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G. A. Freiman

INVERSE PROBLEMS OF ADDITIVE NUM-
BER THEORY

On the Addition of Sets of Residues Modulo a Prime
(Presented by Academician I. M. Vinogradov, June 30, 1961)

Notation. K and M are finite sets of rational integers:

K ={ag,ay,...,a;_1}, M = {by,by,..., b1}

We assume that ag =0, a; < a;4, 1 =0,1,...,k =25 by =0, b; < b4, j=
0,1,....m—2; a4 <pandb,, , <p; pis aprime number. (2K),, (K + M),
are the sets of all distinct residues modulo p from 2K, K+M. T(2K),T(K+M)
are the number of numbers in 2K, K+ M. T,(2K), T, (K + M) are the number
of distinct residues in 2K, K + M modulo p.

Results describing the structure of K and M when T,(K + M) = k+m — 1
were obtained by Vosper (1).

Theorem 1. If 7,(2K) < 2.4k — 3 and k < p/35, then the residues from K
are contained in an arithmetic progression modulo p of length k + b, where b is
determined from the equality T'= 2k — 1 + b.

Proof. Let
p—1 N p—1
I= 3 3 YT =) s,
z1,22€K 13€(2K),, a=0 a=0
where
=1 ‘
Sl — Z 62ﬂz%aj7 S = Z 6727r1%:v.
j=0 z€(2K),
If one assumes that for a # 0
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then

1/2

p—1 p—1 p—1
Lzgﬁ@+§:&mﬂgk%kuwkpjwf§:wﬂ < k2p.
a=1 a=0 a=0
Since I = k?p, there exists a’ such that
k—
1S, (a E:%“a>0% (1)
§=0

Lemma. Given k complex numbers

eZmon’ 627”041 N eQTrw%,l7

where «; are real numbers.

Let k,(8) be the number of numbers for which

B<{a} <B+3, if 0<B< 3,
B<{oyor {oy} <B—13, ifi<B<1
If for every 3
kl(ﬁ) < Ckv
then
k—
3 etrio| < (20— k.
j=0

From this lemma and from (1) it follows that there exist integers u and v (the
latter may be determined by means of the congruence a’v = 1 (mod p)) such
that among the numbers

-3
U + vs, 0<3<p72 (2)

there are k; numbers congruent to numbers of K, and

ky > 0.8k.
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Let the numbers from (2) that are congruent to numbers of K be obtained for
the values s equal to

805515+ Sky—1 8; <811, t=0,1,...,k —2.

We may assume that s; = 0.

If (s1,89,...,8¢,1) = d > 1, then instead of the number v one may take the
number vd. We may therefore suppose that d = 1.

If s, _y > 2k; — 2, then from Theorem VI in (*) it follows that

T,(2K) > 3k, — 3 > 2.4k — 3.

Thus, s, _; < 2k; — 3. If in K there existed a residue congruent to u + vs for

4k —6 < s <p—(2k; —3),

then we would have T}, > 2k — 1+ ky =3k, — 1.

Thus, all residues from K are congruent to the numbers u + vs for

—(2k, —3) < s < 4k, — 6.

Hence, and from Theorem V in (?), follows the validity of the theorem being
proved.

The theorem is also valid for T}, < 2.3k — 3 and k < p/12.

Theorem 2. If 3k —3 < T(2K) < 2k —5, (ay,a9, ..., a,_1) = 1, ek < aj_y,
k > c,, where ¢; and ¢, are sufficiently large positive constants, then the set
K is contained in two arithmetic progressions with the same difference, of total
length not exceeding k+b, where b is determined from the equality 7" = 3k—3+b

(see (3)).

Using this result instead of Theorem VI in (?), it is easy to strengthen the result
of Theorem 1.

Theorem 3. If T}, < 2.68k, then there exist positive numbers 3 and ¢ such
that, when the condition ¢ < k < Bp is satisfied, the assertion of Theorem 1 is
valid.

Theorem 4. If T = k+ m — 1 + b, where b < min(k,m) — 3,
(ay,09, ... ap_1,b1,by,...,b,, 1) =1 thena, ; <k+b—1,b, ; <m+b—1.

Theorem 5. If k > m,

T(K+M)<k+m+0m—3,  k<pp, B<, (3)
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where 0 > 0 satisfies the condition

+1
n303+(n3+2n2)92+< ) 9+T—2(1—35)2773/2 <0 n=m/k ()

then the sets K and M are situated in progressions with the same difference
modulo p, of lengths respectively equal to k+b and m+b, where b is determined
from the equality T =k +m —1+b.

Proof. Suppose

|51 S| < vEkm,
where
\/% k=t omiald el 278 bj
v =(1-38) ———, Sp=) ™%, Sy = e pta,

leads to a contradiction:

p—1
TP D VD VI D SRR SEEE
a=0

zi€K xoeM a3e(K+M),
1/2

p—1 p—1
Z|S12|S2|2Z|S3|21 <
a=1 a=0

< kmT +

1/4

< kmT + \/vkmTp [Z 1S, |2 Z |52|21 < pkm.

Thus there exists an a for which

19112k, 18] = vem, ()

where 7,7, = 7.

From (5) and the lemma there follows the existence of integers u, u;, and v such
that, with the numbers (2), the numbers

-3
uy + vt, ()étng (6)
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are congruent respectively to k; numbers from K and m; numbers from M,
where

1+
2

S Lty

kl = kv my =z 2

Let the numbers from (6) congruent to numbers from M be obtained for the
values ¢ equal to ty,tq,...,1 —1 with ¢; <t;.4,7=0,1,....,m; —2, ¢, =0.

s Ym

If max(sy,, 1., 1) = ky +my — 3, then, in view of Theorem 4,

T,(K + M) > ky +my + min(k;,m;) — 3.

In view of (4), this contradicts (3).

If max(sy, _1,t,,, 1) < ky +my — 4, then every number from K (respectively

M) is congruent to one of the numbers u + vs (respectively u, + vt) for

—(k;+my —4)<s, <2k +2my —8.

Applying Theorem 4, we complete the proof.
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