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1. Let E, ., be Euclidean space; x(Zy,....;%1), YW1 Ymi1)
2(#1y s Zma1), ... are points of this space. Denote by r(z,y) the
distance between the points = and y, and by C(z;0) the ball with center
at the point z and radius §. Let [ be an arbitrary line passing through the
point z, and let d be an arbitrary positive number. Denote by H(I;¢) the
circular cylinder of height 20, whose axis is [, whose center of symmetry
is the point z, and whose base radius is equal to 6.

Let S be a bounded, closed or open m-dimensional manifold from the space
E,, ., (the set S will be regarded as closed), possessing the following property:
to each point z of the manifold S one can assign a positive number ¢ and a certain
rectangular coordinate system (X, ..., X, ;) with origin at the point z in such
a way that the part of S contained inside H(X,,,;d) admits a representation
of the form n,,.; = v(ny,...,n,,), where n,,...,7,,,, are the coordinates of the
point y € SN H(X,,,1;6) in the system (X,,...,X,,1); 7 is a single-valued
function defined on 7(z;6), and 7(z;d) is the intersection of the ball C(z;4)
with the hyperplane passing through z and perpendicular to the axis X, ;.
Moreover, we shall assume that there exist continuous partial derivatives of first
order of the function v in the domain 7(z;4), and that

7(0,...,0) = 0v(0,...,0)/0n, =0 (k=1,...,m)

and w(9v/0n,;t)t~! (k = 1,...,m) are integrable on the interval (0, 1), where
w(0v/0n;; t) is the modulus of continuity of the function 9y/dn, in the domain
7(2;0).

Let on S be given an (m+1)-dimensional symmetric matrix ||4;;(y)|, possessing
the following properties: the quadratic form > A;;(y)t;t; is positive definite at
each point y of the manifold S, and the functions w(Aij; Ot (i, 5=1,...,m+1)
are integrable on the interval (0,1).

Consider the operator

K, (z) = /S k(y,z)e(y) dS,,
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where

m+1 m+1

Ky, o) = [[ (@ —y)N oo™, o®w2)=> A,z —y)(z;—y,),
i=1 ig=1

A, (i=1,...,m+1) and \ are arbitrary nonnegative integers;

A—m=)_\

is a positive odd number; (y) is the density of the integral; dS, is the element
of area of the manifold S at the point y, and the integral

is understood in the sense of the principal value:

/ k(. 2)p(y)dS, =lim [ k(y,z)p(y) dS,,
S =0 S(8;x)

where S(0;x) = S — S(x;0); S(x;0) = SN H(n(x);d); n(x) is the normal to the
manifold S at the point x.

In the present article we consider the question of the boundedness of the operator
K, in the space L,(S;p), where p > 1, and p(z) is a certain nonnegative
measurable function on S. This question, under several other assumptions, was
studied in the works (1~7). In the article a formula is derived for changing
the order of integration in repeated singular integrals of the indicated type.
Analogous formulas were obtained in (18711). All these questions in the case of

a singular integral of Cauchy type were studied in (12:13).

2. Theorem 1. If o(y) € L,(5), then K, is a bounded operator mapping
L,(S) into itself.

Proof. It is sufficient to show the boundedness of the operator

T = [ M),

on L,(S(z,v)), where z is an arbitrary point of the manifold S, 0 < v < 4,
and § is the positive constant occurring in the definition of S. Denote by
&Ly ooy €pper and 1y, ..., M, 41 the coordinates of the points « and y in the system
(X1,., Xht1), and by & and n the points (&, ...,¢&,,,0) and (9, ..., 7,,,0). We
shall have

m+1 m+1

T, =z + Z a;;&;, o*(y,x) = Z B (y)(&§ —n:) (&5 —ny)s
= =1

m+1

Bij(@) = Z Akl(y)akialj (i,j=1,...,m—1). (1)
k,l=1
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It can be shown that the operator T,, is represented in the form of a finite sum
of operators with certain bounded coefficients of the following two types:

B » oo [ mEme.n)
N«p(x) /S(z;é) e dS'w MLF( ) /(z;é) ™ (&,m) .

In(z, y)| <7 (@, y) F(r(z, y));

the function F(t)t~! is integrable on (0,6); ¢,(n) = ¢(y); dn is the element of
area of the tangent hyperplane at the point z of the manifold .S,

—)/2
Rt A R &—m& .
men =11 [r(s,n)] [Z e iew)

i=1 ij=1
the constants v; (i = 1,...,m) satisfy the same conditions as the \;, and
9v(§) (&) 0v(§)
C;;(§) = B;;(w) + QBerl,i('r)ng + Bmﬂ’mﬂ(x)T&T@'

The boundedness of the operator N, is obvious, and the boundedness of M,
follows from the works of S. G. Mikhlin (1?) and A. Calderén and A. Zygmund
(3:4).

