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Abstract
Full Text

MATHEMATICS
S. Ya. AL’PER

ON THE APPROXIMATION OF ANALYTIC
FUNCTIONS IN THE MEAN OVER A DO-
MAIN
(Presented by Academician V. I. Smirnov on 1 VIII 1960)

Consider the class of functions 𝐻′
𝑝 (𝑝 ≥ 1), analytic in a bounded simply con-

nected domain 𝐷, for which

‖𝑓(𝑧)‖𝐷 =
⎧{
⎨{⎩

∬
𝐷

|𝑓(𝑧)|𝑝 𝑑𝜎𝑧

⎫}
⎬}⎭

1/𝑝

< ∞, 𝑧 = 𝑥 + 𝑖𝑦, 𝑑𝜎𝑧 = 𝑑𝑥 𝑑𝑦. (1)

For certain types of domains belonging to the Carathéodory class, we shall
establish a connection between the integral modulus of continuity of a function
𝑓(𝑧) ∈ 𝐻′

𝑝 in 𝐷

𝜔𝑝(𝛿, 𝑓) = sup
|ℎ|≤𝛿

⎧{
⎨{⎩

∬
𝐷

|𝑓(𝑧 + ℎ) − 𝑓(𝑧)|𝑝 𝑑𝜎𝑧

⎫}
⎬}⎭

1/𝑝

, (2)

𝑓(𝑧) = 0 outside 𝐷, and its best approximation in the mean 𝜌(𝑝)
𝑛 (𝑓, 𝐷) by poly-

nomials of degree 𝑛, which is defined as the exact lower bound of the numbers

⎧{
⎨{⎩

∬
𝐷

|𝑓(𝑧) − 𝑄𝑛(𝑧)|𝑝 𝑑𝜎𝑧

⎫}
⎬}⎭

1/𝑝

over all possible polynomials 𝑄𝑛(𝑧) of degree 𝑛.

We shall use the inequality

⎧{
⎨{⎩

∬
𝐷

𝑑𝜎𝑧 [∫
𝑏

𝑎
|𝐹 (𝑧, 𝑢)| 𝑑𝑢]

𝑝⎫}
⎬}⎭

1/𝑝

≤ ∫
𝑏

𝑎
𝑑𝑢 ⎡⎢

⎣
∬
𝐷

|𝐹 (𝑧, 𝑢)|𝑝 𝑑𝜎𝑧
⎤⎥
⎦

1/𝑝

, (3)
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which is valid when 𝐹(𝑧, 𝑢) is defined for every pair of points (𝑧, 𝑢), 𝑧 ∈ 𝐷,
𝑎 ≤ 𝑢 ≤ 𝑏, and the integrals exist. It can be obtained by the same method by
which the generalized Minkowski inequality is established for a function of two
real variables defined in a rectangle.

1∘. We first present one result for functions of the class 𝐻′
𝑝 in the disk |𝑧| < 1,

which is an analogue of the well-known theorems of Hardy and Littlewood.

Theorem 1. In order that a function 𝑓(𝑧) of the class 𝐻′
𝑝 in the disk |𝑧| < 1

satisfy the condition

⎧{
⎨{⎩

∬
|𝑧|<1

|𝑓(𝑟𝑒𝑖(𝜗+𝜏)) − 𝑓(𝑟𝑒𝑖𝜗)|𝑝 𝑟 𝑑𝑟 𝑑𝜗
⎫}
⎬}⎭

1/𝑝

≤ 𝐴1|𝜏 |𝛼, (4)

0 < 𝛼 ≤ 1, 𝑝 ≥ 1, it is necessary and sufficient that the inequality

{∫
2𝜋

0
∫

𝜌

0
|𝑓 ′(𝑟𝑒𝑖𝜗)|𝑝 𝑟 𝑑𝑟 𝑑𝜗}

1/𝑝

≤ 𝐴2
(1 − 𝜌)1−𝛼 , 0 < 𝜌 < 1. (5)

We note that here and in what follows the constants 𝐴 with subscripts do not
depend on 𝜏, 𝜌, 𝑛, 𝛿. Further in this item we consider a domain 𝐷, bounded by
an analytic Jordan curve.

Theorem 2. If 𝑓 (𝑚)(𝑧) ∈ 𝐻′
𝑝 in 𝐷 (𝑝 ⩾ 1) and 𝜔𝑝(𝛿, 𝑓 (𝑚)) ⩽ 𝐴3𝛿𝛼, 0 < 𝛼 ⩽ 1,

then 𝜌(𝑝)
𝑛 (𝑓, 𝐷) ⩽ 𝐴4𝑛−𝑚−𝛼 for all natural 𝑛 ⩾ 1; here 𝑚 is an integer ⩾ 0.

