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Abstract
Full Text

MATHEMATICS
A. A. NOVRUZOV

ON PROPERTIES OF SOLUTIONS OF ELLIP-
TIC EQUATIONS

(Presented by Academician I. G. Petrovskii, 10 IV 1961)

In papers (17*) a number of properties were obtained for solutions of elliptic
equations of the form

= 0%u = Ou
Ay () ——— B, C =0 1
iEk:I ik () o 0w, T ;:1 i) - (z)u =0, (1)
where x = (¢4, s, ..., Z,,), which follow from the following lemma:

Let Ky be the ball of radius R with center at the origin O, and let G C Ky be a
domain containing the center of the ball and having limit points on the boundary
of the ball. Let the volume of G be less than R™/M, where M is a sufficiently
large constant. Then, for a solution u(x) of equation (1) which vanishes on
that part of the boundary of the domain G which lies strictly inside Kp, the
inequality

2u(0) < maxu(z) (2)
rzeG

holds.

In these papers it is assumed that C(z) < 0. The constant M in this case,
generally speaking, increases as R increases. In those cases when an estimate
independent of R is needed (in the proof of the Phragmén—Lindel6f theorem),
it is assumed that B,(x) = 0.

The present note is devoted to inequality (2). In it an estimate uniform with
respect to R is obtained when B, (x) # 0.

Denote by Kp the open ball in n-dimensional space of arbitrary radius R with
center at the origin O, by p,, E the n-dimensional Lebesgue measure of a set E
lying in n-dimensional space. Denote by G a domain lying inside Ky, containing
the center of the ball K and having limit points on the boundary of Kp, and
by S} the intersection of the domain G' with the sphere of radius p and center
at the origin O. Consider in G the equation
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ou n u
ik=1 31’1) + ; b;(x) oz, +c(x)u = 0. (3)

With respect to its coefficients it is assumed that in G the inequalities

4,268 >ad &, a>0 (4)
=1

n
i k=1

hold for any real &;, Z?:1 &40,

(gfadaaﬁ)|g >0, la, ()] < ag; (5)
divb > 0; (6)
(b, )], <0 (™)
c(z) <0, (8)
where
a= B3 ai;fcosaicosak, b = (by,by,...,b,),

G=1ik=1 “"J

and p is the radius vector from the center to the given point.

Lemma. Let I' be that part of the boundary of the domain G which lies strictly
inside K. Suppose that equation (3) is defined in G. There exists a constant
M, depending only on the constants a and a, in inequalities (4), (5) and on the
dimension n of the space, such that if, for every R,

MnG < /J'nKR/M7 (9)
then, for any positive solution u(zx) of equation (3) in G, continuous in G and

vanishing on I', the inequality

2u, < maxu(x), where u, = u(0).
zeG

holds.
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Proof. Suppose the lemma is false. Denote by E, the set of points x € G for
which u(z) = ¢, t € [ug/2,uy]. Let E;(r) be that part of E, which lies inside
K, (0 <r < R). Denote by G, the set of points € G at which u(z) > t. Let
GL = G, - K,. Then, according to (3), there exist ¢, (uy/2 < t, < uy) and a set
E C [0, R] of positive measure such that, for all r € E,

/E:O (r)

where 7 is the exterior normal to the surface Ef (r). Denote by G, the set of
points € G for which u(x) > t,. Let G, = G, - K,, r € [0,R]. Consider
the function f(r) = p,, G, on the interval [0, R]. By inequality (9), the function
f(r) satisfies all the conditions of Lemma 6 of the paper (3). Consequently,
there exist nonintersecting intervals [aq, 1], [y, Ba], .- s [ag, B,], belonging to
the interval [0, R], such that

ou (n—2)/n
|t > Mg (6"

N

flay) < f(B)) <2f(ay)  (1=1,2,...,5);

f(r) > min[f(a;), f(5;)] for a; <7 < B

R1/27LM1/2n S R
n j=1

where C,, is a constant.