We note that Theorem 1 remains valid also in the case when

n m+1
. . — -
k(y,z) = Z Ci(y) H (x; — )Nk (g + 09p) R0y F oyt (2)
k=1 i=1
where n is a natural number; Ci(y) (k =1, ...,n) are continuous functions on S;
Ay i, My, and [, are nonnegative integers; n,+m;+1, —m = A1k+~~+)\m+17k
(k=1,...,n) are positive even numbers, and o1, = 01, (y, z) and o4, = 09, (y, )
(k=1,...,n) are expressions defined in the same way as 0 = o(y, ).

Theorem 2. If p(y) € L,(S;p(y)), where

ply) = ﬁ ree(y, 2 ),

k=1

0<a,<m(p—1) (k=0,..,n; <n); 0<—ap<m (k=n;+1,..,n);
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2R e S 20 £ 20 (045 ki, j=1,...,n); p>1,

then the operator K, maps the space L,(S;p(y)) into itself and is a bounded
operator.

Proof. It is enough to prove the validity of the theorem in two cases: 1) when
p(y) =1 *(y,z), where 0 < @ < m, z €S, and 2) when p(y) = r*(y, 2), where
O<a<m(p—1), z€ S, p>1.

Consider case 1). We have

K (@) < e (K (@) + K7 (@) + 7077 (2, 2)| K ()],

where

¢ is some positive constant;

KW () = /S Ik, 2)] 8 (4, 2) (5, 2) | ()| S,

K (@) =¥z, 2) /S kg, )| v (y,2) | £ (9)] S,

B=—a/p, 6=0,ifa/p<l, B=-1, é=a/p—1, ifa/p>1.

Using the inequalities given in the notes (6,'!); one can show that

)

/ ey, 2) [KP () dS, < c / FaPds,  (i=1.2).

S S

From this inequality and from Theorem 1 the proof of Theorem 2 in case 1)
follows directly. Case 2) is considered analogously.

Theorem 3. If p(y) € L,(S;u(y)), where p > 1,

ply) = [ (. 20,
k=1

Ye=0aopp—1) (k=1,..,ny <n), Y =—0ay (k=n;+1,...,n),

sovietrxiv.org/items/ru-196101.40033 Machine Translation


https://sovietrxiv.org/items/ru-196101.40033

0<a,<m, 2Wecs 20420 (G445 kij=1,..,n),

then the operator

where

pe(y) = [ ey, 2™,
k=1

(J.}k.:ak (k: ]_7.“,’”/1); Wk.:_ak. (k:nl"_].,...,n),

maps the space L,(S; u(y)) into itself and is a bounded operator.

Let us note that Theorem 2 remains valid if

o) = T r™ (v, 24) 1 (25— 3, 2, 3)
k=1

where o, (k = 1,...,n) satisfy the conditions of Theorem 2, d = div S, and
D, are arbitrary integers. This assertion is proved, just like Theorem 2, with
the aid of the inequalities given in note (!*). Theorem 3 admits an analogous
generalization.

Theorems 2 and 3, as well as their generalizations just indicated, are also valid in
the case of k(y,x) defined by formula (2). Moreover, in the proofs of Theorems
2 and 3 only the fact is used that K, is a bounded operator in L,(S) and
k(y,x) = O(r~"(z,y)).

3. Let

m+1

KO(y,2) = [o(y, )Y Ol W)y —w) (1= 1,2),
k=1

where C,(:) (y) (k =1,...,m + 1) are continuous functions on S, and B(z) =
det | B;;(2)[7"_1, where B;;(z) are defined by formula (1). Denote by b;;(z) the
ratio of the algebraic complement of the element B;;(z) in the determinant B to
B itself, and by d} (z) the expression ZC;j)(z)akj, where ay; are defined from

(1).

Theorem 4. If p(y) € L,(S;p(y)), where p(y) is a function participating in
Theorem 2 or defined by formula (3), then
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S

/ KD (y, 2)dS, / KO (2, y)pl) dS, = / o(z)dS, / KO (g, 2)k® (2, ) dS,—
S S S

T 3" b(2)dy (2)d (2)
i,5=1

p(2).

B(z)

m+1
I‘Q
" ( 2)

4. The theorems formulated make it possible to study integral equations
containing the indicated singular integrals extended over open manifolds.
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