We indicate the course of the proof for the case 𝑚 = 0 and the domain 𝐷
coinciding with the disk |𝑧| < 1. From Cauchy’s integral formula we have, for
|𝑧| ⩽ 𝜌, 𝜌 < 1,

𝑓 ′(𝑧) = 1
2𝜋𝑖 ∫

𝐿𝜌

𝑓(𝜁) − 𝑓(𝑧)
(𝜁 − 𝑧)2 𝑑𝜁,

where 𝐿𝜌 is the circle |𝜁 − 𝑧| = 1
2 (1 − 𝜌); putting 𝜁 − 𝑧 = 𝑢 = 1

2 (1 − 𝜌)𝑒𝑖𝜗, we
obtain, on the basis of (3),

{∬
|𝑧|⩽𝜌

|𝑓 ′(𝑧)|𝑝 𝑑𝜎𝑧}
1/𝑝

⩽ 1
𝜋 {∬

|𝑧|⩽𝜌
𝑑𝜎𝑧 [∫

2𝜋

0

|𝑓(𝑧 + 𝑢) − 𝑓(𝑧)|
1 − 𝜌 𝑑𝜗]

𝑝

}
1/𝑝

⩽

⩽ 1
𝜋(1 − 𝜌) ∫

2𝜋

0
𝑑𝜗 {∬

|𝑧|⩽𝜌
|𝑓(𝑧 + 𝑢) − 𝑓(𝑧)|𝑝 𝑑𝜎𝑧}

1/𝑝

.
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From the condition of the theorem there follows the estimate

{∬
|𝑧|⩽𝜌

|𝑓 ′(𝑧)|𝑝 𝑑𝜎𝑧}
1/𝑝

⩽ 𝐴5
(1 − 𝜌)1−𝛼 ;

hence, with the aid of Theorem 1, it follows that

{∬
|𝑧|<1

|𝑓(𝑟𝑒𝑖(𝜗+𝜏)) − 𝑓(𝑟𝑒𝑖𝜗)|𝑝𝑟 𝑑𝑟 𝑑𝜗}
1/𝑝

⩽ 𝐴6|𝜏 |𝛼.

The proof is completed if we form the function

𝑃𝑛(𝑧) = 3
2𝜋𝑛(2𝑛2 + 1) ∫

𝜋

−𝜋
𝑓(𝑟𝑒𝑖𝜑) [ sin 𝑛 𝜑−𝜗

2
sin 𝜑−𝜗

2
]

4

𝑑𝜑, 𝑧 = 𝑟𝑒𝑖𝜗,

which is a polynomial of degree ⩽ 2𝑛−2, and use inequality (3) and the estimates
from the proof of Jackson’s theorem. We note that, for 𝑝 > 1 and the condition
𝜔𝑝(𝛿, 𝑓) ⩽ 𝐴7𝛿𝛼, 0 < 𝛼 ⩽ 1, in the disk |𝑧| < 1 the estimate

‖𝑓(𝑧) − 𝑆𝑛(𝑧)‖|𝑧|<1 < 𝐴8𝑛−𝛼, 𝑆𝑛(𝑧) =
𝑛

∑
𝑘=0

𝑎𝑘𝑧𝑘

is valid, where 𝑆𝑛(𝑧) is the partial sum of the Taylor series for 𝑓(𝑧).
The converse theorem on approximation in the mean is based on the following
lemma.

Lemma 1. If 𝑃(𝑧) is a polynomial of degree 𝑛, then

‖𝑃 ′(𝑧)‖𝐷 ⩽ 𝑛𝐻‖𝑃(𝑧)‖𝐷,

where the constant 𝐻 depends only on the domain 𝐷 and 𝑝 ⩾ 1.

Theorem 3. If for all natural 𝑛 ⩾ 1 the inequality

𝜌(𝑝)
𝑛 (𝑓, 𝐷) ⩽ 𝐴9𝑛−𝑚−𝛼,

where 𝑚 is an integer ⩾ 0, 0 < 𝛼 ⩽ 1, is satisfied, then 𝑓 (𝑚)(𝑧) ∈ 𝐻′
𝑝 in the

domain 𝐷 and the inequalities

𝜔𝑝(𝛿, 𝑓 (𝑚)) ⩽ 𝐴10𝛿𝛼 for 0 < 𝛼 < 1,

𝜔𝑝(𝛿, 𝑓 (𝑚)) ⩽ 𝐴11𝛿(1 + | ln 𝛿|) for 𝛼 = 1
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hold.

