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Abstract
Full Text

MATHEMATICS
A. A. NOVRUZOV

ON PROPERTIES OF SOLUTIONS OF ELLIP-
TIC EQUATIONS
(Presented by Academician I. G. Petrovskii, 10 IV 1961)

In papers (1−4) a number of properties were obtained for solutions of elliptic
equations of the form

𝑛
∑

𝑖,𝑘=1
𝐴𝑖𝑘(𝑥) 𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑘
+

𝑛
∑
𝑖=1

𝐵𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

+ 𝐶(𝑥)𝑢 = 0, (1)

where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛), which follow from the following lemma:

Let 𝐾𝑅 be the ball of radius 𝑅 with center at the origin 𝑂, and let 𝐺 ⊂ 𝐾𝑅 be a
domain containing the center of the ball and having limit points on the boundary
of the ball. Let the volume of 𝐺 be less than 𝑅𝑛/𝑀 , where 𝑀 is a sufficiently
large constant. Then, for a solution 𝑢(𝑥) of equation (1) which vanishes on
that part of the boundary of the domain 𝐺 which lies strictly inside 𝐾𝑅, the
inequality

2𝑢(0) ≤ max
𝑥∈𝐺

𝑢(𝑥) (2)

holds.

In these papers it is assumed that 𝐶(𝑥) ≤ 0. The constant 𝑀 in this case,
generally speaking, increases as 𝑅 increases. In those cases when an estimate
independent of 𝑅 is needed (in the proof of the Phragmén—Lindelöf theorem),
it is assumed that 𝐵𝑖(𝑥) ≡ 0.

The present note is devoted to inequality (2). In it an estimate uniform with
respect to 𝑅 is obtained when 𝐵𝑖(𝑥) ≢ 0.

Denote by 𝐾𝑅 the open ball in 𝑛-dimensional space of arbitrary radius 𝑅 with
center at the origin 𝑂, by 𝜇𝑛𝐸 the 𝑛-dimensional Lebesgue measure of a set 𝐸
lying in 𝑛-dimensional space. Denote by 𝐺 a domain lying inside 𝐾𝑅, containing
the center of the ball 𝐾𝑅 and having limit points on the boundary of 𝐾𝑅, and
by 𝑆∗

𝜌 the intersection of the domain 𝐺 with the sphere of radius 𝜌 and center
at the origin 𝑂. Consider in 𝐺 the equation
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𝑛
∑

𝑖,𝑘=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑘(𝑥) 𝜕𝑢
𝜕𝑥𝑖

) +
𝑛

∑
𝑖=1

𝑏𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑥)𝑢 = 0. (3)

With respect to its coefficients it is assumed that in 𝐺 the inequalities

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑥)𝜉𝑖𝜉𝑘 > 𝛼

𝑛
∑
𝑖=1

𝜉2
𝑖 , 𝛼 > 0 (4)

hold for any real 𝜉𝑖, ∑𝑛
𝑖=1 𝜉2

𝑖 ≠ 0,

(grad 𝑎, ⃗𝜌)∣𝐺 ≥ 0, |𝑎𝑖𝑘(𝑥)| ≤ 𝑎0; (5)

div b ≥ 0; (6)

(b, ⃗𝜌)∣𝐺 ≤ 0; (7)

𝑐(𝑥) ≤ 0, (8)

where

𝑎 =
𝑛

∑
𝑗=1

𝑛
∑

𝑖,𝑘=1

𝜕𝑎𝑖𝑘
𝜕𝑥𝑗

cos 𝛼𝑖 cos 𝛼𝑘, b = (𝑏1, 𝑏2, … , 𝑏𝑛),

and ⃗𝜌 is the radius vector from the center to the given point.

