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This note contains results developing or generalizing certain theorems from
(1−3).
We shall consider the differential operator

𝑃 (1
𝑖

𝜕
𝜕𝑥) , (1)

where

𝑃(𝑠) = 𝑃(𝑠1, … , 𝑠𝑛) (2)

is a polynomial with constant complex coefficients. In what follows the following
notation is used: 𝐶𝑛 is the complex 𝑛-dimensional space,
𝑅𝑘

𝑛 = {𝑠 ∈ 𝐶𝑛 ∶ Im 𝑠𝑗 = 0 for 𝑗 ≠ 𝑘};
𝑁(𝑃 ) = {𝑠 ∈ 𝐶𝑛 ∶ 𝑃 (𝑠) = 0}, 𝑁𝑘(𝑃 ) = 𝑁(𝑃) ∩ 𝑅𝑘

𝑛;
𝑠 = 𝜎 + 𝑖𝜏 ; |𝜎|2 = ∑1≤𝑘≤𝑛 |𝜎𝑘|2, and so on; 𝑎, 𝑏 are certain positive constants.
Generalized functions are linear continuous functionals on the space 𝐾 of finite
infinitely differentiable functions.

The polynomial (2) is called (𝑘
𝑝)-hypoelliptic (with exponent 𝛾 > 0) if on the

manifold 𝑁𝑘(𝑃 ), from |𝜎𝑝| → ∞ it follows that |𝜏 | = |𝜏𝑘| → ∞ (respectively,
|𝜏 | = |𝜏𝑘| ≥ 𝑎|𝜎𝑝|𝛾 − 𝑏).

Using the theorem of Seidenberg–Tarski (4,6), one can show that every (𝑘
𝑝)-

hypoelliptic polynomial is (𝑘
𝑝)-hypoelliptic with some positive exponent 𝛾. One

can also formulate a necessary and sufficient condition for the (𝑘
𝑝)-hypoellipticity

of a polynomial in terms of its behavior for real values of the arguments, anal-
ogous to Hörmander’s condition (1,2) and to V. P. Palamodov’s formula for
computing the genus of a polynomial (5). Namely, the following lemma holds:

Lemma. In order that the polynomial (2) be (𝑘
𝑝)-hypoelliptic with exponent

0 < 𝛾 ≤ 1, it is necessary and sufficient that, for all sufficiently large in modulus
𝜎𝑝, the inequality
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|𝜕𝑃 (𝜎)/𝜕𝜎𝑘|
|𝑃 (𝜎)| ≤ 𝑎

1 + |𝜎𝑝|𝛾 .

Theorem 1. Let the polynomial (2) be (𝑘1
𝑝1

), … , (𝑘𝜈
𝑝𝜈

)-hypoelliptic with exponent
0 < 𝛾 ≤ 1, where 1 = 𝑝1 = 𝑘1 ≤ ⋯ ≤ 𝑘𝜈 ≤ 𝑛. Then the equation

𝑃 (1
𝑖

𝜕
𝜕𝑥) 𝐸(𝑥) = 𝛿(𝑥)

has a solution 𝐸(𝑥) admitting the representation

𝐸(𝑥) = 𝑄 (1
𝑖

𝜕
𝜕𝑥) 𝐹(𝑥),

where 𝐹(𝑥) is a continuous function; moreover, in every compact set 𝑇 in which
𝑥𝑘𝑗

≠ 0, the function 𝐹(𝑥) has continuous derivatives of arbitrary order with
respect to 𝑥𝑝𝑗

, and

max
𝑥∈𝑇

∣𝜕
𝑚𝐹(𝑥)
𝜕𝑥𝑚𝑝𝑗

∣ ≤ 𝑎𝑏𝑚Γ (𝑚
𝛾 ) , 1 ≤ 𝑗 ≤ 𝑣. (3)

An analogous estimate also holds for mixed derivatives, if some of the numbers
𝑘𝑗 coincide.

Theorem 1 is proved by means of a special choice of Hörmander’s ladder (2).
If, in the conditions of Theorem 1, 𝑘𝑗 = 𝑗, 𝑝𝑗 = 1, 1 ≤ 𝑗 ≤ 𝑣, then by a suitable
choice of the ladder one can ensure that the Fourier transform, in the sense
of generalized functions, of the function 𝐹(𝑥), taken only with respect to the
variables 𝑥𝑣+1, … , 𝑥𝑛, will be a functional of the type of an almost everywhere
continuous function, for which estimates of the type (3) are preserved.

We shall call the differential operator (1) hypoelliptic with respect to the vari-
ables 𝑥′ = (𝑥1, … , 𝑥𝑣) if there exists a number 𝑞 ≥ 0 such that every solution of
the equation

𝑃 (1
𝑖

𝜕
𝜕𝑥) 𝑢(𝑥) = 0, (4)

having continuous derivatives up to order 𝑞, is infinitely differentiable with re-
spect to the distinguished variables.

The theorem below, Theorem 2, is a consequence of Theorem 1, the Banach
closed graph theorem, and the Seidenberg–Tarski theorem.
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Theorem 2. In order that the operator (1) be hypoelliptic with respect to the
variables 𝑥′ = (𝑥1, … , 𝑥𝑣), it is necessary and sufficient that the polynomial (2)
be (𝑘

𝑝)-hypoelliptic for all 1 ≤ 𝑘 ≤ 𝑛, 1 ≤ 𝑝 ≤ 𝑣.

In the latter case, every sufficiently smooth solution of equation (4) locally
belongs to the Gevrey class 𝐺1/𝛾 with respect to the variables 𝑥′, where 𝛾 > 0,
and an arbitrary (generalized) solution locally admits the representation

𝑢(𝑥) =
𝑀

∑
𝑚=1

𝑃𝑚 (1
𝑖

𝜕
𝜕𝑥″ ) 𝑢𝑚(𝑥),

where 𝑢𝑚(𝑥) are continuous functions of the Gevrey class 𝐺1/𝛾 with respect to
the variables 𝑥′, and 𝑃𝑚(𝑠″) are polynomials depending only on the variables
𝑠″ = (𝑠𝑣+1, … , 𝑠𝑛).
We shall formulate one purely algebraic theorem which is also a consequence of
Theorem 1 (an elementary proof is not known to us).

Theorem 3. Let the polynomial (2) be (1
𝑝), … , (𝑣

𝑝)-hypoelliptic with exponent
0 < 𝛾 ≤ 1. Then the zeros of this polynomial of the form

𝑠 = (𝑠1, … , 𝑠𝑣, 𝜎𝑣+1, … , 𝜎𝑛)

satisfy the estimate

|𝜏 | = (
𝑣

∑
𝑘=1

𝜏2
𝑘 )

1/2

≥ 𝑎|𝜎𝑝|𝛾 − 𝑏.

The author expresses his gratitude to his adviser G. E. Shilov for his attention
to this work.
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