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1. We shall use the definitions from [1]. Let G be a group, ¥ some set of its
automorphisms, and {X} the group generated by this set. The set X is called
nilpotent (relative to G) if, for every g € G, there exists an n = n(g) such that
the equality
[95 01,025+ Un] =1,

holds, where o; € . In particular, the set £ may consist of a single element, and
then this element is called a nil-automorphism. The automorphism group ®
of the group G is called externally locally nilpotent if every finite set of its
elements is nilpotent.

The set X is called periodic (relative to G) if G has a local system of X-
admissible subgroups with a finite number of generators, in each of which {¥}
induces a finite group of automorphisms. If all these induced groups of auto-
morphisms are II-groups, where II is some set of prime numbers, then ¥ will be
called a II-set. In particular, when X consists of a single element, we obtain a
periodic automorphism (a II-automorphism). The automorphism group @
of the group G is called generalized periodic (a generalized II-group) if all its
elements are periodic automorphisms (IT-automorphisms). Finally, the group ®
is called externally locally periodic (an externally locally II-group) if every
finite set of its elements is periodic (a II-set).

The main result of the note consists of the following propositions.

A. There exists a group of nil-automorphisms of an abelian group which is not
externally locally nilpotent.

B. There exists a generalized periodic (even periodic in the ordinary sense)
automorphism group of an abelian group which is not externally locally periodic.

C. There exists an automorphism group of an abelian group such that it is gen-
erated by its externally locally nilpotent normal divisor and a nil-automorphism,
but itself is not an externally locally nilpotent group (not even a group of nil-
automorphisms).

D. There exists an automorphism group of an abelian group such that it is
generated by its externally locally periodic normal divisor and a periodic au-
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tomorphism, but itself is not an externally locally periodic group (not even
generalized periodic).

2. Lemma 1. Let G be a locally finite p-group. Then every finite nilpotent
set of automorphisms of the group G is a p-set, and conversely.

Using this lemma, in proving propositions A—D we can get by with only two
examples.

3. An example proving propositions A and B. Let A and ® be two
arbitrary groups, and let U = A ® be the wreath product of these groups -

groups (see, for example, (1)). The group ® may be regarded as a group of

automorphisms of the group G = Hae o Ao

Take as the group ® an infinite group with a finite number of generators, sat-
isfying the identity relation 2P = 1, where p is a prime number (the existence
of such a group follows from the results of P. S. Novikov (?)), and as the group
A take the cyclic group of order p. It is not hard to see that ® is a group of
nil-automorphisms of the group G. Indeed, if g € G, ¢ € @, then the subgroup
{g, ¢} of the group U is nilpotent as a finite p-group. Since in G there are no
elements fixed with respect to @, it follows that ® is not an externally locally
nilpotent group of automorphisms.

This same group of automorphisms ¢ of the group G is periodic, but not exter-
nally locally periodic (Lemma 1).

4. An example proving propositions B and C. Let G be a group which
is the direct product of cyclic groups {a,, ,} of order p (p is any prime
number), where the first index n runs over all natural numbers, and the
second index k over a complete system of residues modulo p™~'. Define
automorphisms ¢, (i = 0,£1,42,...) of the group G by the following
equalities:

)

Qoi(an,k) = an,ka if k 7£ { (mOd p

@i(an,i) = 0y i Ay 41+

We shall show that the group of automorphisms ®, generated by all the ¢, is
externally locally nilpotent with respect to G. For this it is enough to verify
that any finite set of automorphisms ¥, consisting of certain ¢,, is nilpotent. Let
Y = (@i s@i,s -2 #; ) t = maxli,|. Note the following facts: 1) for arbitrary
o; € Yone has [a, 1;07,09, ..., 0] = @4, 1 or 1; 2) if n satisfies the inequality
p™ 1 > 2t + 1, and k is the absolutely least residue modulo p™~!, then for
arbitrary o, € ¥ one has [a,, ;; 01,09, .-,0,,] = @y gym Or 1. Using 1) and
2), it is now not hard to verify that for m > log (2t+1)+2t+1and any g € G
one has [g; 01,09, ...,0
automorphisms.

m) = 1, i.e. @ is an externally locally nilpotent group of
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Now define an automorphism 1 of the group G as follows: (a,, ;) = a, 1
The automorphism 1 is a p-automorphism of the group G, and hence also a
nil-automorphism (Lemma, item 2). Denote I' = {®,¢}. For any integer k we
have ¥, = ik, i-e. @ is a normal divisor of the group I'. Since the group
I is not externally locally nilpotent (for example, the automorphism 'y, is
not a nil-automorphism), proposition B is proved. At the same time proposition
C is also proved (Lemma, item 2).

