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Abstract
Full Text

PHYSICS
I. R. Yukhnovskii

On the Statistical Theory of Mixed Ion-Dipole
Systems of Interacting Particles

(Presented by Academician N. N. Bogolyubov on 19 VII 1960)

The present work is devoted to a generalization of the method of collective
variables with the transition integral function (!) to systems with noncentral
interaction.

Consider a system of N ions of M species, with N, particles in each species a,
and S dipoles characterized by a constant dipole moment m(d¢). The interac-
tion energy of this system has the form:

1 1
U= 5 Zeaebr;jl_F Z wa'r‘(rir7ﬁ7'7¢s)+§ Z ()07-8(7‘7*8’197'71937307'7()05)5 (1)
a,b

. 1<a<M 1<r<S
i3 1<i<N, 1<s<S
1<r<S
where
90(17" (lr’L'T'7 197'7 (107") = eamrv’r;rl; (prs = m?"vmsvr’:sl'
Introducing the “dimensionless charge”
—~1/2
)‘a(k) = ea(k) ea(k)ea(_k)Na )

1<a<M+S

where e, (k) = e, for 1 <a < M, e, (k) =ikm,, N, =1, M <a <M+ S, we
define the collective variable p; by the expression

Na

e = Z A, Ze“‘ri, k # 0. (2)

1<a<M+S i=1

Let us pass in (1) to the Fourier representation; then

sovietrxiv.org/items/ru-196101.36283 Machine Translation


https://sovietrxiv.org/items/ru-196101.36283

U =3 3 0a(kipupic— 5 3 balk) + U(0), Q
k k

where

ak)= > e (ke (~k)Nok)(OV)™Y (k) = k2, U(O):%Z)\G)\bﬁa(k)
a,b

1<a<M+S
Our problem consists in finding the free energy of the equilibrium system with
potential (1). In doing so, we shall omit its kinetic part.

We begin with the configurational integral Z:

Z:/exp {Z}J(’i)l:[(dpk) dQ, ...dS,, (4)

where 6 = kT'; dSQ; is the element of solid angle of the i-th dipole; the prime
indicates that k varies in the upper half-sphere.

J(p/r) is the integral transition function to collective variables:

=1

’ N,
= /H5 (pk Z )\aZe“‘ri) dq, ...dgy.g- (5)
k 1<a<M+S

For an overall neutral system of ions, the function J was calculated in work (1).

In the presence of dipole forces, it is expedient to calculate J in such a way as
to split the plasma factor e PxP-x into two parts: an ionic and a nonionic one.
For the second, instead of the product py,p_y, the exponent must contain the
operator

E Dg,
M<a<M+S
corresponding to pair groups.

Ultimately, the transition function of the mixed system has the form

szN+St[eXp{ Z Z nNDa )
k

1<a<M n>3

+ Z Z 1)"D4 (k } exp [— {%pkp,k +1In 727TH ) (6)

M<a<M+S n>2

sovietrxiv.org/items/ru-196101.36283 Machine Translation


https://sovietrxiv.org/items/ru-196101.36283

where

A (k) A, (k aom
72 — Z /\2]\7@, D?L _ a( 1) ' a( n) 5 5 ]
1<a<M Kl+-+k, =0 n Pk1 -+ OPkn

In the sums k; + --- + k,, = 0, none of the sums of order lower than n must be
equal to zero.

Subsequently, after substituting (6) into (4), integration over p, is performed. It
is easy to verify that a nonzero result is obtained only for even differentiations of
the form 92" /9p,10p_y; --.- As aresult of this differentiation under the integral,
sums of products of factors (p,p_, — 1) arise, each of which can be obtained
by parametric differentiation of Z with respect to a(k). Then we expand the
combination of operators 9/0a(k). Z is represented in the form of a series with
sums of the type

a<k1) a<kn)
k) +1  ak,)+1

nyn
NN
a,b kl+--+k, =0

(7)

The expression

)‘a)‘ba<k)
v2a(k) +1

is the Fourier transform of the self-consistent potential g,:

