
Soviet-era science, translated into English

Mathematical Physics
V. GARCHINSKII

1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.38095

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.38095


Abstract
Full Text
Mathematical Physics

V. GARCHINSKII

ON THE THEORY OF MULTIPLICATION OF
CAUSAL FUNCTIONS
(Presented by Academician N. N. Bogolyubov on 28 VIII 1961)

In the works of N. N. Bogolyubov and O. S. Parasyuk (1−6) a theory of multipli-
cation of causal functions was constructed as applied to quantum field theory.
However, the final formulas for the contributions obtained by these authors
are inconvenient for investigating their analytic properties, since these formulas
contain, in essence, unknown functions.

More precise expressions for the contributions can be obtained on the basis of
certain combinatorial-topological notions. In particular, the consistent use of the
notion of the incidence matrix (2) makes it possible, without loss of generality,
to obtain formulas for the contributions that exactly reflect the structure of the
diagrams.

Consider a strongly connected diagram 𝐺, consisting of 𝑉 vertices and 𝐿 internal
lines. In the usual way we associate with it a product of causal functions, called
the contribution of the diagram:

𝐹(𝐺) =
𝐿

∏
𝑙=1

Δ𝑐
𝑙 (𝑥𝜇 − 𝑥𝜈). (1)

We shall first consider the case regularized according to Pauli–Villars, when all
causal functions are replaced by the expressions

reg Δ𝑐(𝑥𝜇 − 𝑥𝜈) = 1
(2𝜋)4𝑖 ∫ 𝑒𝑖𝑘𝑥 ∫

∞

0
𝐼(𝛼)𝑒𝑖𝛼(𝑘2−𝑚2+𝑖𝜀) 𝑑𝛼 𝑑𝑘, (2)

where 𝜀 → +0,

𝐼(𝛼) = 1 +
ℎ

∑
𝑗=1

𝑐𝑗𝑒𝑖𝛼(𝑚2−𝑀2
𝑗 ). (3)

The coefficients 𝑐𝑗 are chosen so that 𝐼(𝛼) has a zero of order ℎ at the point
𝛼 = 0.
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The momentum representation of the regularized contribution is brought to the
form

reg 𝐹(𝐺) = 𝜋2𝐾 (1
𝑖 )

𝐾+𝐿
𝛿(Σ𝑝) ∫

∞

0
𝑑𝛼1 ⋯ ∫

∞

0
𝑑𝛼𝐿

∏𝐿
𝑠=1 𝐼(𝛼𝑠)
𝑀2(𝛼) exp 𝑖 𝐷(𝛼)

𝑀(𝛼) .
(4)

𝜀 → +0.

Here 𝑀(𝛼) and 𝐷(𝛼) are the characteristic determinants

𝑀(𝛼) =
∣
∣
∣
∣

𝐴𝑉 𝑉 ⋯ 𝐴𝑉 𝐿
⋅ ⋯ ⋅
⋅ ⋯ ⋅

𝐴𝐿𝑉 ⋯ 𝐴𝐿𝐿

∣
∣
∣
∣
; 𝐷(𝛼) =

∣
∣
∣
∣
∣

𝐴𝑉 𝑉 ⋯ 𝐴𝑉 𝐿 𝐵𝑉
⋅ ⋯ ⋅ ⋅
⋅ ⋯ ⋅ ⋅

𝐴𝐿𝑉 ⋯ 𝐴𝐿𝐿 𝐵𝐿
𝐵𝑈 ⋯ 𝐵𝐿 𝐶

∣
∣
∣
∣
∣

; (5)

𝐴𝑟𝑟′ =
𝑉 −1
∑
𝑘=1

𝑉 −1
∑

𝜎,𝜎′=1
𝛼𝑘 [𝑒𝜎

𝑘 ] [𝑒𝜎′
𝑘 ] 𝑒𝜎

𝑟 𝑒𝜎′
𝑟′ + 𝛼𝑟𝛿𝑟𝑟′ (𝑟, 𝑟′ = 𝑉 , … , 𝐿);

𝐵𝑟 =
𝑉 −1
∑
𝑘=1

𝑉 −1
∑

𝜎,𝜎′=1
𝛼𝑘 [𝑒𝜎

𝑘 ] [𝑒𝜎′
𝑘 ] 𝑒𝜎

𝑟 𝑝𝜎′ ;

𝐶 =
𝑉 −1
∑
𝑘=1

𝑉 −1
∑

𝜎,𝜎′=1
𝛼𝑘 [𝑒𝜎

𝑘 ] [𝑒𝜎′
𝑘 ] 𝑝𝜎𝑝𝜎′ −

𝐿
∑
𝑘=1

𝛼𝑘(𝑚2
𝑘 − 𝑖𝜀).

(6)

The numbers 𝑒𝜎
𝑘 are respectively equal to ±1 or 0, depending on whether the line

numbered 𝑘 enters the vertex 𝜎, leaves it, or bypasses it. These numbers form
the above-mentioned incidence matrix of the diagram. [𝑒𝜎

𝑘 ] denote the algebraic
cofactors of the elements 𝑒𝜎

𝑘 of the diagram matrix obtained from the incidence
matrix by deleting the last row and the last 𝐾 = 𝐿 − 𝑉 + 1 columns.

