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Abstract
Full Text

S. G. Gindikin

Integral Formulas for Siegel Domains of the Sec-
ond Kind

(Presented by Academician P. S. Novikov on 12 VI 1961)

In the present note we consider the Bergman and Cauchy-Szegd integral kernels
for Siegel domains of the second kind (!). The explicit form of the kernels is
found for affinely homogeneous domains associated with self-adjoint cones and,
in particular, for all symmetric domains. Integral formulas for classical domains
in another realization were obtained earlier by Hua Loo-keng (?), and for some
homogeneous Siegel domains of the first kind by Bochner (?).

Let © be a Siegel domain of the second kind, i.e. the set of points
¢C=(z,u)eC™m zeC" welC™,

such that
Imz— F(u,u) €V,

where V is a convex cone in R™ containing no straight lines, and F(u,v) is a
V-Hermitian form. The Bergman kernel of the domain ® is the function B(, ¢)
on ® x 9, analytic in 77 and antianalytic in ¢, for which

/@ By, Q) F(C) dC dC = f(n),

where f is an arbitrary bounded analytic function with integrable square of the
modulus in D, continuous in ®. For simplicity we shall give the definition of
the Cauchy-Szeg6 kernel only as applied to Siegel domains. The Cauchy-Szeg6
kernel is a function S(n, () on ® x D, possessing the same analyticity properties
as B, and such that

/Q (1, Q) f(C) d dudiv = f(n),

where
Q’D = {C = (Z,U;) :Imz = F(U,’U,)}

is the skeleton of the boundary of ®, x = Re z, and f satisfies the same condi-
tions as above.

Analytic automorphisms of the domain lead to functional equations for the
Bergman kernel. This is expressed by the fact that B((,() is the density of an
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invariant measure in ®. In the case of a homogeneous domain, the resulting
equations together with the analyticity condition are sufficient to determine
B up to a constant factor. The equations take an especially simple form for
linear automorphisms. The use of automorphisms of the domain in finding
the Cauchy-Szegs kernel causes certain difficulties. However, in the case of
linear automorphisms these difficulties are absent, and one obtains very simple
relations also for the kernel S. Therefore it is convenient to carry out the
computation of the kernels for homogeneous domains by realizing them as Siegel
domains, since in this case there is a transitive group of linear transformations.

We now proceed to the direct computation of the kernels. First of all, note
that it is sufficient to determine B(n, () and S(n,() for n = ¢, after which the
kernels are uniquely found by means of the analyticity condition. If g is a linear
transformation of ©, then

B(n,¢) = B(gn, 9¢)5*(9),

where j(g) is the Jacobian of g (by linearity of g it does not depend on ();

~

S(n,¢) = S(gn, 9€)i(g),

where

~

j(g) = d(gx) d(gu) d(gu)/dz du di.

Consider, in particular, the nilpotent group of automorphisms
N®): (z,u) = (z+a+2iF(u,c) +iF(c,c), u+c),

where a € R™, ¢ € C™. Then jN = j = 1, and as a result it is enough to
determine B and S for

¢=n=(iy,0), yeV.

Let, for these values of the argument,

B((, Q) =by), S Q) =s(y).
Then for

in order to obtain B and S, in b and s one must replace the argument y by
,0(77,5) = (w - 5)/2i - F(U7 u)?

where n = (w,v), £ = (2, u).

We now restrict ourselves to the case of an affinely homogeneous Siegel domain.
In this case the cone V is also affinely homogeneous, and there exists a sim-
ply transitive group K (V) of linear transformations of V' that extend to linear
transformations of . Let (A, ) be some scalar product in R™, and let e be
a fixed point in V' such that o(X) = (e,\) > 0 for all A € V. Denote by T

sovietrxiv.org/items/ru-196101.44653 Machine Translation


https://sovietrxiv.org/items/ru-196101.44653

the mapping from K (V') that carries e to A, by T)\ the extension of T, to C™
(T\F(u,u) = F(Tyu, T\u)), and by g, the resulting transformation of ®. Then

b(y) = 6,522(9,) = i 2W)ia2 (W) s(y) = e Hg,) = izt W)in2(Y),

where

~

J-(y) =d(T,z)/dz,  j,(y) = d(T,,)/du.

