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1. Let us consider a hinged rod loaded by a constant longitudinal force T

Let the equation of state have the form (1)

ag
b — Aompe —e-Z 1
p=Ao"p, p=e— L (1)

Here o is the stress, p is the creep strain, and ¢ is the total strain.

We linearize equation (1) for small deviations of the rod from the rectilinear
state:

0p = Ano " p~o — Aacp " 1ép. (2)

Here p, o refer to the axis of the rod, while dp, do denote small increments over
the thickness.

Since a rod under creep conditions does not lose stability in the sense of bifur-
cation, to investigate stability we shall consider the motion of the rod after the
action of certain disturbances upon it.

Suppose that at some instant of time a disturbance in the form of a small
residual deflection acted on the rectilinear rod. Passing in (2), with the aid of
(1), to the variable p and integrating with respect to p, taking into account the
initial condition ((5p)p:p* = 0, where p* is the creep strain at the instant when
the disturbance is applied, we find

n P
op = ;p’“/ p*do dp. (3)
-

Integrating (3) over the thickness of the rod, taking into account the relations

T

b = —z (wy, —uwl,), /zéadF:Tw,
F

we obtain the equation of forced motions
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0 En_ (P
EI (w,, —wl,) +Tw+ 7Tp @ [ pfwdp, = 0. (4)
-
Putting w = 7(p)sin 7%, T, = ”;EI, 0 = 7-, we shall have the equation for T(p)
_ En _ P
(1—a)r(p) — 79 — 70]9’“/ pT(py) dp, =0, (5)
-

where

o FEn
-

k':

1—0o

Differentiating (6) twice with respect to time, taking (1) into account and
putting p = p*, we find, for the acceleration of the disturbed motion at the
initial instant of motion,

()y_p = L0220k (k - 25) . (7)

It follows from (7) that the character of the disturbed motion depends on the
value of p at which the disturbance was applied. If the disturbance acted on the
rod at a sufficiently early instant of time, when the creep strain p < 2a//k, then
the disturbed motion begins with a velocity decreasing in time. For p > 2a/k
the disturbed motion proceeds with increasing velocity. We shall call critical the
state of a straight rod characterized by the fact that, if a disturbance acted on
the rod at that instant, the disturbed motion would occur with nondecreasing
velocity, whereas a disturbed motion beginning at any preceding instant of time
would occur with decreasing velocity. Thus, for the critical creep strain we
obtain

-0 o
En’

P = 20

(8)

The proposed formulation differs from the formulation in (1'?) in the character
of the forced motions considered and in the formulation of the stability crite-
rion. The value p, according to formula (8) is twice as large as the value of p,
according to (1).
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The meaning of the proposed stability criterion (¥ = 0) becomes clear if one
considers the problem of elastic stability from the standpoint of the motion of
the rod. For a compressed elastic rod the equation of motion has the form

Elw + Twy, + pFi = 0.

TTrxrT

Assuming, in the case of hinged supports,

we obtain

Thus, for T' < T, the forced motions are realized with 7/7 < 0, and for T' > T,
7/7 > 0.

Obviously, the proposed stability criterion under creep conditions is, in a certain
sense, an analogue of the dynamic criterion of elastic stability.

The value of the critical creep strain can also be obtained without seeking the
actual expression for the deflection of the disturbed motion (6), i.e., without
integrating equation (5). To determine p, it is sufficient to adjoin to equation (5)

and to its two derivatives with respect to p, at p = p*, the condition (w)p:p* =0.

In the more general case, when the equation of state has the form

©(07p7p)20’

the critical deformation for a longitudinally compressed rod, independently of
the support conditions, is determined by the equation

where A\ =&, p=o,, v= <i>p, T is the critical load for elastic loss of stability
under the specified support conditions.

2. The formulation of stability problems under creep conditions can be gen-
eralized to problems of the stability of plates. Let the equation of state
under creep have the form
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P = 9(p;,0,)0;, 9)

and let, between the components of the tensor of creep strain rates p;; and the
components of the stress deviator o7;, the relations of the flow theory hold:

pij = 3/2 9(1%01‘)02},

where

— * 2 _ 3 Eg 2D 2/ e .
Pij = &ij — QGUij7 0; = /QUijJij7 p; = /3P¢jpij-

Consider a plate loaded by stresses uniformly distributed through its thickness
and not varying with time. Let a disturbance in the form of an initial deflection
w® have acted on the plate at the instant of time ¢*, at which p, = p;. The
equation of the disturbed motions is written in the form

E

I NN R L

4Eh?

Pw+

B D B Pi1 1 1 1
+e %pi/ e Pil {—fAAw—Ew/ - ( 99 + ) R(w, w’,p;5) dpy
yon

Pi1 Opiy 9 gao—i g
E Og
220 B, )] s =0, (10)

Here

_E(p 3 _E(y _p
R(w,u®,p,) = e = (p; pi)AA(w*—wO)—Ze o (p; pi)PP(w*—wO)—

90, e, (P B, [ O 3 0
— Pw+e ”z‘pi/ evi’ | — AAw— > ——PPuw| dp,,,
AER? b’ Ips 4 0p; b
Tij .
Pw = ajw,, + 201w, + agpw,,, Qi = W= (W), —p:-

In the case when the variables separate, the expression for the deflections may
be sought in the form

w(p;, z,y) = 7(p;)w (2, ),
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where w; is an eigenfunction of the equation

90
AAw, — &Pwl =0

under the specified boundary conditions.

Putting, in equation (10) and in its two derivatives with respect to p, p; = pj,
we obtain three equations for 7°, 7, (d7r/dp;)*, (d*7/dp?)*. Adjoin-

Combining with these equations the condition for the stability boundary, which,
taking (9) into account, is written in the form

?r\" 189 (dr\"
() i) -
dp; g9 9p; \dp;
we obtain a system of homogeneous equations; setting its determinant equal to

zero gives the equation of the stability boundary.

In particular, for g = Ao " 1p~@, for a square simply supported plate uniformly
compressed in two directions, we obtain

1 (14 3n)? 8Eh2m?
R g, =
g; 49 2 %% ’ 2 972

5 +3n —|—E %( + 6n)

7

In the case where the variables do not separate, the solution in a neighborhood
of the beginning of motion may be sought in the form

w(p;, z,y) = 7w (z,y) + (p; — pi )wa(w, y) + 1/2(101' —p?)2w3(x,y)~

In this case, for different points of the plate, generally speaking, their own
stability boundary will be obtained. As the stability boundary for the plate as
a whole, one may choose the lower envelope of the stability boundaries of all its
points.
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