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A subgroup g of a Lie group G is called framed ((1), cf. (%)) if the Lie algebra
G of the group G is decomposed into a direct sum of subspaces g and H, where
g is the subalgebra corresponding to the subgroup ¢, and H is invariant with
respect to the corresponding ¢ subgroup ¢* of the group G* attached to G.

Let the right-invariant basic differential forms of the group G be divided into
q+ 2 groups w™,w* (A =0,1,...,q) in such a way that the structure equations
of the group take the form

Dur = O [wh o] + O [whwl] + 5O [wheals],
Dw' = 1Cf [whw'] + %C}%,\l/\ [wFrwlha], (1)

where v > A\, p < A, A=0,1,...,q.

This is equivalent (see (1), item 5) to specifying in G a series of subgroups g,, g
A=1,..,¢; 91 D gg D D g, D g), framed by the subspaces H,, H, with
H>H, > DH,.

Suppose that g contains no nontrivial invariant subgroup of the group G, and
denote by G/g the homogeneous space for which ¢ is the stabilizer subgroup of
one of its points M.

2. Let the index A run through a certain (arbitrary) subset of the set of values
0,1,...,q, and let A be the complementary subset. The Pfaffian system of
equations in the space G/g

wih =0 (2)

is invariant with respect to all transformations of the group G. In particular,
the system of equations (2), in which A = 0,1,...,p — 1 (p < q), is completely
integrable and determines in G/g systems of imprimitivity with respect to the
subgroup g,,. For example, the maximal integral manifold of this system passing
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through the point M is the set of points obtained from M under all transforma-
tions of the subgroup g,,.

3. For any choice of constants &, (v,A\ =0,1,...,¢; v > A), the system of
differential equations

ix — (70 okl @ ky )l
dyw' = O jwhw' 4+ §,C0 whw', (3)

where d,w = —dt - d(w/dt), defines in G/g the geodesic lines of a completely
determined torsion-free affine connection invariant with respect to the group G.
The family of connections obtained in this way depends, generally speaking, on
q(q + 1)/2 parameters (but not fewer than on g). We shall call it the family of
C’-connections of the space G/g, determined by the series of subgroups

g%, g, equipped with subspaces Hy, H. In paper (}) a g-parameter subfamily
of this family was studied, called the family of C'-connections.

4. The geodesics of every C’-connection that satisfy system (2) at some point
satisfy it identically. In other words, system (2) determines in G/g a
geodesic field of directions for every C’-connection with geodesics (3). In
particular, all systems of imprimitivity by subgroups gy, A =1,...,¢q, are
completely geodesic submanifolds with respect to the corresponding family
of C’-connections.

Consider the subfamily of the family of C’-connections for which all §,,, with
v €N € (see item 2) are equal to zero. This subfamily is characterized by
the fact that all geodesics of its connections satisfying system (2) are trajectories
of one-parameter subgroups of the group G.

Let the set of values of the index )\, in turn, be divided into two subsets A", \”
according to the criterion \” > Xy, A < Ay, where ), is a fixed integer. The
equalities £y,,» = 1 single out a subfamily of C’-connections having the property
that the field of directions determined by the system

wr =0, W =0 (4)

is parallel along all paths satisfying the system of equations

W =0, W = 0. (5)

In other words, any vector of the space G/g satisfying system (4) at the initial
point, under parallel displacement along a path satisfying system (5), will satisfy
system (4) at every point of the path.

In particular, the family of C’-connections singled out by the conditions £, = 1
for v > p, pu < p, is characterized by the absolute parallelism of the systems of
imprimitivity by the subgroup g,,.
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The propositions formulated have a number of consequences. Take a geodesic
line of a C’-connection satisfying system (2), for which &,,,» = 1. Consider
the natural projection of this line into the homogeneous space G/g,,, where p
is greater than all values A\’ and not greater than the least of the values \”
(for example, p = Ay). This projection will be a geodesic line of one of the C’-

connections of the space G/g,,, specified in it by the series of subgroups g, ..., g,
equipped with subspaces Hy, ..., H,.

