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Abstract
Full Text

MATHEMATICAL PHYSICS

A. F. KHRUSTALEV

ON A BOUNDARY-VALUE PROBLEM FOR THE
LAPLACE EQUATION

(Presented by Academician S. L. Sobolev on 17 VII 1961)

A method is proposed for determining the stationary temperature field of an
unbounded hollow cylinder, the inner surface of which is covered with thermal
insulation, while the outer surface over half its length has temperature

T= f (Z )5
whereas the other half of the outer lateral surface of the cylinder radiates heat
into the surrounding medium according to Newton’ s law.

The solution of the stated problem reduces to determining the temperature
distribution function T'(r, z), satisfying the Laplace equation in a cylindrical
coordinate system

0T 10T  9°T
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and the boundary conditions on the lateral surfaces of the cylinder

or

E:o forr =7y, —o0 < z < 400; (2)
T

(27+hT:O for r=ry, 0< 2z < 4o00; (3)
T=f(z) forr=ry, —oc0<z<0. (4)

With respect to the function f(z), assume that it can be represented on the
interval (—o0,0) by a Fourier integral, i.e.,

0
f(2) = / A(B) cos Bz dB; (5)
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0
A(B) = %[ f(v) cos fu dw. (6)

We first find a solution of equation (1) satisfying conditions (2), (3) and the
condition

A, .
T:Acosﬁz:g(e’ﬁz—i—e’lﬂz) forr=1ry, —00<2<0 (7)

(A and § are real parameters).

To find this solution, consider the integral

Dy nu) — W) HY (nu
Tl(P;A)=1/cB(U) Hy (pu)Jy( J)l(mf;)(p )H, (nu)

e du, (8)

L)
where u is a complex parameter; C' is the imaginary axis with two points +i/57,
bypassed clockwise; z = Ary; 7 = pry; 1y = nr,.

It is not difficult to verify that the function (8), for arbitrary B(u), satisfies
equation (1) and condition (2), if the integral (8) together with its derivatives
with respect to p and A up to the second order inclusive converges absolutely
and uniformly in the domain n < p < 1, |A| < oc.

It remains to satisfy conditions (3) and (7), which, on the basis of (8), will
respectively take the form

/ k(u)er du =0 forp=1, A > 0; 9)
c
/¢(u)e/\“ du = g (e¥Pr2A 4 gihrah) for p=1, A <0, (10)
c
where
¢ (u) _ pa(u)
k(“) B(’LL) TQJQ(TLU)’ ’QZJ(U) - @1(“) k(u)v

+hry [Hy (u)Jy (n) — Jo(w)HyY (na)]

0o (u) = HYY (w)Jy (nu) — Jo(w) H{M (nu).
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The boundary condition (9) will be fulfilled if k(u) is regular in the domain
Re(u) < 0, except for the points +ifr,, and satisfies in this domain the require-
ments of Jordan’ s lemma.

The boundary condition (10) will likewise be fulfilled if 4 (u) is regular in the
domain Re(u) > 0, u # 4ifr,, satisfies in this domain the requirements of the
same lemma, and

A . .
+ res [w(u)e)\u]u:7wrz _ i <625r2>\ + e—zﬁm)\) )

res [1)(u)e]

u=1/r,

Therefore

res [k(u)e] + res [k(u)e] =

u=1iPry u=—1i0ry

_ Apy(ifry) (€2 4 e
4mi py (iBry)

)

since 1 (—ifry) = —p;(iBry) and py(—ifiry) = —py(ifry).

To construct k(u), following (1,2), consider the infinite product

) = 1 1 —u/a,
II(w) gil—u/bk’

where a;, are the positive roots of the equation

p1(u) =0, (11)

py(u) =0, (12)

where

—Uu

o) ~ | ———
(u) n+ hry

for sufficiently large |u| in the domain 0 < § < argu < 27 — 4.

Now the function k(u) can be written as follows:

k(u) =

SELTOTAC ] . — !
4ri oo (ifry) | (u—ifry)(ifry) — (u+ifry) I(—ifry) |
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Taking into account that

we represent k(u) in the following form:

~A(n+ hry)

477

k(u) =

o [m—wrg) ) H<wr2>] |

u—1ifry w4 ifry

It is easy to establish that k(u) satisfies the requirements listed above, and the
function

(1) _ (1) k
T2 (. 2) = / [H" (pu) T, (n) SDJ(u<)pu>H ()] k) Avo )
c
(13)
where
o 1 0 cpg(ipz) 1 H(—WQ) H(w7"2) iz
o, A B) = o - { 0y (i2) Im{H(iz) [ z — Pry + U+57"2:| e }
©o(ipPrs) 1 1 . ©o(ipPry) .
a ©q(ifry) (Z — Py * z+ 57’2> sinAz | dz o (ifry) cosATry:

s lip2) = Hy' (ip2)Jy (in2)—Jo (ipz) Hy " (in2) = % [ko(p2) 1y (n2) — Ky (n2) I (p2)]

is a solution of equation (1) satisfying conditions (2), (3), and (7).

Considering A as a function of the parameter 3, we construct the integral

T(p:\) = / AB)p(p, N, B) dB, (14)

in which A(f) is determined by equality (6).

The function (14) satisfies equation (1) and the boundary conditions (2), (3),
and (4).

Received8 VII 1961
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