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Abstract
Full Text

MATHEMATICS
E. I. KIM and L. P. IVANOVA

ON THE CONDITIONS FOR SOLVABILITY
OF A CERTAIN BOUNDARY-VALUE PROB-
LEM FOR A PARABOLIC SYSTEM

(Presented by Academician 1. N. Vekua on 23 IIT 1961)

1. Counsider the system of differential equations

o, & 92 92
i § a;,A A=t t 1
5 2 a; Auy, 922 + Gl >0, (1)

where a;;, are real constants satisfying the following conditions: all the roots of
the equation

ayp —A iz | _ 9

(a1 gy — A @)
are distinct and positive; denote them by A;, A,. We shall seek a solution of
equation (1) in the domain D (0 < z < [, —o0 < y < +00), satisfying the initial
condition

ui‘tzo =0 (3)

and the boundary conditions

(auy +aguy)| = 11(y,1), (Ouy/dz + hyuy)| _ = ¥a(y. ),

(4)

(Byuy + Bouz)| = ¥3(y,1),  (Qug/0x + hyuy)| _, = P4u(y, 1),
where «;, 8;, h; are prescribed constant quantities; ¥, (y, t) are known continuous
bounded functions with their derivatives of sufficiently high order, and ,(y,0) =
0. Many more general boundary-value problems are reduced, by means of linear
transformations, to the one under consideration.

2. Introduce the following notation:
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/ dT/ G(xvy_nat_T)q)(an)dn:G*(I)[x7y7t]
0 —00

We shall seek the solution of this problem in the following form (1):

2
uy(w,y,t) = Z Alljggc * wy,[T, Y,
ig=1

2
UQ[xayvt] = Z AZngjI *wli[xaya

ij=1
where
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i,7=1

2
t] + Z A’éjgi *w2i[l - xayat]a

i,j=1
j_ 9 i
gr = %g s JG=9 (O?yaw; (7)
A2 Q12 A2 — Y2
11 Al_)\z’ 12 )\1_>\27
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42 = 1 11 42— 1 2
21 )\1 . )\2 ) 22 )\1 7 )\2 9
(8)
2
ko k
ZlamAij = \AE

By direct verification it is established that the functions defined by equality (7)

satisfy system (1) and the initial condition (3).

that the functions (7) satisfy the boundary conditions (4).

3. We first state the following lemma:

It remains to determine w so

Lemma. If w(y,t) has bounded derivatives Ow/0t, 0*w/0y?, and w(y,0) = 0,

then

lim Gha(,y —nt —7)

z—0

t +0o0
[/
0 —00

where

w(n, T)dn
J

Fjlw] = 0w/0T — X;0%w/0n?.

1 .
rgj *F][w] [07y7t}7

(9)
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The lemma is proved by integration by parts after replacing gim by

1 . ,
o~ i
vl

To determine the functions w;;(y,t), let us substitute (6) into (4). In doing so,

using the lemma and the property of the “potential” of a double layer (17

obtain the following system of integro-differential equations:

—QWyy — QaWig + Z (g AL + anA)) G x wyy [y, 1] = 1y (y,1);

i,7=1

ZAJ)\Q*F[wlz][O y7 +ZA2]g$$*w2z[l y’]

7,7=1

— hywyy (y,8) + Iy Z Aijgi *wy; [y, ] = Ya(y, 1);
ij=1

2
—Biway — Pawyy + Z (511411]‘ + BZAéj) gr *wy; [y, t] = Ps(y, t);

3,J=1

Z AQJ)\ g * F [w2z] [0 yv + Z AQJQME * Wy [l Y, ]

,7=1

2
— howay (Y, 1) + 95 Z Absg * wi; [Ly, 1] = Pa(y, t).

2,j=1

Eliminating the function w;, from equations (10), (11), we obtain

1 .
ng * Fj[wll] [0,y,1]

o

2
Alj — alAlj)
Jj=1

= azhywyy (Y, t) ZK *wy; [L,y, t] + @a(y, 1),
=1

where

2), we

(10)

(12)
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1
Ki(l,y—mnt—7)= ZAU a1A1V+a2A2u)y ilon] g7 [ly —n,t — 7]
v,j=1

2
+ Z a2AllljgngD(lﬂy_n7t_T) +h1 Z OZQAlljjg%a?y_nvt_T)a

v,j=1 v,j=1
(15)
Pa(y, 1) = agh, + ZAU)\ g’ F; Wl] [0, y,t]. (16)
Eliminating wq; from (12) and (13), we have
2 1
Z (B2A3; — B143;) xgj * Filwao] [0, 1]
= ’ (17)

2
—Brhowy, + Z K3 xw;[ly,t] — w4(y, 1),
i1

where

2
) ) 1 .
Ky(by—nt—1)= > A3(BAL, + BA5,) - Filor] * 9Ly —n t — 7]

V=1 J
2 . 2 ,
+ Z 51A5jg§m(l,y—n,t—7) + hy Z 51A5jggs(lay—77at—7)a

v,j=1 v,j=1

(18)

Cn(y,t) = Brepaly, t +Zz42]A g’ * Fy[13)[0, v, 1]. (19)

It is obvious that the kernels K? and K} are regular.