Lemma. Let Γ be that part of the boundary of the domain 𝐺 which lies strictly
inside 𝐾𝑅. Suppose that equation (3) is defined in 𝐺. There exists a constant
𝑀 , depending only on the constants 𝑎 and 𝑎0 in inequalities (4), (5) and on the
dimension 𝑛 of the space, such that if, for every 𝑅,

𝜇𝑛𝐺 < 𝜇𝑛𝐾𝑅/𝑀, (9)

then, for any positive solution 𝑢(𝑥) of equation (3) in 𝐺, continuous in ̄𝐺 and
vanishing on Γ, the inequality

2𝑢0 < max
𝑥∈ ̄𝐺

𝑢(𝑥), where 𝑢0 = 𝑢(0).

holds.
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Proof. Suppose the lemma is false. Denote by 𝐸𝑡 the set of points 𝑥 ∈ 𝐺 for
which 𝑢(𝑥) = 𝑡, 𝑡 ∈ [𝑢0/2, 𝑢0]. Let 𝐸∗

𝑡 (𝑟) be that part of 𝐸𝑡 which lies inside
𝐾𝑟 (0 < 𝑟 < 𝑅). Denote by 𝐺𝑡 the set of points 𝑥 ∈ 𝐺 at which 𝑢(𝑥) > 𝑡. Let
𝐺𝑡

𝑟 = 𝐺𝑡 ⋅ 𝐾𝑟. Then, according to (3), there exist 𝑡0 (𝑢0/2 < 𝑡0 < 𝑢0) and a set
𝐸 ⊂ [0, 𝑅] of positive measure such that, for all 𝑟 ∈ 𝐸,

∫
𝐸∗

𝑡0 (𝑟)
∣𝜕𝑢
𝜕𝜏 ∣ 𝑑𝑙 > 𝑀𝑢0 (𝜇𝑛𝐺𝑡

𝑟)(𝑛−2)/𝑛,

where 𝜏 is the exterior normal to the surface 𝐸∗
𝑡0

(𝑟). Denote by 𝐺1 the set of
points 𝑥 ∈ 𝐺 for which 𝑢(𝑥) > 𝑡0. Let 𝐺𝑟 = 𝐺1 ⋅ 𝐾𝑟, 𝑟 ∈ [0, 𝑅]. Consider
the function 𝑓(𝑟) = 𝜇𝑛𝐺𝑟 on the interval [0, 𝑅]. By inequality (9), the function
𝑓(𝑟) satisfies all the conditions of Lemma 6 of the paper (3). Consequently,
there exist nonintersecting intervals [𝛼1, 𝛽1], [𝛼2, 𝛽2], … , [𝛼𝑠, 𝛽𝑠], belonging to
the interval [0, 𝑅], such that

1
2 𝑓(𝛼𝑗) ≤ 𝑓(𝛽𝑗) ≤ 2𝑓(𝛼𝑗) (𝑗 = 1, 2, … , 𝑠);

𝑓(𝑟) ≥ min[𝑓(𝛼𝑗), 𝑓(𝛽𝑗)] for 𝛼𝑗 < 𝑟 < 𝛽𝑗;

𝛽𝑗 − 𝛼𝑗 > 𝑅1/2𝑛𝑀1/2𝑛

𝐶𝑛
𝑓1/2𝑛(𝑟);

𝑠
∑
𝑗=1

(𝛽𝑗 − 𝛼𝑗) > 𝑅
4 ,

where 𝐶𝑛 is a constant.

By the same lemma there exists such a 𝜆𝑗 ∈ [𝛼𝑗, 𝛽𝑗], 𝑗 = 1, 2, … , 𝑠, that

∫
𝐸∗

𝑡0 (𝜆𝑗)
∣𝜕𝑢
𝜕𝜏 ∣ 𝑑𝑙 > 𝑀𝑢0 (𝜇𝑛𝐺𝜆𝑗

)(𝑛−2)/𝑛; (10)

𝑓(𝛽𝑗) ≤ 2𝑓(𝜆𝑗); (11)

𝛽𝑗 − 𝜆𝑗 > 𝑅1/2𝑛𝑀1/2𝑛

𝐶𝑛
𝑓1/2𝑛(𝑟). (12)

Further, by inequality (11), there exist 𝑟0 (𝜆𝑗 < 𝑟0 < (3𝜆𝑗 + 𝛽𝑗)/4), 𝑟1 ((𝜆𝑗 +
𝛽𝑗)/2 < 𝑟1 < 𝛽𝑗), such that

𝜇𝑛−1𝑆∗
𝑟0

<
𝜇𝑛𝐺𝜆𝑗

𝛽𝑗 − 𝜆𝑗
; (13)
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𝜇𝑛−1𝑆∗
𝑟1

<
2𝜇𝑛𝐺𝜆𝑗

𝛽𝑗 − 𝜆𝑗
. (14)

