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Abstract

Full Text
MATHEMATICS
N. N. YANENKO and Yu. E. BOYARINTSEV

ON THE CONVERGENCE OF DIFFERENCE
SCHEMES FOR THE HEAT-CONDUCTION
EQUATION WITH VARIABLE COEFFI-
CIENTS

(Presented by Academician S. L. Sobolev on 31 IIT 1961)
1. For the equation

ou Zm: 13 ( t)(‘?u ( D> x>0 (1)
— = — |x(xy, 29, oy T, ) =— |, Tqy Ty ey Ty t) > ;
ot~ 2~ o, X\ L1, Ty ™oz, X\ T, Lo m Xo
we pose the mixed Cauchy problem
U($1,$2,...,$m,0) zgo(xl,xQ,...,xm); (2)
WE, Ty, oo, Ty 1,0, 201,y Ty ) = fo(@p, o, Ty 1, Ty oy Ty B),
_ _ (3)
U(T1, Loy ooy, Ty 15 LTy ooy Ty ) = G (T oo, T 1, Tgiqs oo s Ty T)-

We shall require sufficient smoothness of the functions x(z,t), o(z), f.(x,t),
gs(x,t).

For the solution of problem (1)—(3) we construct the following difference scheme:

Ay (ar™ )yt = A [(1 — a)r"]un, 0<a<l; (4)
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where it is put that
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By the equivalence theorem (1), for convergence of the difference scheme (4)—
(6) it is necessary and sufficient that the step operator of equation (4)

C, = Ay (ar™ A [(1— a)r”] (8)

have a norm satisfying the condition

IC I =1+d,7,  |d,]| <K; (9)
the constant K does not depend on n, 7, h. We shall show that in our case this
is so.

§ 2. We first formulate a number of lemmas.

Lemma 1. Let A, B be two symmetric matrices; let C(¢) be the matrix of the
pencil

C(e) = A+eB; (10)
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x;(¢) the i-th normalized eigenvector of C(g); X;(¢) the corresponding eigen-
value.

Then z,(g), A;(e) satisty the following system of equations

dX;
B (Br,. ) (1)
dz; "\ (Bz;, 1)
L= Yy R g (12)
de G5 MM
Lemma 2. If
Tsiy.i,, = To >0, 0<ac<l, (13)

then the matrix B(r) has nonnegative characteristic roots, the matrix A,(ar)
has positive roots not less than 1, and the matrix A;[(1 — «)r] has roots not
exceeding 1.

Lemma 2 follows from Lemma 1.

Lemma 3. Let

rs = IIlllIl {rsil...im}v Rs = iIIlH’ZX {Tsil...i }7 0 <a< 13
1o

Gy, m

Then for the matrix
C(r) = Ay (ar) A [(1 — a)r] (15)
the relation

lel < lC@)l < C| (16)

is valid.
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Lemma 4. Put

C, = Ayt (ar™) Ay [(1 — a)r"]. (17)

Then for C,, (8) one has

1C = 1C (A +1,7), L] < K, (18)

where K does not depend on n, T, h.
On the basis of Lemmas 1-4 one may formulate the following theorem.

Theorem 1. The step operator C,, of scheme (4) is stable if the operator C' is
stable, and unstable if the operator c is unstable.

Since ¢, C' are operators with constant coefficients, the Neumann criterion is
applicable for determining their stability. Therefore the following sufficient con-
vergence criterion can be formulated:

Theorem 2. If1/2<a<1, or0<a<1/2 and

s 1
D R < g (19)

s=1

then the solution of (4)—(6) converges to the solution of (1)—(3) in the mean.

Let us note that Lemma 3 and Theorems 1 and 2 are also valid for nonlinear
equations. However, in this case the R, depend on the initial data and the mesh
and cannot be estimated effectively.

The indicated method is also applicable to hyperbolic equations.
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