Aszj)7 Kz‘j = K(tiﬂtj)' (14)
Proof. The following equality holds (see (1)):
n
w(5) =AY Ajic(s, )05+ f(5) + dals), (15)
=1
which follows from the integral equation (1). Here
b
as) =¢€4(s) + )\/ e(s,t)p(t)dt (16)

and ©(t) is the solution of equation (1). Put in (15) s = 1, s, ..., t,,. We obtain
the vector equality
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(I—=AL)p = f+ A (17)

Adding the left- and right-hand sides of equalities (13) and (17), we obtain

(I —=AL)(¢p — @) = Aa — p. (18)

The matrix on the left-hand side of (18) has an inverse. This follows from (10)
and the following matrix equality:

(I—=XL)t =T+ NG (I +AR), (19)

where G and R are matrices of order n:

G:<Ajl Z,j+)\/Rt t, e -)dt1>7

R = (Ag(t; t;,\).

g

We do not give the proof of equality (19) here. From equality (19) and conditions
(9) and (10) we obtain an estimate for the norm of the inverse matrix

_ 1+ |A\K,B
=AD" < —— (20)
q
Now from (18) and (20) we obtain
1+ |\K,B
lo — @[ < ﬁ(\wa”ﬁ lellr)- (21)
With the help of (16) we find

leds < llegl + Mllellce < llegls + AIBI flice- (22)

Here we have used the fact that the norm of the solution ¢(s) of equation (1),
by virtue of (9) and (11), satisfies the inequality ||~ < B|f|o. If in (21) one
replaces |a||; by the right-hand side of inequality (22), then we obtain (12). The
theorem is proved.

Estimate (12) is a posteriori. The quadrature formula (3) may be regarded as
a parameter whose choice is at one’ s disposal. If table (2) is obtained by the
method of mechanical quadratures with the help of formula (3), then the vector
@, defined by equality (13), is equal to zero. In this case |p|; = 0, and (12)
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represents an a priori error estimate for the numerical solution obtained by the
method of mechanical quadratures.

Example. We indicate an error estimate arising in solving the integral equation

1
5
= U. 1
#ls) =0 5/0 3 12eoson(s ) AT (23)

by the method of mechanical quadratures using the left-rectangle formula for
n = 10:

ti=(j—101; A;=01 j=12..10.

We have: A =0.5; |flec =1; lpll; =0, ' =2; B=2; K; < 104; ¢, <
0.2; [lell; < 0.036; € = 0.036. With the help of (12) we find [ — @, < 0.082.

In the example under consideration it is easy to indicate ®, the solution of the
system (I —AL)® = f, which turns out to be a vector with identical components
equal to 2.0731.... The exact solution of equation (23) is ¢(s) = 2, so that
o —®|; = 0.073. Thus the estimate exceeds the actual error by approximately
a factor of 1.1.

The main part of the computations in the example, connected with determining
upper bounds for the quantities Ky,ey,|le¢|;, and e, was carried out by G. A.
Domanovskii.
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