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Abstract
Full Text
Mathematics

G. A. Freiman

INVERSE PROBLEMS OF ADDITIVE NUM-
BER THEORY
On the Addition of Sets of Residues Modulo a Prime
(Presented by Academician I. M. Vinogradov, June 30, 1961)

Notation. 𝐾 and 𝑀 are finite sets of rational integers:

𝐾 = {𝑎0, 𝑎1, … , 𝑎𝑘−1}, 𝑀 = {𝑏0, 𝑏1, … , 𝑏𝑚−1}.

We assume that 𝑎0 = 0, 𝑎𝑖 < 𝑎𝑖+1, 𝑖 = 0, 1, … , 𝑘 − 2; 𝑏0 = 0, 𝑏𝑗 < 𝑏𝑗+1, 𝑗 =
0, 1, … , 𝑚 − 2; 𝑎𝑘−1 < 𝑝 and 𝑏𝑚−1 < 𝑝; 𝑝 is a prime number. (2𝐾)𝑝, (𝐾 + 𝑀)𝑝
are the sets of all distinct residues modulo 𝑝 from 2𝐾, 𝐾+𝑀 . 𝑇 (2𝐾), 𝑇 (𝐾+𝑀)
are the number of numbers in 2𝐾, 𝐾 + 𝑀 . 𝑇𝑝(2𝐾), 𝑇𝑝(𝐾 + 𝑀) are the number
of distinct residues in 2𝐾, 𝐾 + 𝑀 modulo 𝑝.

Results describing the structure of 𝐾 and 𝑀 when 𝑇𝑝(𝐾 + 𝑀) = 𝑘 + 𝑚 − 1
were obtained by Vosper (1).
Theorem 1. If 𝑇𝑝(2𝐾) < 2.4𝑘 − 3 and 𝑘 < 𝑝/35, then the residues from 𝐾
are contained in an arithmetic progression modulo 𝑝 of length 𝑘 + 𝑏, where 𝑏 is
determined from the equality 𝑇 = 2𝑘 − 1 + 𝑏.

Proof. Let

𝐼 = ∑
𝑥1,𝑥2∈𝐾

∑
𝑥3∈(2𝐾)𝑝

𝑝−1
∑
𝑎=0

𝑒2𝜋𝑖𝑎 𝑥1+𝑥2−𝑥3
𝑝 =

𝑝−1
∑
𝑎=0

𝑆2
1𝑆,

where

𝑆1 =
𝑘−1
∑
𝑗=0

𝑒2𝜋𝑖 𝑎
𝑝 𝑎𝑗 , 𝑆 = ∑

𝑥∈(2𝐾)𝑝

𝑒−2𝜋𝑖 𝑎
𝑝 𝑥.

If one assumes that for 𝑎 ≠ 0

|𝑆1| ≤ 0.6𝑘,
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then

|𝐼| ≤ 𝑘2𝑇𝑝 +
𝑝−1
∑
𝑎=1

|𝑆1|2|𝑆| ≤ 𝑘2𝑇𝑝 + 0.6𝑘 [
𝑝−1
∑
𝑎=0

|𝑆1|2
𝑝−1
∑
𝑎=0

|𝑆|2]
1/2

< 𝑘2𝑝.

Since 𝐼 = 𝑘2𝑝, there exists 𝑎′ such that

|𝑆1(𝑎′)| = ∣
𝑘−1
∑
𝑗=0

𝑒2𝜋𝑖 𝑎′
𝑝 𝑎𝑗 ∣ > 0.6𝑘. (1)

Lemma. Given 𝑘 complex numbers

𝑒2𝜋𝑖𝛼0 , 𝑒2𝜋𝑖𝛼1 , … , 𝑒2𝜋𝑖𝛼𝑘−1 ,

where 𝛼𝑖 are real numbers.

Let 𝑘1(𝛽) be the number of numbers for which

𝛽 ⩽ {𝛼𝑖} < 𝛽 + 1
2 , if 0 ⩽ 𝛽 ⩽ 1

2 ,
𝛽 ⩽ {𝛼𝑖} or {𝛼𝑖} < 𝛽 − 1

2 , if 1
2 < 𝛽 < 1.

