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MATHEMATICS
B. R. VAINBERG

ASYMPTOTICS OF THE GREEN FUNCTION
FOR SOBOLEV-GALPERN EQUATIONS

(Presented by Academician I. G. Petrovskii on 9 IX 1960)

§ 1. In the present work asymptotic formulas are obtained for the Green function
(as |z| — oo and fixed ¢ > 0) for the Cauchy problem posed for Sobolev-Galpern
equations with one spatial variable, i.e., equations of the form

P(9/0t, i0/0x)u =0, (1)

for which
Re);(0) <e¢, j=1,2,...,1, (2)
where P(),s) is a polynomial in two variables with constant coefficients; s =

.8
o +i1; A;(s) are the roots of the equation

P(X5) = P ()X + Py ()N 4+ Py(s) | 0. (3)

t=0

The Green function G(z,t) is the solution of (1) with the initial conditions

G|,_,=0G/ot|_,=-=0"2G/ot 2| _ =0, d''Gjot' | _ =6(x).

t

As a consequence of the asymptotic formulas, we obtain classes of existence for
the solution of the Cauchy problem for equation (1)*.

To obtain the asymptotics of the Green function we use the saddle-point method.
For equations correct in the sense of Petrovskii, the asymptotics of the Green
function by the saddle-point method were obtained by M. V. Fedoryuk (). The
Cauchy problem for equations not solved with respect to the highest derivative
in t was first studied by S. L. Sobolev (?). The case of a general system of
the indicated type with many independent variables was considered by S. A.
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Galpern (%), who obtained a solution of the Cauchy problem and a uniqueness
theorem in a certain class of functions. The question of existence and uniqueness
for the case of exponentially growing functions was considered in the work of
A. G. Kostyuchenko and G. I. Eskin (°). G. L. Eskin obtained, for equations (1)
with one spatial variable, a more precise uniqueness theorem.

§ 2. Let us first consider an equation of first order in ¢,
Q(i0/0x) Ou/Ot = P(id/dx)u. (4)

Expand P(s)/Q(s) in a series in a neighborhood of infinity:

P(s)/Q(s) = aps™ + 8" 4 (5)

By virtue of condition (2), only the following cases are possible:

1°. Rea,, <0, meven, n>0.
2°. Rea,, =Reaq,,_; = =Reaqa,;; =0, Rea,<0, p>0, peven. (6)
3. Rea,, =Reaq,, 1 =-=Rea; =0; a)n>2, b)n<2.

Expand P(s)/Q(s) in a neighborhood of the real root o}, of the equation Q(s) =
0:

P(s) 0 Qjg P,(s)
Qs) = (s—ay) o) (7)

J

* By classes of uniqueness, existence, and correctness we shall understand them as defined by I. M. Gel’fand :

Only the following cases are possible:

1°. Rea,, <0, mny even.
2°. Rea,, =...=Reay, 1, =0, Req, <0, p,>0, p,even. (8)
30. Rea,, =..=Rea;, =0.

The asymptotics of the Green’ s function for equation (4) is determined by: 1)
the behavior of P(s)/Q(s) in a neighborhood of the real poles; 2) the behavior of
P(s)/Q(s) in a neighborhood of the nonreal poles; 3) the behavior of P(s)/Q(s)
as |s| = oo. Accordingly, it has three terms:
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G(x,t) ~ Gy(x,t) + Gy(x,t) + G3(w,t). ©)

Denote:

1+ o(mwﬁ) =h,  1+0(je[ 7)) =g

Theorem 1. A. For G,(z,t) in cases 1° (8), 2° (8), and 3° (8), respectively,
the following formulas hold:

19 (8).

G _nEt2 1 ny 1
Gl(m’t) - Z {eirk {Clk“ﬂ 2npt2fangt2 hexp {71k“77| nptlgngtl h]
k=1

np+2 n
+ Coplal 570 hexp [y laf e b (10)

where Reyy, <0, Revyy, <0.