2°. One can establish a connection between the best approximation 𝜌(𝑝)
𝑛 (𝑓, 𝐷)

in the mean over the domain and an integral Lipschitz condition for 𝑓(𝑧) on the
boundary 𝐶 of the domain 𝐷; we again assume this boundary to be an analytic
Jordan curve. We shall say that 𝑓(𝑧) ∈ 𝐿𝑝(𝑚, 𝛼) on 𝐶, if 𝑓 (𝑚)(𝑧) belongs to the
class 𝐸𝑝 in the sense of V. I. Smirnov in 𝐷 and

{∫
𝑙

0
|𝐹 (𝑠 + 𝜏) − 𝐹(𝑠)|𝑝 𝑑𝑠}

1/𝑝

≤ 𝐴12|𝜏 |𝛼,

where 𝐹(𝑠) = 𝑓 (𝑚)[𝑧(𝑠)], 𝑧 = 𝑧(𝑠) is the equation of the line 𝐶, 𝑠 is the length
of a variable arc on 𝐶, 𝑙 is the length of the curve 𝐶, 𝑚 is an integer ≥ 0,
0 < 𝛼 ≤ 1.

Theorem 4. In order that 𝑓(𝑧) ∈ 𝐿𝑝(𝑚, 𝛼), 𝑝 ≥ 1, 0 < 𝛼 < 1, it is necessary
and sufficient that the inequality

𝜌(𝑝)
𝑛 (𝑓, 𝐷) ≤ 𝐴13𝑛−𝑚−𝛼−1/𝑝 for 𝑛 ≥ 1

hold.

This theorem loses its meaning if 𝜌(𝑝)
𝑛 (𝑓, 𝐷) ≤ 𝐴14𝑛−𝛾, 0 < 𝛾 ≤ 1/𝑝. In this

case the following is valid.

Theorem 5. The condition 𝜌(𝑝)
𝑛 (𝑓, 𝐷) ≤ 𝐴15𝑛1−𝛼−1/𝑝, where 1 − 1/𝑝 < 𝛼 < 1,

𝑝 ≥ 1, is necessary and sufficient in order that the function

∫
𝑧

𝑎
𝑓(𝑡) 𝑑𝑡, 𝑎 ∈ 𝐷,

belong to the class 𝐿𝑝(0, 𝛼) on 𝐶.

For the particular case 𝑝 = 2, Theorems 4 and 5 were established in the work
(2).
3°. Let now 𝐷 denote an arbitrary bounded simply connected domain with sim-
ply connected complement. Using certain results and ideas of S. N. Mergelyan
(3) in the corresponding questions of the theory of uniform approximation, we
shall establish an upper estimate for 𝜌(𝑝)

𝑛 (𝑓, 𝐷).
For a function 𝑓(𝑧) ∈ 𝐻′

𝑝 (𝑝 > 1) in the domain 𝐷, form the function

Φ𝛿(𝑧) = ∬
|𝜁−𝑧|<1

𝑓(𝜁)𝐾𝛿(|𝜁 − 𝑧|) 𝑑𝜉 𝑑𝜂, 𝜁 = 𝜉 + 𝑖𝜂; (6)

here 𝛿 is a fixed number, 0 < 𝛿 < 1,
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𝐾𝛿(𝑟) = 3
𝜋𝛿2 (1 − 𝑟

𝛿 ) for 0 < 𝑟 ≤ 𝛿, 𝐾𝛿(𝑟) = 0 for 𝑟 > 𝛿.

Lemma 2. The function Φ𝛿(𝑧) is continuous in the whole plane, Φ𝛿(𝑧) = 𝑓(𝑧)
on the set 𝐷𝛿 of points of 𝐷 whose distance to the boundary 𝐶 of the domain
𝐷 is greater than 𝛿, ‖𝑓(𝑧) − Φ𝛿(𝑧)‖𝐷′ ≤ 2𝜔𝑝(𝛿, 𝑓) for any finite domain 𝐷′,
‖Ψ𝛿(𝑧)‖𝐷′ ≤ 24𝜔𝑝(𝛿, 𝑓)/𝛿, where Ψ𝛿(𝑧) = (𝜕𝑈𝛿/𝜕𝑥 − 𝜕𝑉𝛿/𝜕𝑦) + 𝑖(𝜕𝑈𝛿/𝜕𝑦 +
𝜕𝑉𝛿/𝜕𝑥); here 𝑈𝛿(𝑧) = Re Φ𝛿(𝑧), 𝑉𝛿(𝑧) = Im Φ𝛿(𝑧), and 𝜔𝑝(𝛿, 𝑓) is defined
according to (2) in the domain 𝐷.

