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CYBERNETICS AND CONTROL THEORY

V. 1. VARSHAVSKII

FUNCTIONAL CAPABILITIES AND SYNTHESIS OF
THRESHOLD ELEMENTS

(Presented by Academician P. S. Novikov on 31 III 1961)

We shall call a threshold element an element whose behavior in a discrete circuit
is described by the expression

n—1
y = sign (Z gw;— n) : (1)
=0

where y is a binary variable characterizing the state of the element output; z; is
a binary variable characterizing the state of the j-th input; §; and 7 are certain
integers;

sign z = {0’ #<0, (2)
1, z2>0.

Under certain natural restrictions, expression (1) can be used to describe: a

biological neuron, a ferrite-transistor cell with magnetization, a parametron, a

cryotron, a polarized relay and, in general, any summing circuit with a phase-

sensitive null indicator (173).

If the state of each input of the element is put in correspondence with a certain
coordinate of an n-dimensional space, then the set of all possible input actions
is represented as the set of vertices of the unit n-dimensional hypercube S7,
and expression (1) defines a closed half-space separated by a hyperplane with
equation

n—1
ijwj—nZO, (3)
7=0

in which lie the vertices of the hypercube corresponding to those input actions
that cause excitation of the element output. Thus, the problem of determining
the functional capabilities of a threshold element reduces to the problem of
determining the properties of subsets of vertices S™, T and F, such that TNF =
0, TUF = S™, and there exists a hyperplane separating them.
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Let t = (tg, ..., tp1) €T, f=(fo,-, [n_1) € F, and

n—1

Zéﬂ;——ﬁ? 0,

J=0

n—1
> gf—n<o.
j=0

Suppose that {; > 0 and n > 0.

Lemma 1. The set T has the following property: if the vector

t=(tgsst; 1,0t 0, ety ) €T,

then the vector

t=(tg,stj1, Litig, oty q) €T.

-1

Lemma 2. The set F' has the following property: if the vector

f = (f07"'7 j71717fj+17"'7fn71) € F’

then the vector

F=forees f51:05 fyi1seees fun) € F.

Theorem 1. A logical function specified by a set of vectors T is monotone.
For the concept of monotonicity for logical functions, see (4).
Let us call a set of subcubes S™ having at least one common vertex a star.

Theorem 2. The set T is a star with vertex (1,1,1,...,...,1,1). It is not
difficult to show that the set T is a star with vertez (0,0,0,...,0,0).

Let the support set T}, of the set T be the set of vertices lying on the maximal
diagonals of the subcubes forming a star, relative to their common vertex. Define
I, analogously.

Theorem 3. A necessary and sufficient condition for the existence of a hyper-
plane strictly separating the set F' from the set T is the existence of a hyperplane
strictly separating the set Iy from the set Tj,.

The coefficients of the separating hyperplane are determined from the solution
of the system of inequalities
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n—1

ijtj—n>0 for all t € Ty,

J=0

n—1
S ¢f;—n<0 forall fe R, )
=0

or, taking into account the integrality condition on the coefficients and variables:

n—1
> gty —n>0 forallteT,,
=0

—> & fj+n>1 forall fEF, (5)
3=0
Theorem 4. If the star corresponding to the logical function g(zqy, 1, ..., T,_1)
is separable, then the star corresponding to the function
Sﬁ(fo, s L1 Ty e 7:Em71) =T,V VI,V g<$0, 7xn71)
is also separable, and n, =n, and &, = n, for all k from n to m — 1.
Theorem 5. If the star corresponding to the logical function g(zg, X1y ..., 1)

is separable, then the star corresponding to the function

(T ey Ty 1y Ty ey Tpppq) = Ty Ao ATy A g(Zgyeee s Tppq)

is also separable, and

n—1
gkzzgj_ng+17 an:ng—i_(m_n)gk:
7=0

(for all k from n tom —1).

Theorems 4 and 5 make it possible to substantially restrict the class of sets
under consideration.

If a separating hyperplane exists, then for at least one ¢, it is true that &, < ¢ F
(j=0,1,...,n—1).

Theorem 6. If &, = £, then there is no vector f € (F N F,) adjacent in
direction k to a vector t € Tj,.
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Theorem 7 (converse of Theorem 6). If all vectors f € F adjacent to vectors
t € Ty in direction k belong to F,,, then &, = ¢

min

If &, =1, then all vertices satisfying the condition of Theorem 7 lie in a hyper-
plane, i.e., they determine a system of equations. If the system is inconsistent,
then &, = 2, and from the resulting system some maximal consistent subsystem
of equations is selected.

