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The well-known theorems of de Rham and Dolbeault reduce the computation
of cohomology with real coefficients and of cohomology with coefficients in the
sheaf of germs of analytic functions to certain problems of the calculus of dif-
ferential forms on a manifold. In the present paper it is shown that the same
method is applicable to the study of cohomology with coefficients in certain non-
Abelian sheaves. It turns out that the problem of computing these cohomologies
(or, equivalently, the problem of classifying fibered spaces) can also, in a known
sense, be reduced to a certain problem of the calculus of differential forms.

1. Let X be a smooth manifold, and & a Lie group. Denote by D(X, ®) the
group of all smooth mappings X — &, by G the Lie algebra of the group
&, and by £P(X,G) the vector space of differential forms of degree p on
X with values in G. We shall now consider certain operations on these
differential forms, studied by Aranyos (1).

To each mapping f € D(X,®) assign the differential form §f = f~ldf €
LHX,G). For a € £1(X,G) put

C(fla= faft+o(f).

It is verified that

C(f1f2> - C(fl)c(f2)

and that for the constant mapping e(z) = e we have

Cle)a = a.

Thus an action of the group D(X,®) on £(X,G) is defined. Next, consider
the mapping V : £1(X,G) — £2(X,G), defined by the formula

Va =da+ j[o,a] (a € LHX,G)),
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where the square brackets denote the commutation of differential forms. The
operators § and V play, in the theory of differential forms with values in G, a
role analogous to that of the ordinary operators of exterior differentiation. In
particular, consider the equation

Sf=a (1)
and determine the conditions for its solvability with respect to f, for a given
a € LYHX,Q).

Lemma 1. For every f € D(X,®) we have Vof = 0. If Va = 0, then equation
(1) has a solution in a neighborhood of every point of the manifold X.

For the proof of the lemma it is enough to verify that the equality Va = 0 is the
condition of complete integrability of the system of partial differential equations
which is obtained from equation (1) upon passing to coordinates.

Consider now the case where X is a complex manifold and & is a complex Lie
group. Denote by £P9(X, Q) the space of differential forms of type (p,q) on X
with values in G. Introduce the following notation:

o'f = f 'S,
C"(fla= faf 7t +6"(f ') (feDX,8), aecl(X,Q)),

1
V'a=d"a+ §[a7a].

It is readily verified that the operators C”(f) define an action of the group
D(X,®) on L% X, G).

Lemma 2. For every f € D(X,®) we have V”§” f = 0. If V”a = 0, then the
equation

"f=a (2)

has a solution in a neighborhood of each point of the manifold X.

Proof. It is verified that the equality V”a = 0 is the complete integrability con-
dition for equation (2). One must then apply the “complex Frobenius theorem,”
proved by Nirenberg (?).

2. We now pass to the question of the classification of complex-analytic fibered
spaces. Let X be a complex manifold, & a complex Lie group. Suppose that an
analytic fiber bundle § with fiber  and base X is given. The bundle § is speci-
fied by a coordinate covering {U,} of the manifold X and by transition functions
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fij» defined in U; NU;. Our assumptions mean that the f;; are automorphisms
of the group &, and moreover the mappings defined by them (U; N\U j) X6 =6
are analytic. We shall consider analytic §-principal fibered spaces with base
X; these fibered spaces are in a natural correspondence with the elements of
the cohomology set H'(X,24(F)), where 21(F) is the sheaf of germs of analytic
sections of the bundle F (see (3) or (4)).

Let f” be the automorphism of the Lie algebra G of the group & corresponding

to the automorphism f;;. The transition functions f” define over X an analytic
bundle F of Lie algebras with fiber G. Denote by QP'¢(F) the sheaf of germs of
differential forms of type (p, ¢) with values in F. Also denote by D(F) the sheaf
of germs of differentiable sections of the bundle §, and by A(F), D(F), £LP9(F)
the groups of continuous sections of the sheaves A(F), D(F), ¥”9(F'). The oper-
ators defined in §1 give rise to homomorphisms of sheaves of sets

8 D(F) = QOL(F),

V7 QUL(F) — QO2(F).

Denote by 3”(F) the subsheaf of Q%1 (F) consisting of those a for which V”a = 0,
and by Z”(F) the set of continuous sections of the sheaf 3”(F'). The group D(F)
acts on L% (F), and Z”(F) is carried into itself.

Theorem 1. The set of analytic §-principal fibered spaces, differentiably equiv-
alent to §, is in one-to-one correspondence with the orbits of the group D(F) in
the set Z”(F).