By the same lemma there exists such a A, € [ozj,ﬁj], j=1,2,...,s, that
ou s
——| dl > Mug (p, G )" 2™ (10)
B, () 107 ’
f(B;) <2f(N\)); (11)
R1/2nM1/2n Lom
ﬂj*Aj>Tf/ (r). (12)
Further, by inequality (11), there exist ro (A\; < ro < (3X\; + 5;)/4), 71 (A; +
B;)/2 <ry < fB;), such that
:U’nGA~
n19m < o 13
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i (14)

Consider the integral

where cosv; are the direction cosines of the normal to S;:. In view of the in-
equalities (5), (13), and (14), there will be an ' (ry <’ < ry) such that

n ou 24ﬂ0a0n2tunG/\.
() cosv;, - ds < — 2 0 TN (15)
/S’;, z‘%:; Oz, (ﬁj - /\j>2

Denote by S,, the boundary of the domain G,, = G, - K,,. Clearly, S,, consists
of points belonging to E} and S7,. Applying Green’ s formula in the domain
G,,, from equation (3) we obtain

/ Zazkcosy cosyk—ler/ Zalkcosv d+
‘ (r Tk

Eto('/zkl ; k=1

—|—/ (u—tO)Zbicosyids—// (u—to)divbdw—i—// cudw=0. (16)
S* =1 Gr’ GT/

By virtue of inequalities (4) and (10),
- 0
/ Zaik COS V; COS I}, a—udl < —Maug (, Gy )=2/m, (17)
* /) =1 T J

Further, by virtue of inequalities (6), (7), and (8) we have

/Zbicosui(u—to)dsgo, —// (u—ty)divbdw <0,
CH G,/

f/ / cudw < 0. (18)

Combining inequalities (15), (17), and (18) with equality (16), we obtain
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2
24agpon” i, Gy, o

(VR

—Moaug(p, Gy, )nBn

whence, taking M = 25n2a,C,, /a, by virtue of inequality (12), we have u, < 0,
which is impossible. The lemma is proved. From this lemma the following
theorems are obtained:

Theorem 1. Let the domain G lie inside the ball K (R arbitrary), contain
the center of the ball Ky, and have limit points on the boundary of the ball
K. Let in G there be defined a solution u(x) of equation (3), vanishing on that
part of the boundary of the domain G which is situated strictly inside Kp. Let
the inequality u,,G < p, K r/M hold, where by M here and everywhere below
is denoted the constant of the lemma. Let 1y > 0. Then

1

sup u(x) > ugexp(p, Kg/M;p,G)=1,

where M, is a positive constant depending only on the constants «, ay of in-
equalities (4), (5), and on the dimension n of the space.

Theorem 2. Let equation (3) be defined in the ball K. Let u(z) be some
solution of this equation in the ball K. Let |u(z)| <1

in K. Let Gy,G,,... be the maximal connected domains in which the func-
tion u(z) preserves a constant sign. Let a (0 < a < 1) be some number. Let
G, ,G,,,....G,; Dbe those among the domains Gy, G5, ... which possess the fol-
lowing two properties:

1. The intersection G;, N Kp/, is nonempty.
2. max J|u(x)| > a.
a:eGik Kpys
Then the number m of these domains satisfies the inequality

1/(n—-1)
m < M, <lg 7> ,
a

where M, is a constant depending only on the constants «, a, in inequalities
(4), (5), and on the dimension n of the space.

Theorem 3. Let G be an unbounded domain. Let equation (3) be given in G.
Let R be an arbitrary positive number. Let o be some other number satisfying
the inequality

Suppose the domain G has the property that for every ball K of radius R the
inequality 4, (G - Kg) < o holds. Let the domain G contain the origin O. Let
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there be defined in the domain G a solution u(x) > 0 of equation (3), which
vanishes on the boundary of the domain. Put

M(r)= max u(x).

Y af=r?
Then, for all » > R, the inequality

M(T) > Ug exp (R n_lT/M?)a') 1/(n—1)

holds, where M; is a positive constant depending only on the constants «, a,
in inequalities (4), (5), and on the dimension n of the space.

Theorem 4 (Phragmén—Lindel6f). Let G be an unbounded domain having
the following property. There exists a number n < 1/M such that, if for a
natural number m one denotes by G,, the intersection of G with Kom (Kym is
the ball of radius 2™ with center at the origin O), then

_:U/nG'/rn/un‘K'Zm <n

for all m, beginning with some m,. Let there be defined in G’ a solution u(x) of
equation (3), continuous in G and nonpositive on the boundary of the domain
G. Then: 1) either u(x) < 0 everywhere in Gj; 2) or, if one puts

M(R)= sup wu(z),
Z?:l z?:R2
then
M
lim inf (B) > 0,

Rooco R(A/Mymt/n-1)
where M, is a positive constant depending only on the constants «, a; in in-
equalities (4), (5), and on the dimension n of the space.
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