It remains for us to determine the numerical factors ¢; and c¢,. The following
integral representations for the kernels hold:

[ A exptioplosn o, i, - ar, = =20 0
[ O expli(planman) dxy-dh, = PO )
14

These representations are obtained analogously to the generalized Siegel integral
6 into which they pass for n = &, u = 0. In view of this, the computation
of I'y and I'y reduces to the computation of Siegel integrals. Applying the
operators (1) and (2) to the functions exp(io(T)z/2)), A € V, we obtain that
the expressions (1) and (2) are respectively equal to a8S(n, ) and afyB(n,§),
where

/n exp (MTW;TW) de = ad(0—p), B /Cm exp(—o(F(u,u))) du di,

V= / exp(—o(y)) dy.
1%
The last integral is also a special case of the Siegel integral. Thus,

c, =T,/apB, ¢, =T/ /aBy.

Let us now consider the case when the cone V is self-dual with respect to the
chosen bilinear form (A, u). There exist four series of (classical) self-dual cones
and one exceptional self-dual cone (45, In the course of the computations the
explicit form of the Siegel integral is used, and examples of Siegel domains
connected with self-dual cones are also considered. The results relevant here
for the classical cones are contained essentially in (%7), while for the exceptional
cone they are new. We shall investigate each of the types of cones.

1. Let V be the cone of symmetric positive-definite matrices A of order p. De-
note by A;(\) the principal minor formed by the first ¢ rows and columns.
Put

(A p) =sp(An);  e=E.

In this case the space C™ decomposes into the direct sum of subspaces

C,...,C%, 81 2 > 5,
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and in C* is concentrated the component F};(u,v) of the vector-function
F(u,v) (one may realize C™ as a collection of rectangular matrices of
order p x s;, in which in the i-th row only the last s; elements can be
different from zero), putting

1 .
F(u,v) = i(uv* + o).

We have

P

5.0 = (B, P2 ) = [[Aiw)ses

i=

Ju

P . P .
_ _p(p—1)/4 p—t . _ _p(p—1)/4 1= 3Y
L, =7P® EF<SZ'+ 5 +1>, r, = 2 HF(si—l—p 5 )
p p p—i
a = 2°(P3)/24p(p+1)/2, B=nm", m = 54 v = rPp—1)/4 H r ( 5 4 1) .
=1 =1

2. For the cone of Hermitian positive-definite matrices of order p, just as
in the preceding case, (A, p), e, A;(A\) are defined, and the space C™ is
decomposed into a direct sum of subspaces C*®. Examples of V-Hermitian
forms associated with homogeneous Siegel domains may be furnished by

forms defined on the space of pairs of matrices u*), 4 of orders p x 3(11>

and p x s<12), respectively, for which in the i-th row only the last sgl) (852))

elements are nonzero; S(11> =2 321), s<12) =2 sf); 5; = sgl) +s§2). The

vector-function F'(u,v) is given by the formula

’

F(u,v) = uMoM* 4 92y (2",

In this way not all Siegel domains associated with this cone can be realized.
H_ (@)

i T Sit1
elements of the i-th row of the matrix vV and the first 552 —sﬁ)l elements
of the i-th row of the matrix u(?) by any of its subspaces. In the case under
consideration we have:

One may, for example, also replace the space spanned by the first s
)

p p
P =B, i) = [y ey Ty = V2 TTT(s,
i=1 i=1
p
—i+p+1); T, = nPr=1)/2 HF(Si_i+2p+1)§ o = PP t1)/27p%. 3 — pm
i=1
P P
m:Zsi; ’yzﬂp(p_l)/QHF(p—i—i—l).
i=1 i=1
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3. Let now V be the cone of Hermitian positive-definite quaternionic matrices
of order p, or, equivalently, of Hermitian positive-definite matrices \ of
order 2p for which

- (5 0 (0 1
wen = (0 (%)

(A 1) = 5sp(Ap);

by A, we shall denote the principal minor of order 2i. The space C™
decomposes into a direct sum of p subspaces C*i (s; > s; for i < j), on
which, respectively, the components Fy; | o, 1 = Fy; 5; of the form F are
concentrated. For example, as C"™ one may take the space of rectangular
matrices of order 2p x ¢, in which in the i-th row only the last ¢; elements
are nonzero, t; 1 < t;; 8, = ty; 1 + tg;, and set

Set

F(u,v) = (w* + Ju(Ju)').