20 (8). If n, is even, then as |z| — oo

i _e*2 1
k

. M1 Pk np—pE+l
X exp[lvlk‘x|nk+l tnk+1h+,y2k‘x|nk+lt np+1 h]}}’ (11)

here Re~yy;, < 0, 7y, is real.

If ny, is odd, then Gy(z,t) as x — sign(—iq,, )oo will be the same as in case

19 (8), while as x — sign(ia,, )oo, Gy(x,t) is the sum of two expressions of the
form (11).

3% (8). If ny, is even, then as |z| — oo

. _ et k1
G1<aﬁ,t> — Z {e—zxak {Ck|$| Q”kk”tz’”"i”hexp Z’Yk|l" nkiltnk,l+1i| }} : (12)

here 7, is real. If ny is odd, then G,(z,t) as x — sign(—ia,, oo will be the
same as in case 1% (8), while as x — sign(ia,, oo, G;(z,t) is the sum of two
expressions of the form (12).

B.
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n ni+2

Gy(z,t) = ZC’AQ:Fmt%ﬁ exp {— [ixsj [1 + O(|x|7"7%)ﬂ} . (13)

J=1

here s; = 0;+i7; is a complex root of the equation Q(s) = 0; 7; is its multiplicity,

and only those roots for which z7; < 0 are considered.

C. G4(w,t) in cases 1Y (6), 2° (6), 3% (6), and 3°b (6) has the form:

10(6). Gyle,t) = Cylal - F5t-7 gexp [y | P 77] +

+ Cyla| 2t 72 g exp pla| Tt 7 g] ; (14)

here Rey; < 0, Revy, < 0.

2° (6). If n is even, then as || — oo

Gy(x,1) = Cla| #7522 gexp [ima] =1 71 +yple| #1855 g] ;- (15)

here 7, is real, Reyy, < 0. If n is odd, then G5(z,t) as © — sign(—ic,, )oo is the
sum of two expressions of the form (15), while as x — sign(ia,,)oo, G5(z,t) will
be the same as in case 1° (6).

3°a (6). If n is even, then as || — oo

G3(.’L‘,t) = C|{L’|7%t7ﬁgexp [Z'Y‘idﬁti%g] : (16)

where 7y is real. If n is odd, then G5(x,t) as x — sign(—iq,,)oo is the sum of
two expressions of the form (16), while as z — sign(ia,,)oo, G4(x,t) will be the
same as in case 1° (6).

3°b (6). In this case G4(x,t) = 0.

§ 3. Let us now consider the arbitrary Sobolev—Galpern equation (1). We shall
assume that for every s the roots )\j(s) are distinct. Let o4, ..., 0,, be real, and
let s, = oy +i7y,..., 5, = 0, + i1, be complex poles of \;(s), with only those
s; for which 27; < 0 being taken. We expand \;(s) in a Newton—Puiseux series
in a neighborhood of the infinitely remote point and in a neighborhood of the

poles. Let, in a neighborhood of infinity,

)\j(S)ZOéOSkO —|—0¢18k1 +"'+()tp8kp+"', ko > ky > -,

and, in a neighborhood of the poles,

sovietrxiv.org/items/ru-196101.39861 Machine Translation


https://sovietrxiv.org/items/ru-196101.39861

Aj(s) = ag(s — o) + oy (s —op)f 4+ (s — o) e, kg <y <

In both cases oy # 0, k; = ;/m, I, and m are integers.

For a neighborhood of infinity, only the following cases are possible: 1) k, < 0; 2)
kg >k > >k, >0, k,,1 <0; Reag = = Rea,, = 0; then ky,ky, ...,k
are integers; 3) kg > ky > -+ >k, >0, k,, ., <0; Reay = = Rea, 4

0, Rea,, # 0, p < m; then ko, ky, ..., k, are integers, p is even, and Re,, < 0.

I3

For the expansion in a neighborhood of a real pole o, only the following cases
are possible: 1) ky < ky < - < k,, <0, k,,.1 >0; Reey =+ =Rea,, =0;
then kg, kq, ..., k,, are integers; 2) kg < ky < - <k, <0, k.1 >0; Reag =

- =Rea, ; =0, Req, # 0, p < m; then kg, kq, ..., k, are integers, p is even,
and Rea,, <0.

