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Abstract
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Cybernetics and Control Theory
E. I. Nechiporuk
On the Synthesis of R-Circuits

(Presented by Academician M. V. Keldysh on 31 VII 1960)

The analogy between Boolean structures, on the one hand, and Boolean rings,
on the other, makes it possible to define circuits similar to contact-gate circuits,
in which the conductivity of a chain is computed in the same way as in contact-
gate circuits, while the conductivity of a circuit is computed using addition
modulo 2 instead of Boolean addition. For the definition to be correct, it is also
necessary that all edges of the circuit be oriented and that the circuit contain
no loops having nonzero conductivity. We shall call such objects R-circuits.

Fig. 1

In the present work a method is considered for synthesizing fR-circuits that
yields circuits with an asymptotically smallest number of contacts.

Let H be an unoriented graph without loops (1), every pair of whose edges is
incident to more than two vertices. Let it have vertices P, « =1, ..., m, and N
edges, and let (ay,a5y) be the incidence relation of the vertices in H. Further,
let {hg}, B = 1,..., N, be a system of pairwise orthogonal Boolean functions.
Put into one-to-one correspondence with the edges (P, , F,,) the functions

(1< Bay 0, <N)

ﬂal,(’éQ

and set

We shall call the function g, associated with the vertex P,.

Lemma 1.

Let Zm (n) denote the minimal number such that, by R-circuits having no more
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than Zm(n) contacts, one can realize any function of the algebra of logic in n
arguments; let L(n) be the corresponding number for contact-gate circuits.

Lemma 2. -
272 < L(n) S 222 (1)

Proof. Lower bound. In place of each contact x of the circuit, the circuit
shown in Fig. 1 is substituted. The resulting circuit is equivalent to the original
one, but in it all chains pass through contacts in one direction; one end of a
contact is an input, the other an output. The conductivity of a circuit of L
contacts (one of which is a “source” ) is uniquely determined by the names of
the contacts and by the square matrix

L

B{bi,j 1> bi,j =1,

if and only if there is a chain, passing through gates, from the output of the i-th
contact to the input of the j-th contact.

Upper bound. For even n the upper bound follows from (2:3). Let n = 2k + 1.
The arguments are divided into groups:

~

T= ($1,£275E3);
Z1,Z4 contain k — t letters each, T4 contains 2¢ + 1 letters. As the set

h,} (Lemma 1) is taken to be the set of all conjunctions K.5(Z5)*. Let the
P g3\"3

graph H have 2T vertices, T = [22**1/2] 4+ 1, divided into two groups of T
vertices each. Edges occur only between vertices from different groups; in all
there are 2°*" edges. Let {g, ;} be the set of functions associated with the
vertices of the d-th group of the graph H (6 = 1,2; 1 < v < T), and let
75(71,72) be such a vector that

K5'3<’71»’Yz) = 9y1,197,,2: Then

F@ =\ 95,1@) K51 (81)9,, 2(F5) Ko (82) (51,52, 53 (71, 72))- (2)

Y1:72,01,55

The circuit (see Fig. 2) is constructed from two contact circuits S! and S?
and a valve circuit connecting, in accordance with (2), the outputs of circuit S*
with the inputs of circuit S2. The circuit S? (§ = 1,2) realizes the functions
94,5(%3) and K5 (Z;), and consists of a circuit G? over 75, realizing the functions
g, (obtained from the contact tree), and T circuits K 9 each realizing all
conjunctions K (Z5) (asymptotically with 2kt contacts (3)). Put t,k—t — oc.

n Fuig. 2: r , wertical multipole, s ; brackets S+, .
In Fig. 2: G', K, * ical ltipole,” K2, G?; brackets S*, S
Fig. 2
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Remark. If in the circuit there are no loops passing through more than one
contact, then the lower bound in (1) increases to v/2 - 2/2 (in this case, with a
suitable numbering of the contacts, the matrix B will be triangular).

Theorem.

~

Loy(n) ~ V222,

Proof. The lower bound follows from the remark.

Upper bound (and method of synthesis). Let n be even, n = 2kr + 2s.
We describe one special representation of the function.

1) The arguments are divided into groups:

~ ~.

i. = (xlv 7%2k1y+7§7);

T, = (gjl 1‘7-")7 1=1,...,2k;

i PR )

'+, contain s letters each. In the set of nonzero vectors of values of the
2" —1

arguments 7, a system {S; ;}, j=1,...,m = , of nonintersecting

groups of r vectors in each group is singled out so that all vectors of one
group are linearly independent (*). We shall denote the characteristic
functions of the sets S; ; by S, ;. The remaining vectors, including the
zero vector, we denote by 7,, t = 1,...,d; d < r. We denote by T the
characteristic function of the set {7} of value vectors of the arguments Z,.

