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Abstract
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Yu. L. DALETSKII

CONTINUAL INTEGRALS AND CHARACTERISTICS
ASSOCIATED WITH A GROUP OF OPERATORS

(Presented by Academician A. N. Kolmogorov, 19 VII 1961)

1. Let $ be a Hilbert space, T a self-adjoint positive-definite operator whose
domain D, with norm || = |T'¢|, forms a space of basic elements; N the space
conjugate to D—the space of generalized elements with norm ||¢]|_ = |Tt¢| (1).
By (¢,€) = (£,¢) is denoted the value of the functional £ € N on the basic
element ¢, coinciding, for £ € $), with the scalar product in $.

Let B be some space with measure o(z). Suppose that in N there exists a
complete system of elements {£,}(z € B), i.e., a system satisfying, for any
@, € D, the condition

(o, 1) = /% (0, £)(E0 1) do ().

Below, almost always 9B is the space of pairs of the form z = (a, k), where a
is an element of Euclidean space E. and 1 < k < v. In this case integration
over B also includes summation over the index k, but for convenience we shall
not explicitly write the sums, understanding the corresponding expressions as
vector- or matrix-valued with respect to the indices not indicated.

To each basic element ¢ € D we associate by definition the basic function
p(z) = (¢, €,) on B, and to each generalized element n € N the generalized
function n(x) = (n,&,), defined by the relation

/ (,£,)(€,m) do(z) = (9,1).
B

We shall assume that multiplication by sufficiently smooth bounded functions is
a continuous operation in D. If V is an operator whose adjoint acts in D, then
we extend it to N, and the generalized kernel (V,,¢,) is meaningful. For suffi-
ciently smooth bounded functions a,(x), ..., a,_;(x) and operators Vi, ..., V, of
the type described, the generalized function

n—1
/ / a1 (213 () Gy (1) €y Via,) o (En. Vi) [] doan),
B B k=1
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is meaningful, where the integral converges in the weak sense.

2. Let A be a self-adjoint operator with domain D, = D. By analogy with
(2,3), we define the continual integral of a functional ®[z(7)] over the space
M (zy,x) of bounded functions z(7) on [0,t¢] with values in B, satisfying the
conditions z(0) = zg, z(t) = z, as the limit [(®) = lim, [ (®) over all possible
partitions

q(0<t1<"'<tn_1<t>

of the expression

= z (T i e~ 1AL —t,_1) ol(x)--dol(z .
1,(®) /% /%cb[ X >J{kr_[1(az“7 A gxk)}d (1) -~ do (1)

Here z,(7) =z}, = x(t;,) for t;, <7 <t,4 (k=0,...,n—1). If this expression
has meaning, then, generally speaking, it is a generalized function, and the limit
is understood in the weak sense. We shall denote

1(3) = /N o Ol [

If = (a,k), y = (B,i), then an expression of the form (£,,V¢,) is a matrix,
which, omitting indices, we shall denote by (¢, Vgﬁ). Suppose moreover that

I,(®) reduces to the form

@)= [ o [ (e g, L4 ) AnE,, A8,

n—1
[1 + W(anfl)Atnfl](fan,l ) e AR a) H dO’(Olk),
k=1

where () are certain matrices. The continual integral obtained after passage
to the limit will be denoted by the symbol

(1) /M L ew { / v(a(T))dT} dpsg pl(r)]. (1)

The sign T denotes, as is customary in quantum field theory, that the noncom-
muting factors following it must be arranged in order of increasing 7.
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3. If C is some operator in §), then under certain conditions (?3) the formula
n
e(iAJrC)t(p = lim H eiAAL, eCAtkgo (80 c D),
)
is valid in the sense of strong convergence in D, whence there follows, for
the generalized kernel
W(mOV €, t) = (e(iA+C>t§xO ) gm)a

the representation

W(’I’O,l’,t) = h‘I]n[B [B {ﬁ <6iAAtkeCAtk§rkl7§zk>} dg<x1) "'dg<xn—1)7

k=1
(2)
which makes it possible to express, in the form of continual integrals, the
fundamental solutions of the operator equation

A/t = (iA + O).

In particular, one obtains formulas for differential equations or systems of
Schrodinger type, analogously to how this was done in (?3) for parabolic
ones; for example, the following theorem holds:

Theorem 1. The fundamental matriz of the system

o/ot = iL(y) + C(z,t)1,

where L() is a strongly elliptic system of differential operators, and C(x,t) is
a bounded smooth matriz-function, is representable in the form

W(ao,alt)=(T)/M< )exp{/o Cla(r), ] dT} dpsir,

in the sense of convergence of generalized functions with respect to the variable
To*.