These expansions make it possible to reduce the problem of finding the asymp-
totics of the Green’ s function for equation (1) to finding the asymptotics of the
Green’ s function for equations (4) of first order in ¢. Let the Newton—Puiseux
series expansions of the function

(-1 / kl;[#w(s> = X(s)]
A

begin, in a neighborhood of infinity, with the term a;s"/, and in a neighborhood

of the poles with the term bjks)‘fk.

Theorem 2. Let G(z,t) be the Green’ s function for the arbitrary equation
(1). Then, as || — co and for constant ¢ > 0,

Glz,t) ~ Z G, (,) + Z G, (,) + Z G, (x,1).

Here G; (z,t) depends only on the behavior of A;(s) in a neighborhood of the
real poles \;(s); G, (z,t) depends only on the behavior of A;(s) in a neighbor-
hood of the complex poles; G, (z,t) depends only on the behavior of A;(s) in a
neighborhood of the infinitely remote point. G; (z,t) and G, (v,?) differ from
the corresponding terms of the asymptotics of the Green’ s function for equation
(4) by the factor

Ak

IR
|x‘ nk+1
b'k:
) <|ankt> ’

and G}, (z,t)—by the factor
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A _ N
aglz[7= (e ft) ™"

Theorem 3. The asymptotics of the derivatives of the Green’ s function for
equation (1) is obtained by differentiating with respect to x and ¢ the asymp-
totics of the Green’ s function I'.

§ 4. Let W be the class of existence of the solution of the Cauchy problem
for equation (1). Each term Zj G (z,1), Zj G, (z,t), and Zj G, (z,t) in the
asymptotics of the Green’ s function gives a class of functions W; (i = 1,2,3),
W=NWw,.

Let us describe the classes W;.
plx) C Wy, if:

A*. In certain neighborhoods of the real zeros of the polynomial P,(o)

B(z) = |P(o)|" (o),

where Pj(0) is defined by formula (3), ¢(o) is a functional of the type of a
function, and @(x) is the Fourier transform of the function ¢(z).

B. ¢(x) satisfies the following estimates:

1) If A(s) has a pole of type 1° (8), then

()| < C.exp [ela] 7|

for every € > 0.

2) If A(s) has a pole of type 2° (8) with even n,, then

[p(@)| < Cexp [elo] 7]

for every € > 0.

3) If A(s) has a pole of type 2° (8) with odd n, then
lp(2)| < C.exp [&—m%]
when sign(ixank) = —1, for every € > 0;
lp(z)| < C.exp {5\;,4%}

when sign(iza,, ) =1, for every € > 0.
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4) If A(s) has a pole of type 3° (8) with even n,, then

2Xj—2lng+ng—c
e < C. (la] =T 1)

for some € > 0.

5) If A(s) has a pole of type 3° (8) with odd ny,, then

[p(@)] < C.exp [elo

Nk
nkﬂ]
when sign(iza,, ) = —1, for every £ > 0;

2Xjp—2lngtny—c
lp@) <. (Jo] =5 1)

when sign(iza,, ) = 1, for some € > 0.

If A(s) has poles satisfying several of the conditions listed here at once, then the
class W, is obtained as the intersection of the corresponding classes of functions.

p(x) C Wy, if:

()] < Celtrel

for x < 0, for some ¢ > 0;

()] < Celtz e

for = > 0, for some € > 0, where a, is the distance from the poles A(s) lying in
the upper half-plane to the real axis, and a, is the distance from the poles lying
in the lower half-plane to the real axis. The class W is found in the same way
as the classes of correctness in the work of M. V. Fedoryuk ().

If we take the intersection of the obtained classes of existence with the classes
of uniqueness (**9), then, since in our case the solution is the convolution of
the initial data with the Green’ s function, we obtain the classes of correctness.

The author expresses gratitude to M. V. Fedoryuk for the assistance rendered
in carrying out this work.

Moscow State University
named after M. V. Lomonosov

Received
8 IX 1960
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