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It is known that the thermodynamic equilibrium of any system occurs at the
minimum of the thermodynamic potential of the system @ (in the variables p, T')
or at the minimum of the free energy F' (in the variables v, T'). The condition
for an explicit minimum, in addition to 6& = 0 (6F = 0), is the requirement
52® > 0 (6°F > 0). The positivity of the second variation of the characteristic
functions means thermodynamic stability of the system. For arbitrary reacting
systems, the condition of thermodynamic equilibrium 6® = 0 (6F = 0) is the
condition of chemical equilibrium and, for ideal gases, ultimately represents the
law of mass action. As for the thermodynamic stability of such systems, in the
case of ideal gases it can be proved directly (a proof for one reaction is given,
for example, in (1)). Here we shall give a proof of thermodynamic stability for
arbitrary reacting systems of ideal gases, with the aim of deriving from this fact
a number of general inequalities of chemical thermodynamics.

The conditions of chemical equilibrium have the form (i = 1,2, ..., k):

0P
0% = Z <8Ni>pT6Ni = Em(nTﬁNi =0,

i

SF =Y (5&) 6N, :ijui(v,T) 6N, =0, (1)

i

where

1i(p,T) = pd(p, T) + RT In(N,;/N),

wi(v, T) = pd(v,T) + RT In N, (2)
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are the chemical potentials of an ideal gas in the variables p,T and v, T, re-
spectively (the first terms in (2) do not depend on the number of moles N; and
N).

Using the representations (s,t =1,2,...,7)
5Nz(p7T) = Zyiséas’ 6N'L(U>T) = Zyiséﬂs’ (3)

which are forms of the material balance, the conditions (1) can be written oth-
erwise:

0P = Z Viglbi00, = Z p 0a, =0,
S, s

OF = w08, = f68,=0.

Since the variables dag, §3, are independent, ¢, = f, = 0. Using (2) and (3),
the desired second variations of the characteristic functions can be represented
in the form

52 S, Sa, 82F 58, 65,
= 0% 2 N, s 0 4
VR - 2PN N NAT ;StNN’ )

s,t S,t

where

V. U; V. V.

= E Zis7it —F - - E Zis7it @

q)st_ — Vgl = st_Vsyt_(bts? st — — Lits (5)
T Y T T

Here v = ). v;, is the total stoichiometric coefficient of reaction s.

The conditions for positive definiteness of the bilinear forms (4) consist in the
positivity of all principal diagonal elements and principal minors of the corre-
sponding matrices ||®,| and |F,|. In view of the arbitrariness of the number
of reactions, it is sufficient, evidently, to prove the positivity of the principal
diagonal elements and of the full determinants of the matrices |®,,| and | F,].

Let us introduce the characteristic matrix of our system, which, evidently, com-
pletely determines the properties of the system:

Vin V2 e Ve 1y
V. V. . % X

D R | (6)
Vit Vio e Viyr T
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By direct calculation, making use of the normalization condition ) x; = 1, it
is not difficult to show that the principal diagonal elements of the matrix ||®,||
have the form

1 sz i9;8
@ — _ 15%2 0’
S8 2 Z T >

i1,0o xil ia
where m; ; .. are the quadratic minors of |M]|, whose elements stand at the
intersections of rows with indices i; # i, and columns with indices s and r + 1.
The positivity of F,, is evident. The conditions ®,, > 0 and F,, > 0 are
sufficient for the thermodynamic stability of one reaction in the system and
were already obtained in (1).

Let us denote by A, _ the minors of [M]| of rank r+ 1, consisting of rows

D1 400yl
with indices i; # iy # ... # +ir+1, and by 0, ;, the minors of rank r of the first

11480yl
r columns and rows of | M| with analogous indices. For the full determinants A
and 0 of the matrices |®,| and ||F,,|, the following representations, obtained

by induction, hold:

1 A? Gy
A: 124295041
(r+1)! Z T ..., >0,

G509yl 017 02 Tril

1 51'27‘ i
5= — L2ty ),
7! Z T, T, ..X;

FR TR Mk Pk P2
The nonvanishing of at least one m; ; .. and A; , ., is evident, since oth-
erwise, in view of the fact that some v,, are necessarily negative, the absurd
conclusion would be obtained: some x,; are negative. The nonvanishing of at

least one 9; ; . ; follows from the condition of independence

reactions. Thus, the conditions for the positive definiteness of the forms (4)
hold, and therefore the system under consideration, when at least one reaction
actually proceeds, is thermodynamically stable.