If for every 𝛽

𝑘1(𝛽) < 𝑐𝑘,

then

∣
𝑘−1
∑
𝑗=0

𝑒2𝜋𝑖𝛼𝑗 ∣ ⩽ (2𝑐 − 1)𝑘.

From this lemma and from (1) it follows that there exist integers 𝑢 and 𝑣 (the
latter may be determined by means of the congruence 𝑎′𝑣 ≡ 1 (mod 𝑝)) such
that among the numbers

𝑢 + 𝑣𝑠, 0 ⩽ 𝑠 ⩽ 𝑝 − 3
2 (2)

there are 𝑘1 numbers congruent to numbers of 𝐾, and

𝑘1 ⩾ 0.8𝑘.
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Let the numbers from (2) that are congruent to numbers of 𝐾 be obtained for
the values 𝑠 equal to

𝑠0, 𝑠1, … , 𝑠𝑘1−1, 𝑠𝑖 < 𝑠𝑖+1, 𝑖 = 0, 1, … , 𝑘1 − 2.

We may assume that 𝑠0 = 0.

If (𝑠1, 𝑠2, … , 𝑠𝑘1−1) = 𝑑 > 1, then instead of the number 𝑣 one may take the
number 𝑣𝑑. We may therefore suppose that 𝑑 = 1.

If 𝑠𝑘1−1 ⩾ 2𝑘1 − 2, then from Theorem VI in (2) it follows that

𝑇𝑝(2𝐾) ⩾ 3𝑘1 − 3 ⩾ 2.4𝑘 − 3.

Thus, 𝑠𝑘1−1 ⩽ 2𝑘1 − 3. If in 𝐾 there existed a residue congruent to 𝑢 + 𝑣𝑠 for

4𝑘1 − 6 < 𝑠 < 𝑝 − (2𝑘1 − 3),

then we would have 𝑇𝑝 ⩾ 2𝑘1 − 1 + 𝑘1 = 3𝑘1 − 1.

Thus, all residues from 𝐾 are congruent to the numbers 𝑢 + 𝑣𝑠 for

−(2𝑘1 − 3) ⩽ 𝑠 ⩽ 4𝑘1 − 6.

Hence, and from Theorem V in (2), follows the validity of the theorem being
proved.

The theorem is also valid for 𝑇𝑝 < 2.3𝑘 − 3 and 𝑘 < 𝑝/12.

Theorem 2. If 3𝑘 − 3 ⩽ 𝑇 (2𝐾) < 10
3 𝑘 − 5, (𝑎1, 𝑎2, … , 𝑎𝑘−1) = 1, 𝑐1𝑘 < 𝑎𝑘−1,

𝑘 > 𝑐2, where 𝑐1 and 𝑐2 are sufficiently large positive constants, then the set
𝐾 is contained in two arithmetic progressions with the same difference, of total
length not exceeding 𝑘+𝑏, where 𝑏 is determined from the equality 𝑇 = 3𝑘−3+𝑏
(see (3)).

Using this result instead of Theorem VI in (2), it is easy to strengthen the result
of Theorem 1.

Theorem 3. If 𝑇𝑝 < 2.68𝑘, then there exist positive numbers 𝛽 and 𝑐 such
that, when the condition 𝑐 < 𝑘 < 𝛽𝑝 is satisfied, the assertion of Theorem 1 is
valid.

Theorem 4. If 𝑇 = 𝑘 + 𝑚 − 1 + 𝑏, where 𝑏 ⩽ min(𝑘, 𝑚) − 3,
(𝑎1, 𝑎2, … , 𝑎𝑘−1, 𝑏1, 𝑏2, … , 𝑏𝑚−1) = 1, then 𝑎𝑘−1 ⩽ 𝑘 + 𝑏 − 1, 𝑏𝑚−1 ⩽ 𝑚 + 𝑏 − 1.