4. Instead of equations (14) and (17), we shall consider their characteristic
equation

Fll = Ay5-0" * R6l[0,9,1] + Ay g” » Bofell0,9,1] = f(y 1), (20)
1 2

Assuming that the Fourier-Laplace transforms can be applied to the functions
w and f, we apply it to both sides of (20)*. Then
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(:):

VA1 7. (21.1)
AV A/ D+ A18% + Apy /A D+ Ags?

If A2\, — A2\, # 0, then

VAL A Al\/g\/p+/\152—A2\/x\/p+)\2$2

f 21.2
AN, — A2\ p+ As? 1. (212)

(::):

where

A+ 4y A — 4y

A1\//\72+A2\/x Al\/g*Az\/X’

M (A2 — A2)
A= 1712 1 2 =M\
AP\, — A3N 12

Let A > 0; then™*

A Ao p = Ay eXP[—Z/Q/4)\1t]
AN VP+ M8+ A/ AP+ A V2T(AIN, — A3N) v
AgAy exp[—y2/4)\2t]
V(AR — AN t

_ O = AN T expl—y?/ad()t) [ .
\/ﬂ(A%AQ —A3\) /0 tyzai(z) [1 26‘%(2)15] !
Mo = AN\ (el Aad [ v ]
mm%AQAsm/o 1z a3 (2) {1 ]d
=T(0,y,2),

where a,(z) = /A, z+ A(l — 2).

If A <0, then

VA1 A9p X (Mg = AD)A Ao (Ag| Ay | — A1|A2|>567A52t
A/ 2op+ X182+ Agy /A /D + Ays2 (ATAy — A3\ )?
VA4, / % e~ A(-T)s?
t

T 2VAD, — A3 T5/2

\/WA2 /OC e~ Mot +A(t—7)]s?
t

dr

dr.
(23)

* The Fourier transform may be applied to generalized functions, assuming that
these functions grow (3).
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** = means that one should first find the original, and then apply the inverse
Fourier transform.

It follows from this that if A;/A, < 0, then, in view of the presence of the first
term in (23), the inverse Fourier transform in the ordinary sense does not exist.
But if A,/A, > 0, then it always exists, and moreover

VA1 Agp - \Y A Ay
A/ Ao VD+ M52+ Ag /A D+ Aes2 2v2m (AZN, — A2)))
= exp{—y?®/4ai(2)t} AV A4, = exp{—y?®/4a3(2)t}
x 3/2 dz — 2 5 32 dz
1 tz3/2a,(2) 2v2m (A2), — A3\ t23/2a,(z2)
=T(0,y,1).

(24)
\end{equation}

Obviously, T'(0,y,t), as a kernel, is regular and has the same singularity as
9(0,y,t). We shall call T'(0,y,t) the resolvent.

Thus, as a result, we have the following theorem:

Theorem. If A2\, — A3\, # 0, then, if A;/A, < 0, (A; + Ay)/(A;/Ag +
Asy/ A1) < 0, equation (20) has no solution. In all other cases equation (20) is
always solvable, and the function

t +0o0
Wiy, t) =T[f] = / ar / L0,y — vt — 1) f(n,7) dn =T % f[0,,4] (25)

o0

satisfies equation (20), if f(y,t) has continuous bounded derivatives of the 2nd
order with respect to the 1st argument and of the 1st order with respect to the
2nd.

The second part of the theorem is established by substituting (25) into (20).
Thus all the conditions imposed on w and f at the beginning of the paragraph
are removed.

If A2X\, — A3\, = 0, then under stronger restrictions on f(y,t) the equation
has a solution, but it is not obtained by passage to the limit from (25) as
A2\, — A2)\; — 0. Therefore we shall call this case special.

Now let us consider equations (14) and (17), assuming that for each equation
the characteristic part satisfies the solvability conditions. Let I';(0,y,t) and
I',(0,y,t) be the resolvents of equations (14) and (17). Then, applying the
inverse operator I'"! to both equations, we obtain
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2
wyy = aghy Ty wy [0,y 8] — ZKf # Ty wwg[ly, ] + T % 5[0, 8] (14)
=1

2
woy = —PB1 ATy * wyy [0, y, 1] + Z K5 Ty xwylly,t] + Ty x 94[0,,8]. (17)
i—1

3

Now we first replace the functions w;;,wqs in equations (10) and (12) by the
right-hand sides of (14 ) and (17 ). The equations thus obtained, together with
(14) and (17), constitute a system of integral equations to which the method of
successive approximations can already be applied.

Summarizing the results obtained, we may assert that our boundary-value prob-
lem has solutions only when the characteristic equations of equations (14) and
(17) are simultaneously invertible. In the special case the boundary-value prob-
lem is ill-posed.
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