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Abstract
Full Text

MATHEMATICAL PHYSICS
A. F. KHRUSTALEV

ON A BOUNDARY-VALUE PROBLEM FOR THE
LAPLACE EQUATION
(Presented by Academician S. L. Sobolev on 17 VII 1961)

A method is proposed for determining the stationary temperature field of an
unbounded hollow cylinder, the inner surface of which is covered with thermal
insulation, while the outer surface over half its length has temperature

𝑇 = 𝑓(𝑧),

whereas the other half of the outer lateral surface of the cylinder radiates heat
into the surrounding medium according to Newton’s law.

The solution of the stated problem reduces to determining the temperature
distribution function 𝑇 (𝑟, 𝑧), satisfying the Laplace equation in a cylindrical
coordinate system

𝜕2𝑇
𝜕𝑟2 + 1

𝑟
𝜕𝑇
𝜕𝑟 + 𝜕2𝑇

𝜕𝑧2 = 0 (1)

and the boundary conditions on the lateral surfaces of the cylinder

𝜕𝑇
𝜕𝑟 = 0 for 𝑟 = 𝑟1, −∞ < 𝑧 < +∞; (2)

𝜕𝑇
𝜕𝑟 + ℎ𝑇 = 0 for 𝑟 = 𝑟2, 0 < 𝑧 < +∞; (3)

𝑇 = 𝑓(𝑧) for 𝑟 = 𝑟2, −∞ < 𝑧 < 0. (4)

With respect to the function 𝑓(𝑧), assume that it can be represented on the
interval (−∞, 0) by a Fourier integral, i.e.,

𝑓(𝑧) = ∫
0

−∞
𝐴(𝛽) cos 𝛽𝑧 𝑑𝛽; (5)
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𝐴(𝛽) = 2
𝜋 ∫

0

−∞
𝑓(𝑣) cos 𝛽𝑣 𝑑𝑣. (6)

We first find a solution of equation (1) satisfying conditions (2), (3) and the
condition

𝑇 = 𝐴 cos 𝛽𝑧 = 𝐴
2 (𝑒𝑖𝛽𝑧 + 𝑒−𝑖𝛽𝑧) for 𝑟 = 𝑟2, −∞ < 𝑧 < 0 (7)

(𝐴 and 𝛽 are real parameters).

To find this solution, consider the integral

𝑇1(𝜌; 𝜆) = 1
𝑟2

∫
𝐶

𝐵(𝑢) 𝐻(1)
0 (𝜌𝑢)𝐽1(𝑛𝑢) − 𝐽0(𝜌𝑢)𝐻(1)

1 (𝑛𝑢)
𝐽1(𝑛𝑢) 𝑒𝜆𝑢 𝑑𝑢, (8)

where 𝑢 is a complex parameter; 𝐶 is the imaginary axis with two points ±𝑖𝛽𝑟2
bypassed clockwise; 𝑧 = 𝜆𝑟2; 𝑟 = 𝜌𝑟2; 𝑟1 = 𝑛𝑟2.

It is not difficult to verify that the function (8), for arbitrary 𝐵(𝑢), satisfies
equation (1) and condition (2), if the integral (8) together with its derivatives
with respect to 𝜌 and 𝜆 up to the second order inclusive converges absolutely
and uniformly in the domain 𝑛 < 𝜌 < 1, |𝜆| < ∞.

It remains to satisfy conditions (3) and (7), which, on the basis of (8), will
respectively take the form

∫
𝐶

𝑘(𝑢)𝑒𝜆𝑢 𝑑𝑢 = 0 for 𝜌 = 1, 𝜆 > 0; (9)

∫
𝐶

𝜓(𝑢)𝑒𝜆𝑢 𝑑𝑢 = 𝐴
2 (𝑒𝑖𝛽𝑟2𝜆 + 𝑒−𝑖𝛽𝑟2𝜆) for 𝜌 = 1, 𝜆 < 0, (10)

where

𝑘(𝑢) = 𝐵(𝑢) 𝜑1(𝑢)
𝑟2𝐽2(𝑛𝑢) , 𝜓(𝑢) = 𝜑2(𝑢)

𝜑1(𝑢) 𝑘(𝑢),

𝜑1(𝑢) = [𝐽1(𝑢)𝐻(1)
1 (𝑛𝑢) − 𝐻(1)

1 (𝑢)𝐽1(𝑛𝑢)] 𝑢+

+ ℎ𝑟2 [𝐻(1)
0 (𝑢)𝐽1(𝑛𝑢) − 𝐽0(𝑢)𝐻(1)

1 (𝑛𝑢)] ,

𝜑2(𝑢) = 𝐻(1)
0 (𝑢)𝐽1(𝑛𝑢) − 𝐽0(𝑢)𝐻(1)

1 (𝑛𝑢).
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The boundary condition (9) will be fulfilled if 𝑘(𝑢) is regular in the domain
Re(𝑢) ≤ 0, except for the points ±𝑖𝛽𝑟2, and satisfies in this domain the require-
ments of Jordan’s lemma.

The boundary condition (10) will likewise be fulfilled if 𝜓(𝑢) is regular in the
domain Re(𝑢) ≥ 0, 𝑢 ≠ ±𝑖𝛽𝑟2, satisfies in this domain the requirements of the
same lemma, and

res [𝜓(𝑢)𝑒𝜆𝑢]𝑢=𝑖𝛽𝑟2
+ res [𝜓(𝑢)𝑒𝜆𝑢]𝑢=−𝑖𝛽𝑟2

= − 𝐴
4𝜋𝑖 (𝑒𝑖𝛽𝑟2𝜆 + 𝑒−𝑖𝛽𝑟2𝜆) .