The molar heat capacities have the form

cp/RZZ

where

C qu‘,

}gxi—i—zi:ﬁui, cU/R—Z: Rmi—&—zi:ﬁ% (7)

~w(mr), v (Gwe)
“mN\omr),” T N\owr),
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Making the substitutions u;, = > v;.7;, v; = D> V505, We obtain for the

1878?

chemical parts of the heat capacities the expressions

alt=3 (55 ) anm=X ()0 ®

where Q, = > v, H; is the heat effect of the reaction at p = const; Q, =
> visUi = @, — Vypr is that at v = const.

Taking logarithms, and then differentiating with respect to T at p = const and
at v = const, the equations of the law of mass action in the form

14

v.. N Vs V s
11~ =(5) %= () 5 ®)

where K, is the equilibrium constant, we obtain systems for determining -,
and §,:

Q, Qy
Dy = = Fyo, = =8 (10)

Here the relation 0In K, /0InT =dInK, /dInT = Q,, /RT has been used.

From (8) and (10), by virtue of the thermodynamic stability of the system
proved above, we obtain the results of interest to us:

Cpch/R = Z(I)stﬂ}/s’h > Oa Cvch/R = Z Estés(st > 0. (11)

s,t s,t

This is the first pair of general inequalities of chemical thermodynamics.*

Let us consider the quantities

Olnp\ OlnNY Olnp\  (OlnNY\
<8lnp>T__(8lnp)T_ zi:pi’ (5‘111;17)71_<(‘9111U>T_zi:qi7

(12)

where p is the molecular weight of the system,

% oms)y 57w (o)
Pi= olp/,’ %= N \omo T

Making the substitutions p;, = > v;.&;, ¢; = > V505, We obtain
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Olnp _ Olnpy
(31np>T_ gysgsv (alnp>T_gysns‘ (13>

*In (*) a proof is given of the positivity only of the general ¢, and c,.

Taking logarithms and then differentiating equation (9) with respect to p and
to v at T' = const, we obtain systems for determining £, and 7,:

Z q)stgt = Vs, ZFstnt = V- (14>
t t

From (13) and (14), by virtue of the proved thermodynamic stability of the
system, we obtain the results of interest to us:

Olnpy B Olnpy
(Fig), =2 =2at&>0 (Gpt) =S Ram>o0 @)

s,t

This is the second pair of general inequalities of chemical thermodynamics.

For the inequalities (11) to hold, it is sufficient that at least one pair Q,4, Qs
be nonzero; for the inequalities (15) to hold, it is sufficient that at least one v,
be nonzero.

Using further the relation between ®_, and F,, it is not difficult to obtain the
inequality

(555) |(Gs) - (ginﬁf)T] = Y Pl n+n) >0, (16

Thus, in view of (15)*,

| 1
0<(an”) <<6n“) ; (17)
dlnp /. Olnp /.,
1 1 1
0<<6np> :(8nu) /(8nu) <1 (18)
dlnp/ dlnp/ Olnp /.,
Moreover, from the equation of state we have
< <8ln“> —1- (&an) <1 (19)
dlnp/ ., dlnp/
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The dimensionless isothermal speed of sound (9 1np/d 1n p); may be represented
in another way:

Olnp\  (9dlnp OlnvY 1—(9Inp/0InT),
0< <8lnp>T B <8lnp>u/ (81nT>p T 1—(@mp/oInT), <1. (20)

It follows from (20), in particular, that when (Olnp/0InT), > 1 one has
1 < (@lnp/0InT), < (0lnp/0InT),, while when (0lnp/0InT), < 1 one
has (Olnpu/0InT), < (Olnp/0InT), < 1.

Since (¢, —¢,)/R = (0lnp/0InT),(0lnv/0InT),, from (20) we obtain the
estimate

81n:u ? Cpch — Cuch 81nH ’
[1_<81nT)j T 1_<8lnT)p N

If (Olnp/0InT), <0, then from (21) we have c,j, — ¢, > 0, and, moreover,

ory _» (_on ory __» 5u>
<8’U>M_Cv (8111T)1}<0’ <3p>h_ cp (ﬁlnT p>0'
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