In particular, the natural projection of every geodesic of every C’-connection
for which &, = 1 for v > Ay, p < Ay, into the space G/g/\o7 is a geodesic
C’-connection of this space.

5. We shall call a subgroup Li f of the group G normal to the subgroup g in
its equipment H (3) if the corresponding subalgebra Li f decomposes into
the direct sum of its intersections with H and with the subalgebra g. The
following propositions hold.

Let the subgroup f be normal to all subgroups g,, ¢ forming the series (see item
1) in their equipments H,, H. Subjecting a point M of the space G/g to all
transformations of the subgroup f, we obtain in G/g a submanifold completely
geodesic for all C’-connections determined by the series of equipped subgroups

x> 9-

Let, moreover, f be an invariant subgroup of the group G. Denote by gy, ¢
the images of the subgroups g,, g under the natural homomorphism of G' onto

G/f = G. Denote by H,,H the images of the subspaces H,, H under the

corresponding homomorphism of algebras G — G. In our case the subspaces
H )\,I{f determine equipments of the subgroups g,,g of the group G. Every
geodesic C’-connection of the space G/g, under the natural mapping of G/g
onto G /g, passes into a geodesic C’-connection of the latter

space, determined by a series of subgroups g, g, equipped with subspaces H s H.

6. Let, as in Sec. 1 with ¢ = 0, the basic forms w'o,w’ of the group G
be chosen in such a way that the equations w’ = 0 determine the sub-
group g, and the equations w’ = 0 its equipping space H. Denote by
®(g, H) the subgroup of the group G generated by all elements belong-
ing to one-parameter subgroups along which the equations w® = 0 are
satisfied. ®(g, H) is an invariant subgroup. The equations defining the
corresponding Lie subalgebra can be obtained by setting equal to zero
all linear combinations of the forms w’ whose exterior differentials do not
contain the forms w’o. We denote the intersection ®(g, H) N g by (g, H).
The following propositions hold.

Let f)\g be a subgroup of the group G, normal to the subgroup 9, from the series
gy, g in the equipment H>\o’ and let f be a subgroup of the group Irg normal to
the subgroups g,,,g (1t = Ag+1,..., ¢) in the equipments H, Ngy,- HNgy,, and

containing cp(g)\o N [ Hy, N f)\o). Denote by P the set of points of the space
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G /g obtained from a point M by transformations of the group f. Subjecting all

points of the manifold P to transformations of the group ®(g, N f,, Hy, ﬂf/\o),
we obtain a submanifold of the space G/g, totally geodesic with respect to all
C’-connections for which the coefficients (,,, = 1 for v > Ay, p < Aq.

The natural generalization of this proposition is formulated as follows. Let
A1 Ag, .o, Ay be a certain subset of the set of numbers 0,1, ...,¢q, arranged in
increasing order. Let the subgroup fy of the group G be normal to g, in the

equipment H, ; let the subgroup f), of the group g, contain go(fAl NGy, f)\l N
H>\1) and be normal to the subgroups g, Ay < p < Ay; let the subgroup f>\3 of

the group g,, contain cp(fA2 NGy, fAQ N HAQ) and be normal to the subgroups
Gu» Ao < < Ag, and so on; finally, let the subgroup f of the group g, contain

<p(f)\s N g)\s,f/\s N HAS) and be normal to the subgroups g,.9, A, < p < ¢.
Subjecting the point M to all transformations of the group f, the resulting
manifold to all transformations of the group ®(f, Mg, ,fy N H, ), the newly
obtained manifold to all transformations of the gfbup T &

(b(f/\s—l n Inero f/\571 n HAS—I)

and so on up to and including the group ®(f, N g)\l,f)\l N H, ), we obtain in
the space G/g a submanifold totally geodesic with respect to all C’-connections
for which all coefficients ¢, satisfying the conditions v > A, > u for at least
one of the numbers Ay, Ay, ..., A, are equal to one.
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