If at the first step we obtain &, = & ;,, then from the sets T, and Fj, the sets
T5 and Fj can be formed by excluding pairs of adjacent vectors. By excluding
the coordinates for those £, that are determined at the first step, the space
of dimension n is transformed into a space of dimension n — ¢;, where ¢; is
the number of &, = ¢ and Tj and Fj are transformed into 7y, and Fy,
respectively.

min>

Theorem 8. If all vectors ' € F| adjacent to vectors t' € Ty, in direction |
belong to Fj;, and ¢, direction coefficients are equal to & then

min s

gl > 1+ Clgmin'

In the case { = 1 4 ¢;&,,;n, the vertices determining &, lie in a hyperplane
and determine a system of equations. If it is inconsistent with the system
obtained earlier, § = 2 + ¢;&,,;n, and from the newly obtained equalities one
selects the maximal set which, together with the previously obtained system,
forms a consistent system of equations. The assertion of Theorem 8 is easily
extended to the case of any step of the process. The process is continued until
a consistent system of equations is obtained that determines all the remaining
coefficients of the hyperplane. Convergence of the process is a condition for
realizing the logical function by a threshold element. The indicated process
is valid only for monotone functions. In the case of a nonmonotone function,
an additional condition for realizability is the possibility of transforming the
given function into a monotone one by inverting variables. After the equation
of the separating hyperplane has been obtained for the monotone function, it
is transformed into the equation of the separating hyperplane for the original

function by substituting (1 — z;) instead of x; for the inverted variables.

Let us consider an example. Suppose the minimal disjunctive form of a mono-
tone logical function is given (for a monotone logical function the reduced form
coincides with the minimal one (4)):

g(Tg, Ty, Ty, T3, Ty, Tg) = TpTyTy+T5TyTo+T5T Ty +T5T 4T+ T5T3To+T5TaT +T5T3To+TyT3To+T5ToT 1 To+T 42

It is not difficult to obtain:

(T, Ty, Tg, T3, Ty, Ty) = T3y + TyTg + T3ToT1 T + T5ToT,

+ B5Toliy + TyloT Ty + TylaBy + TyTa®y + T4T5T.
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The vertices of the sets T, and F|, correspond to the terms of the minimal
disjunctive form, whence:

T, = {56,52, 50,49, 44, 42,41, 39, 28, 27}",
F, = {48,40, 38,37, 35,26, 25,23, 15}.

Consider Table 1. In the table, the rows correspond to vertices from T}, the
columns to vertices from Fy. To each vertex number there is assigned a num-
bered set of coordinates, and to each coordinate the corresponding power of two
is assigned. If for some vertex from Tj some ¢; = 1, then from this vertex in
direction j there emerges a one-dimensional element ending at a vertex from F,
with N(t) — 27 = N(f) (N(t) is the number of the vertex t). If f € Fy, then at

the intersection of the corresponding row and column the number j is entered.

The condition of Theorem 7 is satisfied by those directions for which all ones in
column j from T}, correspond to marks j in the cells of the table. Such directions
in Table 1 are the zeroth and the first; hence {, = &, = min. The vertices 50,
49, 42, 41, 39, and 27 may lie in the hyperplane, whence

& +&=n—1, §+&=n—1, §+&=n—2, §3+&=n—2.

The system is consistent and, consequently, {;, = & = 1. The sets T and Fj
will be respectively {28} and {23,15}, and the sets Tjj; and F{;, respectively,
{7} and {5, 3}.

* The numbers are decimal equivalents of binary codes formed by the ordered-
by-j sets of coordinates of the vertices.

Table 1
0 1 0 0 0 1 1 0 1 1 1
1 2 0 0 1 0 1 1 0 1 1
2 4 0 0 1 1 0 0 0 1 1
3 8 0 1 0 0 0 1 1 0 1
4 16 1 0 0 0 0 1 1 1 0
5 32 1 1 1 1 1 0 0 0 0

0 1 2 3 4 32 48 40 38 37 35 26 25 23 15

1 2 4 8 16 1 56 3 4

0 0 0 1 1 1 52 2

0 0 1 0 1 1 50 1

0 1 0 0 1 1 49 0

0 0 1 1 0 1 44 2

0 1 0 1 0 1 42 1

1 0 0 1 0 1 41

1 1 1 0 0 1 39 0 1 2
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Let us consider Table 2. The construction of Table 2 is analogous to Table
1. The conditions of Theorem 8 correspond to directions 3 and 4, whence
& =& >1+2-1=3. For § = £ = 3 we obtain the additional equality
&, = n — 6, solving which jointly with the system obtained earlier we have

or we obtain the excitation condition of the element

Ty + 21 + 239 + 3x3 + 374 + 45 > 8.

Table 2

— = N

N W

—

~J 00 Ul = W N
0 = DN

WUt oO = O =

WO O~

Since at each step of the process we obtain at least one coefficient and at least
one equality, in one step we in fact determine at least two parameters of the
hyperplane; consequently, the synthesis procedure must have no more than

[

steps.
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