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AVERAGING OF BALANCE EQUATIONS IN
OCEANOLOGY

(Presented by Academician V. V. Shuleikin, 16 February 1961)

The equations of motion, continuity, turbulent exchange of heat, salt, suspended
matter, dissolved oxygen, etc., are balance equations for various quantities (mo-
mentum, mass, heat, salt, etc.).

If F is the amount of some quantity associated with a mass M filling a volume
T, then

0F =edM = epdr, (1)
where p is the mass density, and e is the amount of the quantity F per unit
mass.

The balance equation of E has the form

51(€0) + 5= CUlE) = ol )

where C}, is the component of the flux C of the quantity E along the axis zy;
o|F] is the intensity of sources and sinks of the quantity E. In summing from
1 to 3 we shall not write the summation sign over indices that enter twice into
one and the same term.

The velocity c¢ of the elements F is determined by the formula

C
Cp = 671; (3)

and may not coincide with the velocity v of the mass elements.

Then the balance equation takes the form

20+ et = o

Taking
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Cr :Uk+ak,

where ay, is the deviation of the velocity of the elements E from the velocity of
the mass elements to which F is referred, we decompose the flux into the sum
of the advective flux pev; and the non-advective flux pea,

pecy, = pevy, + peay,. (5)

Different methods of averaging equation (4) lead to different equations of tur-
bulent exchange. The role of the “reference” velocity field v;, whose choice is
determined only by convenience of calculation and by the formulation of the
problem, is essential. We shall use time averages:

a) Reynolds:

o
I

1 /2
7/ edt,
T —7/2

b) weighted mean:
¢ =7e/p.
Averaging the continuity equation according to Reynolds, we have

-5 O (= _
3+ 3a P+ 5o (7) =0 (6)

where p’ = p—p.

The presence of a nonadvective mass flux means that the velocity field v, does
not determine the trajectories of the averaged mass p. The latter are determined
by the field v;,. Indeed:

o5 o .
Fri 9z, (pvy) =0, (7)

i.e., relative to the field v, there is no nonadvective mass flux.
Assuming, without loss of generality,
op op

p'vp = — By, P By Bx,’ (8)
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where enclosing the index k in parentheses means that summation over k is not
to be performed, we obtain the equation of “turbulent diffusion” of mass in two
forms:

o o 9 AN

o o, (pvy) — o, (Bkax,) =0 )
or

g o 8 op\ ,

a"‘ai%(ﬂvk)—ai% (Bkjaxj> =0. (97)

For an incompressible fluid, (9) passes into the system of two equations

op op 0 A
ot " " ox, O, (B’faa:k =0 (10)

5 =0 (11)

Averaging the balance equation (4) in such a way that p, 7, €, 0, enter into it,
we obtain

0, _. 0  _.. 0 —— _
a(ﬂe) + T%(pevk) + o1, (.06 v+ Peak> =0, (12)
where ¢’ =e—¢€, v) =v, — U,
Assuming
— ~  0e ~  Oe
pe” vy, + peay, = — A, oz, = — Ay, aix] (13)
and using (7), we obtain the turbulent-diffusion equation in two forms
0e 0eé 0 (. Oe
n - D, — —_—_— A e — =0 14
"’(at”kamk) 8xk( k@xk> 4 (14)
or
oe 0e o0 (. Oe
(%€ 5 99\ 9 (4 9¢) g 14
p(8t+vk8xk> ka< ’Waxj) d (14)

Equation (14") is Ertel’ s turbulent-diffusion equation (1). Ertel assumes the
exchange tensor A, ; to be symmetric. The proof of this is based on the postulate
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that the nonadvective flux cannot be tangent to the isosurfaces of €. This
postulate is by no means obvious and requires further study.

If equation (4) is averaged in such a way that only Reynolds means enter, then,
after neglecting some small terms,

one can arrive at the equations of turbulent diffusion

_fde e 0 (- oe _ op 9 _

or

_(oe _ o8 0 (- Oe op 0Oe 9 p\  _
{5+ Pt~ ey (i) | ~ (e, + By or,) =
(157)

Equation (15"), under the assumption that A,; = By, becomes Schmitz’ s
equation of turbulent diffusion (?)

_(oe _ o 0 de dp de  de Ip\ _
{5y~ o (i, )}~ e * e =0 09

Equation (16) was obtained by Schmitz under the assumption that the fluid is
incompressible. As we see, it has the same form also for a compressible fluid.
For an incompressible fluid, in addition, (11) holds.

Thus, Ertel’ s equation of turbulent diffusion (14”) and the equivalent equation
(14) hold for € and for the “reference” velocity field v;,. Schmitz’ s equation (16)
holds for € and for the reference velocity field v.

When weighted means are chosen for the velocity u; and the external forces
Xi, and Reynolds means for the remaining quantities, the averaged Reynolds
equations of motion for variable density p retain the same form as for constant
density. If, however, Reynolds means are taken for all quantities entering the
equations of motion, then the averaged equations of motion will have the form

o, v, 10p 0F 0 o, L
i 15, 00, 5, =P 92 9 (N, L) 2 1
ot +vk5‘xk 2 U pox, O, + Oxy, ( (Z)kaxk) + p’ (17)

?

where N(;), is the kinematic coefficient of virtual viscosity,

dp 0, dp 0y, o (_ op op
I g P 9 (5. P 9B, P
Oz, 0z, TP Ox; 0z, + Oxy, (vk @ o, R Oy,

(18)

L= (N<i)k + Bk>
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Recently in dynamical oceanology the “turbulent diffusion” equation for mass
(10) has found application (375). Since the averaging system must be uniform,
together with (10) one should use the equations of motion in the form (17). This
circumstance, however, is not taken into account in any of the cited works, and
the formulation of the problem in them is therefore insufficiently correct.

The “turbulent diffusion” of the quantity € is a relative concept, closely con-
nected with the choice of the “reference” velocity field. This choice is, in essence,
arbitrary and is determined by the formulation of the problem and by the con-
venience of its mathematical treatment.

Thus, the balance equation of the averaged mass (9) includes a term with “dif-
fusion” of mass relative to the field T, whereas the balance equation (7) for the
same averaged mass relative to the field 9, has the usual form.
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