It is readily obtained that 𝐷(𝛼)/𝑀(𝛼) = 𝐶 − (𝐵, 𝐴−1𝐵) is a quadratic form in
the external momenta that is positive definite (in Sylvester’s sense) if and only
if the parameters 𝛼1, … , 𝛼𝑉 −1 > 0 and 𝛼𝑉 … 𝛼𝐿 > 0.

The contribution (4) obtained in this way is well defined only in the case of
negative index of the diagram, equal to 𝜔 = 4𝐾 − 2𝐿. In this case passage to
the 𝛽-representation gives the well-known result of Chisholm (11)

𝛼𝑠 = 𝜆𝛽𝑠;
𝐿

∑
𝑠=1

𝛽𝑠 = 1;
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𝐹(𝐺) = (𝑖𝜋2)𝐾(𝐿 − 2𝐾 − 1)! ∫
1

0
𝑑𝛽1 … ∫

1

0
𝑑𝛽𝐿 𝛿 (1 −

𝐿
∑
𝑠=1

𝛽𝑠) 𝑀(𝛽)𝐿−2𝐾−2

𝐷(𝛽)𝐿−2𝐾 .

(7)

If, however, the index of the diagram is nonnegative (a divergent diagram),
passage to the 𝛽-representation gives

reg 𝐹(𝐺) = 𝜋2𝐾𝑖𝐾−2𝐿

(2𝐾 − 𝐿)!
𝜔/2+1
∑

𝑖1,…,𝑖𝐿=0
𝐶𝐿

𝑖1
… 𝐶𝐿

𝑖𝐿
∫

1

0
𝑑𝛽1 … ∫

1

0
𝑑𝛽𝐿

𝛿 (1 − ∑𝐿
𝑠=1 𝛽𝑠)

𝑀2(𝛽) ×

× [
𝐿

∑
𝑠=1

𝛽𝑠 (𝑚2
𝑖𝑠

− 𝑀2
𝑖𝑠

) + 𝐷(𝛽)
𝑀(𝛽)]

𝜔/2

ln ∣
𝐿

∑
𝑠=1

(𝑚2
𝑖𝑠

− 𝑀2
𝑖𝑠

) + 𝐷(𝛽)
𝑀(𝛽) ∣ . (8)

It is known (1,5) that the Fourier transform of the contribution constructed in
this way is defined only on functions which vanish, together with their deriva-
tives, when any of their arguments coincide.

Extension of the functional to the entire space, taking account of the needs
of quantum field theory, is achieved by applying the 𝑅-operation (4,6,7). As a
result one obtains a sum of integrable expressions, the principal term of which
we write here:

[1−𝑀(𝐺)] reg 𝐹(𝐺) = −𝜋2𝐾

𝜔! ( 1
−𝑖)

𝐾+𝐿
𝛿(Σ𝑝) ∫

1

0
𝑑𝜏 ∫

∞

0
𝑑𝛼1 … ∫

∞

0
𝑑𝛼𝐿

𝐼(𝛼1) … 𝐼(𝛼𝐿)
𝑀2(𝛼) ×

× (−𝑖
𝑉 −1
∑

𝜎,𝜎′=1
Γ𝜎𝜎′𝑝𝜎𝑝𝜎′)

𝜔+1
2

ℋ𝜔+1
⎡⎢
⎣

𝜏 (−𝑖
𝑉 −1
∑

𝜎,𝜎′=1
Γ𝜎𝜎′𝑝𝜎𝑝𝜎′)

1/2
⎤⎥
⎦

exp 𝑖 𝐷𝜏(𝛼)
𝑀(𝛼) .

(9)

ℋ𝑛(𝑥) denotes the ordinary Hermite polynomial,

𝐷𝜏(𝛼)
𝑀(𝛼) = 𝜏2

𝑉 −1
∑

𝜎,𝜎′=1
Γ𝜎𝜎′𝑝𝜎𝑝𝜎′ −

𝐿
∑
𝑘=1

𝛼𝑘 (𝑚2
𝑘 − 𝑖𝜀) .

Let us also write out the expression obtained as a result of applying the operation
Δ(𝐺), contained in 𝑅:
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Δ(𝐺) reg 𝐹(𝐺) = (1
𝑖 )

𝐿−𝑚
𝛿 (∑ 𝑝) ∫

∞

0
𝑑𝛼𝑚+1 ⋯ ∫

∞

0
𝑑𝛼𝐿𝐼(𝛼𝑚+1) ⋯ 𝐼(𝛼𝐿)

× {
𝑚

∏
𝑗=1

Λ [
𝐿

∑
𝑠=𝑉

𝑃𝑗𝑠𝑎𝑠 +
𝑉 −1
∑
𝑟=1

𝑄𝑗𝑟𝑝𝑟] 1
𝑀2(𝛼) exp 𝑖 𝐷(𝛼)

𝑀(𝛼)}
𝛼1=⋯=𝛼𝑚=0

, (10)

𝑎𝑠 = −(𝐴−1𝐵)𝑠;

Λ(𝑞) denotes the polynomial assigned to the line going inside the generalized
vertex; 𝑃𝑗𝑠, 𝑄𝑗𝑟 are numerical coefficients, equal to ±1 or 0, simply connected
with the matrix of the diagram.

Finally, we note that Δ(𝐺) reg 𝐹(𝐺) is the contribution of the reduced diagram,
obtained from the basic one by contracting the lines going inside the generalized
vertex to a point, multiplied by certain polynomials in the momenta of the
reduced lines.

Institute of Theoretical Physics
Wrocław, Poland

Received
28 VI 1961
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