Theorem 5. If 𝑘 ⩾ 𝑚,

𝑇𝑝(𝐾 + 𝑀) ⩽ 𝑘 + 𝑚 + 𝜃𝑚 − 3, 𝑘 < 𝛽𝑝, 𝛽 ⩽ 1
12 , (3)
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where 𝜃 ⩾ 0 satisfies the condition

𝜂3𝜃3+(𝜂3+2𝜂2)𝜃2+(𝜂2 + 5
4𝜂) 𝜃+ 𝜂 + 1

4 −2(1−3𝛽)2𝜂3/2 < 0, 𝜂 = 𝑚/𝑘 (4)

then the sets 𝐾 and 𝑀 are situated in progressions with the same difference
modulo 𝑝, of lengths respectively equal to 𝑘+𝑏 and 𝑚+𝑏, where 𝑏 is determined
from the equality 𝑇 = 𝑘 + 𝑚 − 1 + 𝑏.

Proof. Suppose

|𝑆1𝑆2| < 𝛾𝑘𝑚,

where

𝛾 = (1−3𝛽)2
√

𝑘𝑚
𝑘 + 𝑚 + 𝜃𝑚, 𝑆1 =

𝑘−1
∑
𝑗=0

𝑒2𝜋𝑖𝑎 𝑎𝑗
𝑝 , 𝑆2 =

𝑚−1
∑
𝑗=0

𝑒2𝜋𝑖𝑎 𝑏𝑗
𝑝 , 𝑝 ∤ 𝑎,

leads to a contradiction:

𝑝𝑘𝑚 = ∑
𝑥1∈𝐾

∑
𝑥2∈𝑀

∑
𝑥3∈(𝐾+𝑀)𝑝

𝑝−1
∑
𝑎=0

𝑒 2𝜋𝑖𝑎
𝑝 (𝑥1+𝑥2−𝑥3) =

𝑝−1
∑
𝑎=0

𝑆1𝑆2𝑆3 <

< 𝑘𝑚𝑇 + [
𝑝−1
∑
𝑎=1

|𝑆1|2|𝑆2|2
𝑝−1
∑
𝑎=0

|𝑆3|2]
1/2

⩽

⩽ 𝑘𝑚𝑇 + √𝛾𝑘𝑚𝑇 𝑝 [
𝑝−1
∑
𝑎=0

|𝑆1|2
𝑝−1
∑
𝑎=0

|𝑆2|2]
1/4

< 𝑝𝑘𝑚.

Thus there exists an 𝑎 for which

|𝑆1| ⩾ 𝛾1𝑘, |𝑆2| ⩾ 𝛾2𝑚, (5)

where 𝛾1𝛾2 = 𝛾.

From (5) and the lemma there follows the existence of integers 𝑢, 𝑢1, and 𝑣 such
that, with the numbers (2), the numbers

𝑢1 + 𝑣𝑡, 0 ⩽ 𝑡 ⩽ 𝑝 − 3
2 (6)
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are congruent respectively to 𝑘1 numbers from 𝐾 and 𝑚1 numbers from 𝑀 ,
where

𝑘1 ⩾ 1 + 𝛾1
2 𝑘, 𝑚1 ⩾ 1 + 𝛾2

2 𝑚.

Let the numbers from (6) congruent to numbers from 𝑀 be obtained for the
values 𝑡 equal to 𝑡0, 𝑡1, … , 𝑡𝑚1−1, with 𝑡𝑗 < 𝑡𝑗+1, 𝑗 = 0, 1, … , 𝑚1 − 2, 𝑡0 = 0.

If max(𝑠𝑘1−1, 𝑡𝑚1−1) ⩾ 𝑘1 + 𝑚1 − 3, then, in view of Theorem 4,

𝑇𝑝(𝐾 + 𝑀) ⩾ 𝑘1 + 𝑚1 + min(𝑘1, 𝑚1) − 3.

In view of (4), this contradicts (3).

If max(𝑠𝑘1−1, 𝑡𝑚1−1) ⩽ 𝑘1 + 𝑚1 − 4, then every number from 𝐾 (respectively
𝑀) is congruent to one of the numbers 𝑢 + 𝑣𝑠 (respectively 𝑢1 + 𝑣𝑡) for

−(𝑘1 + 𝑚1 − 4) ⩽ 𝑠, 𝑡 ⩽ 2𝑘1 + 2𝑚1 − 8.

Applying Theorem 4, we complete the proof.

Steklov Mathematical Institute
of the Academy of Sciences of the USSR

Received
19 VI 1961
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