5. In this paragraph we shall construct a group of automorphisms ® of an
abelian group G with the following properties: 1) ® is an abelian group all
of whose elements are of order two; 2) ® is an externally locally nilpotent
group; 3) all automorphisms from ® have nilpotency index n = 2, i.e. for
any g € G, ¢ € ® one has [g,¢(2)] = 1; 4) in the group G there are no
elements fixed with respect to ®.

As the group G we take the direct product of cyclic groups of order two {g,},
where the index « runs over all finite subsets of the set of natural numbers.
Define automorphisms ¢, of the group G, where i is any natural number, by the
following equalities:

©:(9a) = Ga> if i € o

©i(90) = 9aGovi» i ¢

The group P, generated by all the ¢;, satisfies conditions 1)—4). The fulfillment
of 1) and 4) is obvious, while 2) and 3) follow from the fact that if ¥ is a set-

of arbitrary m elements of ®, g € G, then [g; 0, 09,...,0,,.1] = 1, where
o; € X.

Remark. An analogous result can also be obtained with the aid of the well-
known example of P. Hall of a p-group without center ((%), see (*)).

6. L. A. Kaluzhnin in (°) proved the theorem:

If in a group G there is an invariant series of subgroups of length n, stable with
respect to its automorphism group ®, then the group ® is nilpotent of class at
most n — 1.

Recently F. Hall in () (see also (7)) showed that in the case when a ®-stable
series is not invariant but normal, ® is also a nilpotent group of class at most
%n(n —1). In the same paper F. Hall gave an example showing that for n = 3
the exact estimate of the nilpotency class of the group ® in these two cases is

different. We shall construct an example which establishes this for any n > 3.

Let G be the group generated by the elements g, where the index « runs over all
subsets of the set M consisting of the elements 1,2,...,n—1 (n > 3), and among
these subsets we include both the empty set 0 and the set M itself. In addition,
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in G a system of defining relations is given: 1) [[z,y], 2] = 1, where x,y, z are
arbitrary elements of G; 2) [x,y]?> = 1, where z,y are arbitrary elements of G;
3) [9a>95] = 1, if (@) + (B) > n, where (a) denotes the number of elements of
the subset a.

Define the automorphism group ® = {¢;,¥s, ..., ¢,,_;} of the group G by the
following equalities:

@i(ga) = Y9a> ifi e Qg

0i(90) = 9aGavi» i ¢

Let a be some subset of M. Denote by h, = [[[gs,9,], where BU~ = a, SN
v = 0, and for each pair (8,v) with such properties exactly one commutator
(98, 9,] = (9, 93] enters the product (including also [g,, go]). Form the series of
subgroups

where G, (i = 1,2,...) is generated by all elements g,, h,, [94,9,], for which
(a) > i, (B) + (y) > i+ 1. Tt can be shown that this series is ®-stable, and
G,, = 1. The group ®, by F. Hall’ s theorem, is nilpotent. Its nilpotency class
is at least n, since, for example, [¢1, Vg, ..., Y1, ¢1] F 1.

Let us note that the question of whether the estimate in F. Hall’ s theorem is
exact remains open.

7. In conclusion we give the following fact. In (8,?) the following theorem is
proved:

The group of locally stable automorphisms ® of a group G is generalized periodic
if and only if [G, @] is a periodic group.

For the opposite case, in (8) it is proved that the group of locally stable automor-
phisms ® of the group G will be complete if [G, @] is a group without torsion.
However, the converse theorem is no longer true here, as the following example
shows.

Take a group GG which is the direct product of cyclic groups:

G ={g1} x {92} x {93} x {94} x {h},

where the group {h} is of order two, and the remaining ones are infinite. De-
fine the automorphism group ® = {¢;,p,} of the group G by the following
equalities:
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©1(91) = 9192 ©1(92) = 92935 ©1(93) = g3; ©1(94) = 943 @1(h) = h;

©a(91) = g195 Py ©2(92) = 9294; ©o(93) = 93; ©9(94) = 95 ©o(h) = h.

The group ®, as one can verify, is stable and pure, while [G, ®] contains a
nontrivial periodic part.
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