Proof. From Lemma 2 it is clear that the sheaf ©(F) acts transitively on the
sheaf of sets 3”(F), while the sheaf of stationary subgroups of the zero section
coincides with 2(F). In other words, there is an exact sequence of sheaves:

e = AF) = DF) — 3" (F) — 0.

From it follows the exact cohomology sequence (3%).

e A(F) = D) — 2/(F) > H'(X,%(5)) — H'(X,D(F)).

By exactness, Z”(F') is mapped precisely onto the set of fiber spaces in question
in the statement of the theorem. Moreover, o = ¢4 if and only if « is carried
into 8 by an element of the group D(F). Thus the theorem is proved.

Let us now pass to the more general question of the classification of all §-
principal analytic fiber spaces with base X, differentiably equivalent to a certain
(generally speaking, nontrivial) analytic §-principal fiber space P. To each
element of the group & there corresponds an inner automorphism of the group
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generated by this element. This correspondence allows one to define an action
of the bundle of groups § on itself. Consequently, to the §-principal bundle P
there corresponds a new bundle of groups with fiber &, which we shall denote
by §p. Let @ be another §-principal fiber space. Consider the bundle Q V P
with base X, obtained from @ and P as a result of the direct product of the
fibers over each point of the base; this bundle is (§ V §)-principal. Since § V §
acts on § by means of left and right translations, the bundle Q V P defines a
certain bundle with fiber &, which is denoted by @ V5 P. It is known that the
bundle Q Vg P is §p-principal (**). Thus, every §-principal bundle P defines
a mapping

ap + HY (X, A(F)) = H'(X, A8 p))-

Obviously, ap(P) = §p. It is known that ap is a one-to-one correspondence
(3:4).
It is also easy to prove the following lemma;:

Lemma 3. ap maps the set of all §-principal fiber spaces differentiably equiv-
alent to the bundle P onto the set of all differentiably trivial §p-principal fiber
spaces.

From Lemma 3 and Theorem 1 there follows the following

Theorem 2. Let P be an §-principal analytic fiber space. Denote by Fp the
bundle of Lie algebras associated with the bundle of groups §p defined above.
Then principal analytic fiber spaces differentiably equivalent to the bundle P
are in one-to-one correspondence with the orbits of the group D(Fp) in the set
Z"(Fp).

It is useful to indicate an explicit construction which makes it possible to asso-
ciate with an §-principal bundle @, differentiably equivalent to the bundle P, a
differential form with values in F'p which is contained in the orbit of the group
D(Fp) corresponding to Q. Let {U;} be a coordinate covering of the manifold
X for the bundles P and @, and let P and @ be given in this covering by cocy-
cles {p;;} and {g;;} with coefficients in 21(F). Since P and @ are differentiably
equivalent, for a suitable choice of the covering {U,} there exists a 0-cochain
{f;} with coefficients in D(§) such that q;; = f;p;;f; " in U; N U;. Define in U,
a form ¢; with values in F' by the equality ¢, = 6" f;. It is easy to show that
w; = pijgojpi’jl in U;NU,. Consequently, the ¢, define a differential form ¢ with
values in Fp on X. This is the desired form.

3. Theorems 1 and 2 proved above may be regarded as a generalization of
Dolbeault’ s theorem. We shall now indicate an analogous “generalization
of de Rham’ s theorem.” Let X be a real smooth manifold, & a real

Lie group. A mapping of some subset W C X into some set is called locally
constant if it is constant on each connected component of the set W. A fibered
space with base X is called locally constant if its transition functions are

sovietrxiv.org/items/ru-196101.41777 Machine Translation


https://sovietrxiv.org/items/ru-196101.41777

locally constant. Suppose that a certain locally constant fibration by groups
§ with base X and fiber & is given. Fix some locally constant §-principal
fibration P, and set ourselves the task of describing the set of all §-principal
locally constant fibrations differentiably equivalent to P. With the fibration P
there is associated a new locally constant fibration by groups §p; denote by Fp
the corresponding locally constant fibration by Lie algebras. Let D(Fp) be the
group of all differentiable sections of the fibration §p, and let £P(Fp) be the
space of differential forms of degree p on X with values in Flp. Mappings are
defined

§: D(§p) = LN (Fp),

V: LYFp)— L%(Fp).

The group D(Fp) acts on £1(Fp) by the formula C(f)a = faf! + 6(f71).
Denote by Z(Fp) the set of those forms a € £%(Fp) for which Va = 0. The
set Z(Fp) is invariant with respect to D(Fp). Arguments analogous to the
arguments of §2 lead to the following theorem:

Theorem 3. Locally constant §-principal fibered spaces differentiably equivalent
to the fibration P are in one-to-one correspondence with the orbits of the group
D(Fp) in the set Z(Fp).
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