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1. Definitions. A Riemannian space of n + m dimensions with a positive-
definite metric, admitting a fibration into m-dimensional totally geodesic and
parallel submanifolds, is called a Riemannian fibered space V"™, The
leaves are called parallel if, under parallel translation of a vector tangent to a
leaf along any curve orthogonal at each of its points to the leaf passing through
that point, the vector remains tangent to the leaf at every point of the curve.

Associating with each point of V"*™ an orthonormal frame, we obtain the
following structure equations (1):

Dw,, = [wawvuL Wy + Wy = 0,
t,u,v,w=1,....,n+m

Dwuv = [wuwwwv] + Ruth [wwwt]'

If the first m vectors of the frame at each point are chosen tangent to the leaf
passing through that point, we obtain the following equations for the family of
totally geodesic and parallel leaves

Wig = LigpWp, Ligh Flivg=0; i=1,..,m; ab=m+1,.. m+n. (1)

Differentiating (1) exteriorly and applying Cartan’ s lemma, we obtain

dliab - wiklkab - waclicb - wbcliac = {Rikab . /2 (liaclkcb - libclkca)}wk + 2Ricabwcﬂ

(2)

Riakj = 0’ Riakb = 1/2Rikab + 1/4(liaclkcb + libclkca>'
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2. Obviously,

Dwa = [wbabaL eba = Wpq + libawi'

Since 0, + 0,, = 0, the ,, are forms of a Riemannian connection in the space
of leaves V™, which we shall call the base. To every curve in the base V" there
corresponds a one-parameter family of leaves in V™™™, Since the leaves are
totally geodesic submanifolds, the orthogonal trajectories in a one-parameter
family of leaves establish an isometric correspondence between the leaves. In
particular, to a closed contour in the base there corresponds an isometric map-
ping of a leaf onto itself. Thus, each leaf, generally speaking, admits a group of
motions generated by all closed contours in the base that pass through the point
over which the leaf lies. Obviously, the groups of motions of different leaves are
isomorphic. This abstract group, acting in each leaf as a group of motions, we
shall call the holonomy group of the Riemannian fibered space V""",

In this note a description will be given of Riemannian fibered spaces with a
one-parameter holonomy group.

3. Thus, let the holonomy group be one-parameter; then in each fiber there
is induced a Killing vector field whose flow lines are the trajectories of the
group. Moreover, to each trajectory of the fiber over some point of the
base there corresponds a unique trajectory of the fiber over any other point
of the base. This correspondence is established by means of a path joining
two points of the base (over which the fibers lie) and the isometric mapping
of the fibers corresponding to this path. Since the holonomy group is one-
parameter, under this mapping the correspondence between trajectories is
one-to-one (independent of the path joining the two points). Consequently,
in V™™ there is a “transverse” foliation into (n+ 1)-dimensional surfaces,
each of which intersects a fiber along a trajectory of the holonomy group.

Choosing at each point of a fiber the vector e,, tangent to the trajectory passing
through this point, we obtain that the system w, = 0, @ = 1,...,m — 1, is
completely integrable. The Killing field in each fiber has the form A, = 0,
A, = & # 0. Since under the isometric mapping of a fiber to a fiber along a
path in the base the length of a vector is preserved, ¢ must be constant along
any transverse surface, i.e.

d§ = Ewq-

In consequence of the complete integrability of the system w, = 0 and (2) we
have

Wam = Qapwpg + baWp,, loap =0,
dlmab - waclmcb - wbclmac = balmabwa + 2Rmcabwc7 (3)
Qap + Apa = 0, Raﬁab = _aaﬁlmab> Ramab = _balmab7 Racab =0.
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The condition that A, =0, A, = ¢ is a Killing vector in the fiber gives
§o = &by

Since Dw,, = [wsls,], Os0 = Wao — oWy, and 05, + 0,5 = 0, a Riemannian
connection with forms 6,5 is defined in the space of the “transverse” fibers V'™ 1.

By virtue of relations (3) we obtain:

1°. ayg, b, are tensors in V"1, and

Vba = baﬁ(ﬂ57 baﬁ = 2Ram5m — aa,ya;,yﬂ — babﬁ’

Vagg = GapyWy, apy = 2Rymap = (batys + bglay — byas,)

(V denotes the covariant differentiation in the connection 6,5); ¢ is a scalar in
mel,

dé = &b w,.
l
2°. Cgp = mT“b is a tensor in the base V", and
2R, cap
vCab = CabcWes Cabe = rgca

ObViOuSly7 b[am = 0, a(aﬁ,y) = b(aaﬁ,y>, C(abc) =0.
Thus the following has been proved:

Theorem 1. If V™t is a Riemannian fibered space with a one-parameter
holonomy group, then

1) in the base V™ there is a skew-symmetric tensor ¢, satisfying the condition
vCab = CabcWes C(abc) = 0’ (4)

2) in the space of “transversal” layers V™1 there are a vector b,, a skew-
symmetric tensor a,g, and a scalar £ # 0, satisfying the conditions

Vba = baﬂwﬂ’ b[aﬁ] = 07

Vo = op,Wy, Uapy) = balpy)s ()

dlné =b w,.

4. Let us prove the following converse theorem:
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Theorem 2. Let there be given: 1) a Riemannian space V" and in it a skew-
symmetric tensor c,;, satisfying condition (4); 2) a Riemannian space V™! and
in it a vector b,, a skew-symmetric tensor a,g, and a scalar § # 0, satisfying
conditions (5). Then there exists a unique (up to a change of coordinates) fibred
Riemannian space V™" with a one-parameter holonomy group, for which V"
is the base and V™! the space of “transversal” layers.

For the proof of the theorem it is enough to show that:

1°. There exists a form w
equation

independent of w, and w,, and satisfying the

mo (o)

Dwm = aaﬂ[wawﬂ] + ba [wawm] - gcab [wawb]' (6)
2°. Different solutions of (6) determine Riemannian spaces differing only by a
change of coordinates.

Equation (6) is closed with respect to exterior differentiation by virtue of (4)
and (5). We shall seek a solution of (6) in the form

Wm = dxm + Aawa + Aaww (7)

where A, A, are unknown functions, and z,, is a new independent variable.

Substituting (7) into (6), we obtain an equation of the form

[AAoewa] + [AAawa] =0, (8)

where AA, and AA, are suitable forms. Since equation (6) is closed, (8) is also
closed; therefore, for the construction of a regular chain of integral elements we
have only one equation (8). Obviously, for the characters of equation (8) we
have s; = sy = ... = 5,,,,,_1 = 1. The Cartan number
(n+m)(n+m—1)
5 .

RQ=14+24+...+n+m—-1=
The genus of the most general integral element is

(n+m)(n+m—1)
5 .

N =

@@ = N, and equation (8) is in involution [2]. Thus, equation (6) has a solution.

It is obvious that a form of the type (7) is linearly independent of w,,w,,.

Let w,, and @,, be two solutions of equation (6); then the systems of forms
—n+

(W, Wy, wy,) and (@,,,w,,w,) determine V™™ and V""" respectively. Con-

sider the system of equations w,, = @,,, W, = W,, W, = W,. By virtue of (6)

a (e
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it is completely integrable. Consequently, there exists a change of coordinates
—n+
that carries V"™ into V. The theorem is proved.
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