Lemma 3. Let 𝐹(𝑧) be an analytic function on the set 𝐷𝛿, continuous in the
disk 𝐾 with center at some point 𝑧0 ∈ 𝐷 and radius 2𝑑, where 𝑑 is the diameter
of the domain 𝐷. If the partial derivatives of 𝑢(𝑧) = Re 𝐹(𝑧), 𝑣(𝑧) = Im 𝐹(𝑧)
with respect to 𝑥 and 𝑦 are summable to degree 𝑝 > 1 over the disk 𝐾, and
‖𝜓(𝑧)‖𝐾 ≤ 𝑀 , where 𝜓(𝑧) = (𝑢′

𝑥 −𝑣′
𝑦)+𝑖(𝑢′

𝑦 +𝑣′
𝑥), then there exists a polynomial

𝑃(𝑧) such that ‖𝐹(𝑧) − 𝑃(𝑧)‖𝐷 ≤ 𝐻1𝑀𝛿, where 𝐻1 is an absolute constant.

Let us note that the proof of Lemma 3 is based on the formula

𝐹(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝐹(𝜁)
𝜁 − 𝑧 𝑑𝜁 − 1

2𝜋 ∬
Δ

𝜓(𝜁)
𝜁 − 𝑧 𝑑𝜉 𝑑𝜂,

which can be proved under the condition that 𝜓(𝑧) is summable to degree 𝑝 > 1
over the domain 𝐷, 𝐹(𝑧) is continuous in the closure of Δ, and the boundary Γ
of the domain Δ—
a smooth curve 𝑧 = 𝑧(𝑠) (𝑠 is the arc length on Γ), for which

∫
𝑐

0
𝑗(𝑢)𝑢−1 𝑑𝑢 < ∞, (7)

where 𝑗(𝑢) is the modulus of continuity of 𝑧′(𝑠). The proof of this formula is
known4 for 𝑝 > 2 for a domain with an arbitrary Jordan boundary.

Let the domain 𝐷𝑅 be bounded by the line 𝐶𝑅, which is the image of the circle
|𝑤| = 𝑅 > 1 under the univalent mapping 𝑤 = Φ(𝑧) of the complement of 𝐷
onto |𝑤| > 1, Φ(∞) = ∞.

Lemma 4. If 𝑆(𝑧) ∈ 𝐻′
𝑝, (𝑝 > 1), in the domain 𝐷𝑅 (𝑅 > 1), and

‖𝑆(𝑧)‖𝐷𝑅
≤ 𝑀 , then for 𝑛 ≥ 1

𝜌(𝑝)
𝑛 (𝑆, 𝐷) ≪ 𝐵𝑀𝑛9/𝑅𝑛 (8)

for every 𝑅, 1 < 𝑅 ≤ 𝑅0, where the constant 𝐵 depends only on 𝑅0.

Let 𝑑(𝜁, 𝜇) be the distance from the point 𝜁 on the boundary 𝐶 of the domain
𝐷 to the line 𝐶𝑅 for 𝑅 = 1 + 𝜇, and let 𝑑(𝜇) = sup𝜁∈𝐶 𝑑(𝜁, 𝜇) be the function
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introduced in work3. With the aid of the last three lemmas the following theorem
is established:

Theorem 6. If 𝐷 is a bounded simply connected domain with simply connected
complement and 𝑓(𝑧) ∈ 𝐻′

𝑝, (𝑝 > 1), in the domain 𝐷, then for all natural 𝑛 ≥ 1

𝜌(𝑝)
𝑛 (𝑓, 𝐷) ≪ 𝐵1𝜔𝑝 [𝑑 (10 ln 𝑛

𝑛 ) , 𝑓] , (9)

where the constant 𝐵1 does not depend on 𝑛.

We note special cases of this theorem.

1. If the boundary of the domain 𝐷 is a smooth curve with continuously
rotating tangent, then for 𝑛 ≥ 1 and any 𝜀 > 0

𝜌(𝑝)
𝑛 (𝑓, 𝐷) ≪ 𝐵2𝜔𝑝 ( 1

𝑛1−𝜀 , 𝑓) ,

where the constant 𝐵2 depends on 𝜀, but does not depend on 𝑛.

2. If for the smooth boundary of the domain 𝐷 condition (7) is fulfilled, then

𝜌(𝑝)
𝑛 (𝑓, 𝐷) ≪ 𝐵3𝜔𝑝 ( ln 𝑛

𝑛 , 𝑓)

for 𝑛 ≥ 1, where the constant 𝐵3 does not depend on 𝑛.
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Received
22 VIII 1960

References
1 G. G. Hardy, J. E. Littlewood, G. Pólya, Inequalities, 1948.
2 J. L. Walsh, Proc. Am. Math. Soc., 10, No. 2, 273 (1959).
3 S. N. Mergelyan, UMN, 7, No. 2 (48), 31 (1952).
4 I. N. Vekua, Generalized Analytic Functions, 1959.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.44485 Machine Translation

https://sovietrxiv.org/items/ru-196101.44485

	Abstract
	Full Text
	MATHEMATICS
	S. Ya. AL’PER

	ON THE APPROXIMATION OF ANALYTIC FUNCTIONS IN THE MEAN OVER A DOMAIN
	References