* In the interesting work of R. Cameron (%), continual integrals connected with
the Schriodinger equation were constructed from functionals not necessarily of
the form

t
exp / Bla(r) dr,
0
but analytic ones.

Representations for systems of equations of the form
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oy L9y
5 = L)+ j:zlaja—zj +C,

are obtained by a somewhat more complicated route; we do not give them
because of lack of space. For example, for L = A one obtains a formula similar to
formula (11) of (%), but with the imaginary coefficient a = 4. (It was derived from
heuristic considerations in (*).) Such equations have already been considered
by us in (3), but there, for their solutions, only representations were obtained
in the form of a limit of continual integrals corresponding to the equations
oY/ot = (i +e)L(y) + Cyp as € — 0. We note that the consideration can
be carried out both in the whole space and in a domain with certain correct
boundary conditions. The symbol T' before the integral may be omitted if one
of the matrices L or C is a scalar multiple of the identity.

All these results generalize to the case of operators depending on ¢.

4. We have considered the application of formula (2) to the representation of
solutions of equations of Schrédinger type. This formula shows (see (4))
how the fundamental solution is formed from contributions correspond-
ing to individual trajectories. In the general case, in formula (2), before
passage to the limit, for a fixed partition ¢, all step functions correspond-
ing to this partition participate, and therefore a nonzero contribution to
the result is given at least by trajectories from some everywhere dense set.
We shall now consider the case corresponding to hyperbolic systems, when
only trajectories having characteristic directions give a nonzero contribu-
tion to the result. In doing so, an abstract description of this case will be
given.

Let B be a self-adjoint operator with finite-multiple spectrum; F(A) the spectral
family corresponding to it; Py, ..., P, the operators projecting onto the invariant
subspaces of the operator B, in which its spectrum is simple. Suppose that, for
a dense set of functions f(a) € £,, the domains of definition D, and Dy,
of the operators A and f(B) have a common part D’, dense in &, such that
eiAtD} C Dyp), f(B)D}; C Dy, P,D}; C D, and there exist real functions
Si(t,x) satisfying, for ¢ € D', the condition

e (f,t)o = {e" f(B) P, — f[Sy(t, B)|e"" P} = o(t). (3)

We shall then say that the functions S, (¢,2) determine the characteristics of
the group of operators e*4* in the representation associated with the operator
B.

For v = 1, formula (3) implies the existence of a group of shifts S(¢,z) on the
real axis satisfying the condition

e f(B) = f(S(t, B))e . (4)
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We note that formula (4) makes it possible to solve the Cauchy problem for the
equation dip/dt = i Ay with an arbitrary initial vector, if its solution is known
when the initial vector is taken to be a generating element for the operator B.
Theorem 2. In order that the group of operators e** possess characteristics in
the representation associated with the operator B, it is necessary and sufficient
that

AP, — BAF;, = —igy(B)P,. (5)

In this case g, (x) = S;,(0,2).

The conditions of the theorem make it possible to apply it to a hyperbolic system
of differential equations of the form

oY o
ot G(I)% +b(z), (6)

where a is a Hermitian matrix and b is an arbitrary matrix. It can be shown
that, in fact, these equations exhaust the suitable examples.

More precisely, there exists an isomorphic mapping of £ onto some £, (o), under
which the equation di/dt = i A, satisfying conditions (5), is transformed into
an equation of type (6).

Analogous considerations can be developed for equations of the form

& o
@‘Zajajj*ﬂ

J=1

with commuting matrices ;.

Theorem 3. The fundamental matriz of the equation /0t = iAy in the
representation in which, for &,, generalized eigen-elements of the operator B
connected with A by relations (5) are taken, is representable in the form of a
continual integral

M

Wiag, a,t) = (T)/( )exp{/o C[@(T)]} dpia, (7)), (7)

where

A= Z P;AP; C(z) is the matrix determined by the relation
=1
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C(a>(€a7£a) = (Z PjAPkg(ufa) :
J#k

In this case only trajectories tangent to the characteristics make a contribution
different from zero to the result.

Let us note that the integral in (7) is, in the present case, a limit of sums,
and not of integrals. In essence, this formula gives an abstract notation for
the difference method of solving the equation di/dt = i Ay, analogous to the
well-known method of characteristics.

Formula (7) is especially simplified and reduces to finite multiple integrals in the
triangular case, when P,AP, = 0 for ¢ > k. In this case a nonzero contribution is
made only by curves that do not pass from characteristics with a larger number
to characteristics with a smaller number.
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