Gap = —€a€p7 - exp[—ur] for a,b < M, (8a)
Gap = —€,m, V1L exp[—r] forl<a<M<b< M+ S; (8)
Gap = —m, Vm, V7~ exp[—sr] for a,b > M, (8)

where

1/2

%= l4w > N,e2(vo)Tt

Each sum (7) reduces to a group integral of g,,, just as in work (}). New in
comparison with (1) is the application of the operator-
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tors [] .., exp(DY). Mixed products of the operators D$ D}, etc., lead to double

group integrals. Powers D4 with identical a are summed into the exponential
exp [f% Zk,w M A2 a%)’ﬂl], which, together with the corresponding free term
from (3), is equal to

1
€xXp [— {4771/20 Z /‘I)abgab dq, dQ, d%}} . 9)

a<M<b

In the present work it is assumed that

U(0) = % > A A0a(0) = 0. (10)
a,b

Owing to (9) and (10), in expression (4) for Z there are no common factors
depending simultaneously on all . Therefore, after the inverse Fourier trans-
formation, integration over the angles is performed. Then Z can be written in
the form of an exponential function with group integrals proportional to V.

For the free energy F = —01In Z we finally obtain the expression™

1 2
F,=—(N+58)0InV — SOIndr — gwgech

1 1 1
— 0 {2 azz; VNaNb/ {eXP(Qab) —1—9gu— 59317} dq + Z }

abc
1 1 Py
—0 {; AV 2 Na/ [exp(gar) —1- Gar — ggar (gar + 0 ):| dqa dqr Qdr+ }
1
—0 {2 Z<47TV)72 / [exp(grs) —1- grs] qu‘ dQS er dQ@ R e
(11)
Here
/gar dq, dg, dQ), = /grs dgq, dq, dS2,.d2, = 0. (12)

As is known, system (1) will not be stable without the inclusion of short-range
forces, which account for attraction and repulsion effects at small distances. The
integrals in (11) diverge at zero. Therefore we supplement the potential (1) by
short-range forces:

Z (pab(r) + Z Pas (TQS) + Z @st(rQth)' (13)
a,b

a,s s,t
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The only requirement imposed here on (13) is the presence at zero of a positive
pole of higher order than the order of the corresponding poles in (1).

Using the “addition” theorem (2,3), we write:

)

0 §F°
F:FO_§ Z @fab(’"ij)dqz‘dqj‘—"n (14)

a,b;i,j

where fo;, = exp(—p,,/0) — 1.

* The notation for species is as follows: a, b, ¢, d for ions; r, s, t,u for dipoles.

From expressions (8) it is easy to write the variations g:

1
5975 = _56®TS_Z Na(Ve)_l /(6(I)ragas+g'ra§q)as) dqa_z NaNb(VQG)_l /graéq)abgbs dqadqb'
a a,b
(15)
Similar variations are obtained also for the other ¢’ s.

With the aid of (12), (15) we compute the functional derivatives in (11). Then
they are substituted into (14). As a result of grouping identical group integrals,
we find the free energy of the mixed system of particles with allowance for
short-range forces:

1 - 1
F:Fuq_gxzc:ech_H;NaNb(2v) 1/(’(/)ab_§ggb> dq

—0 Z (3!V2)71NaNch / (’lpabwac’lpbc + 39abwac¢bc) dqldqQ

a,b,c

1
_ E -1 _1 -
0 - (47TV) Na/ |:war /QQar (gar + 0¢ar>:| dq er

—0 Z (2V2 (47T>2)_1Na /(war¢aswrs - gargaswrs)dq dqlerdQs

a,r,s

—0) (2V(4m)?)~! / ¥,.odq dQ, dQ,

—0 (3!(4m)3v2)~t / U, othyy o dq dq’ d2,.dQdSY,.
r,8,t

(16)

Here

wab = exp{_wab/e + gab} —1- Gabs war = exp{_war/e + ga7} - 17
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1/%«5 = exp{_(prs/a + grs} —L

The last two terms of the third and fourth lines can be reduced to the integral

Z (8W9V3)71NaNch/gatgtbq>acgcb dQ1dq2dq3th7

a,b,c,t

which enters into the fourth-order correlation integrals.

The free energy (16) is not only an initial function for thermodynamic calcu-
lations. With its aid one can also compute the distribution functions. The
functional derivative with respect to —p or to —® leads to the binary distribu-
tion function.

Various limiting transitions give already known results of the theory of systems
of ions, dipoles, and neutral particles.

Expression (16) is generalized to the case of induced dipoles and multipoles. It
can serve as the starting point for calculating the effects of formation of Bjerrum
pairs and other associations in ionic systems.
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