Consider the integral

∫
𝑆∗𝑟

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑥) cos 𝜈𝑖

𝜕𝑢
𝜕𝑥𝑘

𝑑𝑠,

where cos 𝜈𝑖 are the direction cosines of the normal to 𝑆∗
𝑟 . In view of the in-

equalities (5), (13), and (14), there will be an 𝑟′ (𝑟0 < 𝑟′ < 𝑟1) such that

∫
𝑆∗

𝑟′

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑥) cos 𝜈𝑖

𝜕𝑢
𝜕𝑥𝑘

𝑑𝑠 ≤
24𝜇0𝑎0𝑛2𝜇𝑛𝐺𝜆𝑗

(𝛽𝑗 − 𝜆𝑗)2 . (15)

Denote by 𝑆𝑟′ the boundary of the domain 𝐺𝑟′ = 𝐺1 ⋅ 𝐾𝑟′ . Clearly, 𝑆𝑟′ consists
of points belonging to 𝐸∗

𝑡0
and 𝑆∗

𝑟′ . Applying Green’s formula in the domain
𝐺𝑟′ , from equation (3) we obtain

∫
𝐸∗

𝑡0 (𝑟′)

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘 cos 𝜈𝑖 cos 𝜈𝑘

𝜕𝑢
𝜕𝜏 𝑑𝑙 + ∫

𝑆∗
𝑟′

𝑛
∑

𝑘,𝑖=1
𝑎𝑖𝑘 cos 𝜈𝑖

𝜕𝑢
𝜕𝑥𝑘

𝑑𝑠+

+ ∫
𝑆∗

𝑟′

(𝑢 − 𝑡0)
𝑛

∑
𝑖=1

𝑏𝑖 cos 𝜈𝑖 𝑑𝑠 − ∬
𝐺𝑟′

(𝑢 − 𝑡0) div b 𝑑𝜔 + ∬
𝐺𝑟′

𝑐𝑢 𝑑𝜔 = 0. (16)

By virtue of inequalities (4) and (10),

∫
𝐸∗

𝑡0 (𝑟′)

𝑛
∑
𝑘=1

𝑎𝑖𝑘 cos 𝜈𝑖 cos 𝜈𝑘
𝜕𝑢
𝜕𝜏 𝑑𝑙 < −𝑀𝛼𝑢0 (𝜇𝑛𝐺𝜆𝑗

)(𝑛−2)/𝑛. (17)

Further, by virtue of inequalities (6), (7), and (8) we have

∫
𝑆∗

𝑟′

∑ 𝑏𝑖 cos 𝜈𝑖 (𝑢 − 𝑡0) 𝑑𝑠 ≤ 0, − ∬
𝐺𝑟′

(𝑢 − 𝑡0) div b 𝑑𝜔 ≤ 0,

∬
𝐺𝑟′

𝑐𝑢 𝑑𝜔 ≤ 0. (18)

Combining inequalities (15), (17), and (18) with equality (16), we obtain
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−𝑀𝛼𝑢0(𝜇𝑛𝐺𝜆𝑗
)(𝑛−2)/𝑛 +

24𝑎0𝜇0𝑛2𝜇𝑛𝐺𝜆𝑗

(𝛽𝑗 − 𝜆𝑗)2 𝐶𝑛 > 0,

whence, taking 𝑀 = 25𝑛2𝑎0𝐶𝑛/𝛼, by virtue of inequality (12), we have 𝑢0 < 0,
which is impossible. The lemma is proved. From this lemma the following
theorems are obtained:

Theorem 1. Let the domain 𝐺 lie inside the ball 𝐾𝑅 (𝑅 arbitrary), contain
the center of the ball 𝐾𝑅, and have limit points on the boundary of the ball
𝐾𝑅. Let in 𝐺 there be defined a solution 𝑢(𝑥) of equation (3), vanishing on that
part of the boundary of the domain 𝐺 which is situated strictly inside 𝐾𝑅. Let
the inequality 𝜇𝑛𝐺 < 𝜇𝑛𝐾𝑅/𝑀 hold, where by 𝑀 here and everywhere below
is denoted the constant of the lemma. Let 𝑢0 > 0. Then

sup 𝑢(𝑥) > 𝑢0 exp(𝜇𝑛𝐾𝑅/𝑀1𝜇𝑛𝐺) 1
𝑛−1 ,

where 𝑀1 is a positive constant depending only on the constants 𝛼, 𝑎0 of in-
equalities (4), (5), and on the dimension 𝑛 of the space.