One may also replace each space spanned by the first (ty;_; — t9; 1) ele-
ments in the (2¢ — 1)-st and (27)-th rows by any of its subspaces. Finally:

P

. _1 . si—s.
B = (A, 2 2y = [[(A ) )2
=1
p p
T, =atPU2T[T(s;—2i+2p+1); T, =aPeV2]][T(s;,—2i+4p);
=1 =1
P p
o = 22 pp(2p-1). B=1", m=) s, v = qPp=1)/2 H '(2p—2i+1).
i=1 =1

4. We proceed to consider the cone in R"*2 consisting of points for which

Put

n+2
(A, ) :)‘1M1+)‘2M2+22)‘kﬂ'k§ e=(1,1,0,...,0).
3

The space C™ is decomposed into the direct sum of subspaces C*1 and C*2,
on one of which the component F} (u,v) is concentrated, and on the other
F,(u,v); s; > s5. For example, one may consider the space consisting of
triples (ug,uy,us), where ug € Ct, uy € CN, s, =t + N, and u, € C*2
(C*2 is some fixed subspace in CV). The vector-function F(u,v) is given
by the formulas:

Fl (U,’U) = (U’O7UO>+(ulvvl); FQ(U7U> = (UQvUQ); Fk+2(ua U) = %((ulaTka)—’—
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+(Tku27 v1)>7

where (u,v) is the ordinary scalar product, and T; (i = 1,...,n) are unitary
matrices of order N satisfying the condition:

Torm*+ T, k=0 form+# k.

We have:

‘n/2+1. —S1+8o,
)

3y =1y Jay) =yl
[, =a"?T(s; +n/2 +1)[(sy +1);
L, = 72T (s; +n—2)T(sy +n/2 4 2);
=22 g—gm o =s+ N+t; y=7"?T(n/2+1).

5. Finally, let us consider the special cone V' of Hermitian positive-definite
octavic matrices of the third order A = ||A;.|*. It consists of Hermitian
octavic matrices representable in the form A = T)T), where T) is an
upper triangular octavic matrix of the 3rd order with positive real entries
on the main diagonal. The matrices T form a group which acts simply
transitively on V' by the formula

T = (1\T,)"(1\T,).

Let
T, = Htij()‘)”; A(A) =2 = t§1()\)v

Ay(A) = 1 (N5 (N), - Ag(N) = 11, (M1, (\)t35(N).
The invariant volume element in V' has the form
dv = (Ag(\) 2 d,
where d) is the Euclidean volume element;
3
(A, p) =sp(Ap) = Z Aiittii +2Re Z Al
i—1 i<j

Let
e — ATIAZAD,

;0,03

The formula holds
/V e OMe, (1) do(e) = o, oy o Carapas (WD),

where

G =120 (g + ay + az)T(ag + a3 — 4)T(a; — 8).

;0,03
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The space C™ decomposes into the direct sum of three subspaces C*1,C%2, C*s,
81 > Sy > 83, and F;(u,v) is concentrated on C*%. Let us give examples. We
shall call a complex octavic linear combination with complex coefficients of the
basis elements of the octavic algebra

7
a= Zakek, a, € C.
k=0

Put:
7 7
a’ = ayey — g apk, a= g apk, a*=(a).
k=1 k=0

As the space C™ we take the space of rectangular matrices of three rows whose
elements are complex octaves, with all elements in the i-th row vanishing except
the last ¢, t; >ty > t3, 8t; = s,. The elements of the group T act in this space
by multiplication on the left. Further,

51

_ * — ’
Fij(u,v) = E Uy Vs T Vig Uy
k=1

Moreover, as in the preceding examples, one may replace the space generated
by the first s; —s,,, elements of the i-th row by an arbitrary subspace. Finally
we obtain:

Jw) = (Bg)% ) = [[(Asw)=

i=1
[, =72 (s; + 9)T(sy + 5)(s5 + 1);
[, = 720 (s; + 18)(sy + 14)['(s5 + 10);
o = 2307.[.27; B — ﬂ.(sl+52+s3); v = 7T12F(9)F(5).
The author expresses gratitude to I. I. Pyatetskii-Shapiro for his attention to
the work.
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