2) Let
Vi= &?£1Si,jia ™= (Ji, s don)y  Ji =1, m.
It follows from Lemma 2 in (%) that for every function (7, ..., %, sat-
isfying the condition

~ ~

%O(xlv 75‘21@)‘/7? = <p(l‘1, L) jj42!’@)7

there is a Zhegalkin polynomial (°)**

G[('D] = @U’RO?ﬁ] qu ff;?fa ﬁ = (Tlv "'ﬂr2k)7 1< ry <, U[QO;ﬁ] =0,1,

p

% K (f) denotes (y1)7" - (y™)7", where § = (y*,...,y"), & = (¢*,...,0™), and
(y)? isy for o =1 and gy for o = 0.

xx > . @ denote addition mod 2.
such that
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Fig. 3

Figure 2: Fig. 3

P&y, Toy) = VEGlp]. (4)

3) Let us take as the set of functions {hy} (Lemma 1) the set of all m?*
functions V. Let the graph H have 2k groups of nodes with

T=[vV2mk/\2k2k—1)] +1

nodes in each group; edges occur only between nodes from different groups; in
all there are m?* edges. Denote by W, , the function associated with the g-th
node of the p-th group, and let

V VAPWARES Wp,qu',q/

p,q,p"»q

(V. 18 €ither Vz for some 7, or 0);

4 .
p,p a Z PP’ a0 P >p;

/
Vo' a qumq’ P <p-

It is obvious that

T
Vzw’,qvp’,p,q/ - Vp,qmﬁq"

Fig. 3

4) Remove from the collection (Zy,...,Ty;) the groups of arguments Z,,7,,,
p’ > p; distribute the remaining groups arbitrarily into two subcollections
of k—1 groups; denote them by 9" M, - Then forany p = (ry, ..., 7o)

p,p’’
Tok __ It — Tp, Tp
it = B v 5Ep 0,570 Ty >
+ 3 : 1 T2k
where EJ p(Ep ) are conjunctions of arguments from {z}',..., 253"} that
belong to 9)? (O ). Put
pqp Z p.p”,q pp vy
p”>p
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P7Q; Z p.p”.q P;P

p”<p

Then, for p’ > p,

T2k
paiUn ”wi" p/ = Vo a1 Ty ()

5) By virtue of (3)—(5), the function f(Z) can be represented in the form

f@) = fO@) @ f2(2);

-1
f(l)(f)K'T-t(‘%)f(fh A 'jtfh 7~_t7 ‘%tJrlﬂ v‘%2k7 §+7 gi) & u(‘%u)v
u=1
IO@) = 3 (UKo 0025 ) (U 5 ) ) %
PP/ a4’
p'>
5,675
xu [f@)v:v,q,p’,q’ 5'+K5*;ﬁ] : (6)

The circuit for the function f is obtained by parallel connection of circuits for
fM and for f@). The latter is built from blocks A, 4» which are connected in
parallel and, in addition, are linked with one another by valves. The block A,
(see Fig. 3) consists of separate subblocks. The subblocks V;p 0 p > p, and
v

fop/yq, p’ < p, realize the functions Vpp 7 V;)p q All subblocks Vp+p @ Vor'a

(of the block A, ,) together contain not more than 2kr?(2k —1)T

contacts. The input (output) of the subblock D*(D~)—a dichotomous tree over
" (§~)—is connected with the output (input) of each subblock V', (V. , ).
The outputs (inputs) of the subblocks D™ (D~) will be called like-named if the
conductivities between them and the inputs (outputs) of the subblocks D" (D™)
are equal. With the outputs (inputs) of the subblocks D*(D~) connected with
the subblocks V¥, (V" ), the inputs (outputs) of the subblocks E (E, )

p.p’,q p,p’

are connected. The subblock E;rp (E; o /) is a (k — 1)-level r—chotomlc tree in

which the contacts of the ¢’-th level issuing from one node (entering a node)
are named by all the distinct variables of the i’-th group of the subcollection
S)ﬁ;p, (M ). The subblock E;p/ (E; ) realizes the functions EY , ((E~ , ),

PP P 5N pp
has r*~! outputs (inputs), and contains

Tk—T

r—1
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contacts. The outputs (inputs) of all subblocks E;p, (E; p/), connected with

like-named outputs (inputs) of the subblocks D*(D™), corresponding to one
selection p (one output (input) from each subblock), are joined in 7¥~! nodes.

The nodes obtained from the subblocks E;p, (E; p/) will be called output (input)

nodes. In all there are 2°7*~! input and output nodes. Between the correspond-
ing output and input nodes a subblock X, is inserted (Fig. 4); in all there are
2771 subblocks X,,. The input (output) end of each contact from X, will be
called the input (output) working pole of the block A, .. The part of the block
A, , formed by the subblocks fop/,qut (V’ D’, E;p,) will be called

0@
the input (output) part, and the part formed by the subblocks X, —the working

part. The conductivity of the block A4, . is equal to 0. The block A o has in all
2°r;, input and the same number of output working poles and contalns no more
than

rk

R =2kr?(2k — 1)T + (2k — 1)(2°"1 —2) + _1T 25(2k — 1) + 257

contacts.

When constructing the circuit for (2, some pairs (a, b) of working poles will be
connected by valves from a to b (a is an output working pole from A , b is an
input working pole from A, ./, p" > p).

p,q’

The successive process of adding valves between the blocks A, , and A4, , with
p —p=1,2,...,2k — 1 leads to a circuit for f2.

The total number of contacts in the circuit for f does not exceed

L =2kTR + 2Ckr2(n=r)/2 4 9fy2,

Put k= [lg,n], r =[in/lg,n], s =n/2 —kr. Then L < v2-2"/2

For n = 2kr + 2s + 1, the subblocks D", D~ are constructed in the same way
as the parts of the circuit in Fig. 2 situated above and below the valve circuit
(see Lemma 2). The number of outputs (inputs) of the circuits Dt (D7) is
asymptotically equal to 2(2571/2; the circuits D, D~ contain asymptotically
2(25+1)/2 contacts.

The theorem is proved.
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