Theorem 2. Let equation (3) be defined in the ball 𝐾𝑅. Let 𝑢(𝑥) be some
solution of this equation in the ball 𝐾𝑅. Let |𝑢(𝑥)| < 1
in 𝐾𝑛

𝑅. Let 𝐺1, 𝐺2, … be the maximal connected domains in which the func-
tion 𝑢(𝑥) preserves a constant sign. Let 𝑎 (0 < 𝑎 < 1) be some number. Let
𝐺𝑖1

, 𝐺𝑖2
, … , 𝐺𝑖𝑚

be those among the domains 𝐺1, 𝐺2, … which possess the fol-
lowing two properties:

1. The intersection 𝐺𝑖𝑘
∩ 𝐾𝑅/2 is nonempty.

2. max
𝑥∈𝐺𝑖𝑘 𝐾𝑅/2

|𝑢(𝑥)| ≥ 𝑎.

Then the number 𝑚 of these domains satisfies the inequality

𝑚 < 𝑀2 (lg 1
𝑎)

1/(𝑛−1)
,

where 𝑀2 is a constant depending only on the constants 𝛼, 𝑎0 in inequalities
(4), (5), and on the dimension 𝑛 of the space.

Theorem 3. Let 𝐺 be an unbounded domain. Let equation (3) be given in 𝐺.
Let 𝑅 be an arbitrary positive number. Let 𝜎 be some other number satisfying
the inequality

𝜎 < 𝜇𝑛𝐾𝑅/𝑀. (19)

Suppose the domain 𝐺 has the property that for every ball 𝐾𝑅 of radius 𝑅 the
inequality 𝜇𝑛(𝐺 ⋅ 𝐾𝑅) < 𝜎 holds. Let the domain 𝐺 contain the origin 𝑂. Let

sovietrxiv.org/items/ru-196101.39691 Machine Translation

https://sovietrxiv.org/items/ru-196101.39691


there be defined in the domain 𝐺 a solution 𝑢(𝑥) > 0 of equation (3), which
vanishes on the boundary of the domain. Put

𝑀(𝑟) = max
∑𝑛

𝑖=1 𝑥2
𝑖 =𝑟2

𝑢(𝑥).

Then, for all 𝑟 > 𝑅, the inequality

𝑀(𝑟) > 𝑢0 exp (𝑅 𝑛−1𝑟/𝑀3𝜎)1/(𝑛−1)

holds, where 𝑀3 is a positive constant depending only on the constants 𝛼, 𝑎0
in inequalities (4), (5), and on the dimension 𝑛 of the space.

Theorem 4 (Phragmén—Lindelöf). Let 𝐺 be an unbounded domain having
the following property. There exists a number 𝜂 < 1/𝑀 such that, if for a
natural number 𝑚 one denotes by 𝐺𝑚 the intersection of 𝐺 with 𝐾2𝑚 (𝐾2𝑚 is
the ball of radius 2𝑚 with center at the origin 𝑂), then

−𝜇𝑛𝐺′
𝑚/𝜇𝑛𝐾2𝑚 < 𝜂

for all 𝑚, beginning with some 𝑚0. Let there be defined in 𝐺 a solution 𝑢(𝑥) of
equation (3), continuous in 𝐺 and nonpositive on the boundary of the domain
𝐺. Then: 1) either 𝑢(𝑥) ≤ 0 everywhere in 𝐺; 2) or, if one puts

𝑀(𝑅) = sup
∑𝑛

𝑖=1 𝑥2
𝑖 =𝑅2

𝑢(𝑥),

then

lim inf
𝑅→∞

𝑀(𝑅)
𝑅(1/𝑀4𝜂)1/(𝑛−1) > 0,

where 𝑀4 is a positive constant depending only on the constants 𝛼, 𝑎0 in in-
equalities (4), (5), and on the dimension 𝑛 of the space.

The author expresses deep gratitude to E. M. Landis for assistance and guidance.
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