Therefore

res [𝑘(𝑢)𝑒𝜆𝑢]𝑢=𝑖𝛽𝑟2
+ res [𝑘(𝑢)𝑒𝜆𝑢]𝑢=−𝑖𝛽𝑟2

=

= −𝐴𝜑1(𝑖𝛽𝑟2) (𝑒𝑖𝛽𝑟2𝜆 + 𝑒−𝑖𝛽𝑟2𝜆)
4𝜋𝑖 𝜑2(𝑖𝛽𝑟2) ,

since 𝜑1(−𝑖𝛽𝑟2) = −𝜑1(𝑖𝛽𝑟2) and 𝜑2(−𝑖𝛽𝑟2) = −𝜑2(𝑖𝛽𝑟2).
To construct 𝑘(𝑢), following (1,2 ), consider the infinite product

Π(𝑢) =
∞
∏
𝑘=1

1 − 𝑢/𝑎𝑘
1 − 𝑢/𝑏𝑘

,

where 𝑎𝑘 are the positive roots of the equation

𝜑1(𝑢) = 0, (11)

and 𝑏𝑘 are the positive roots of the equation

𝜑2(𝑢) = 0, (12)

where

Π(𝑢) ∼ √ −𝑢
𝑛 + ℎ𝑟2

for sufficiently large |𝑢| in the domain 0 < 𝛿 ≤ arg 𝑢 ≤ 2𝜋 − 𝛿.

Now the function 𝑘(𝑢) can be written as follows:

𝑘(𝑢) = −𝐴Π(𝑢)𝜑1(𝑖𝛽𝑟2)
4𝜋𝑖 𝜑2(𝑖𝛽𝑟2) [ 1

(𝑢 − 𝑖𝛽𝑟2)Π(𝑖𝛽𝑟2) + 1
(𝑢 + 𝑖𝛽𝑟2)Π(−𝑖𝛽𝑟2)] .
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Taking into account that

Π(𝑢)Π(−𝑢) = 𝜑1(𝑢)
𝜑2(𝑢)

1
𝑛 + ℎ𝑟2

,

we represent 𝑘(𝑢) in the following form:

𝑘(𝑢) = −𝐴(𝑛 + ℎ𝑟2)
4𝜋𝑖 Π(𝑢) [Π(−𝑖𝛽𝑟2)

𝑢 − 𝑖𝛽𝑟2
+ Π(𝑖𝛽𝑟2)

𝑢 + 𝑖𝛽𝑟2
] .

It is easy to establish that 𝑘(𝑢) satisfies the requirements listed above, and the
function

𝑇1(𝜌, 𝜆) = ∫
𝐶

[𝐻(1)
0 (𝜌𝑢)𝐽1(𝑛𝑢) − 𝐽0(𝜌𝑢)𝐻(1)

1 (𝑛𝑢)] 𝑘(𝑢)
𝜑1(𝑢) 𝑒𝜆𝑢 𝑑𝑢 = 𝐴𝜑(𝜌, 𝜆, 𝛽),

(13)

where

𝜑(𝜌, 𝜆, 𝛽) = − 1
2𝜋 ∫

0

−∞
[𝜑2(𝑖𝜌𝑧)

𝜑2(𝑖𝑧) Im { 1
Π(−𝑖𝑧) [Π(−𝑖𝛽𝑟2)

𝑧 − 𝛽𝑟2
+ Π(𝑖𝛽𝑟2)

𝑢 + 𝛽𝑟2
] 𝑒𝑖𝜆𝑧}

− 𝜑2(𝑖𝜌𝛽𝑟2)
𝜑2(𝑖𝛽𝑟2) ( 1

𝑧 − 𝛽𝑟2
+ 1

𝑧 + 𝛽𝑟2
) sin 𝜆𝑧] 𝑑𝑧 + 𝜑2(𝑖𝜌𝛽𝑟2)

𝜑2(𝑖𝛽𝑟2) cos 𝜆𝛽𝑟2;

𝜑2(𝑖𝜌𝑧) = 𝐻(1)
0 (𝑖𝜌𝑧)𝐽1(𝑖𝑛𝑧)−𝐽0(𝑖𝜌𝑧)𝐻(1)

1 (𝑖𝑛𝑧) = 2
𝜋 [𝑘0(𝜌𝑧)𝐼1(𝑛𝑧) − 𝐾1(𝑛𝑧)𝐼0(𝜌𝑧)] ,

is a solution of equation (1) satisfying conditions (2), (3), and (7).

Considering 𝐴 as a function of the parameter 𝛽, we construct the integral

𝑇 (𝜌; 𝜆) = ∫
0

−∞
𝐴(𝛽)𝜑(𝜌, 𝜆, 𝛽) 𝑑𝛽, (14)

in which 𝐴(𝛽) is determined by equality (6).

The function (14) satisfies equation (1) and the boundary conditions (2), (3),
and (4).

Received8 VII 1961
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.45178 Machine Translation

https://sovietrxiv.org/items/ru-196101.45178

	Abstract
	Full Text
	MATHEMATICAL PHYSICS
	ON A BOUNDARY-VALUE PROBLEM FOR THE LAPLACE EQUATION
	References


