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MATHEMATICS
G. V. SHCHERBINA

ON A BOUNDARY-VALUE PROBLEM FOR
THE BLASIUS EQUATION

(Presented by Academician 1. G. Petrovskii, 28 XI 1960)

In the present paper the existence of a solution of the following boundary-value
problem will be proved:

y” + 2y’ = 0; (1)

y(£0) =0, ¢'(+0) =y (-0), y"(+0)=cy"(-0), lim y'(z)=aq,

T—+00

EEn y(x)=b (¢>0,a>0,b>0, a#b). (1)
The boundary-value problem (1), (1) fora =1, b=1+A (-1<A<1), c=1
arises in the problem of the mixing of two gas jets (1).

Lemma 1. For any solution of equation (1), one of the following two alterna-
tives holds: either y”(xz) # 0 (—oo < & < 00), or y”(z) = 0.

The proof follows easily from the uniqueness of the solution of equation (1) with
initial conditions y(zq) = yo, ¥’ (zg) = ¥4, ¥” (z9) = 0.

Theorem 1. If y'(z) > 0 (—o0 < & < 00), then both limits lim,_, y'(x),
lim, .y (x) exist and are finite.

Proof. We shall prove the theorem by contradiction. Since, under the substi-
tution = by —z, y by —y, equation (1) does not change its form, it is sufficient
in Theorems 1 and 2 to consider the case x > 0. Integrating equation (1) twice,
we obtain

2

y'(x) = y'(0) —|—y”(0)x+% [/07” Y (x) dm] — ‘ém /Ot y'*(z) dz dt,

whence it is seen that either x — ¢, y — +o00, ¥y — 400, or y — +00, T —
+00, ¥y — +0o. Make the change of variables y" = p(y). Then (1) becomes the
equation
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d’p  (dp\’ dp
it e Q— = 2
pdy2 + (dy) + ydy 0 (2)

and lim, ,_ p(y) = oo. It is easy to see that d°p/dy?, beginning with some y,
is monotone, since if d3p/dy® = 0, then, differentiating (2), we obtain

dy>  3dp/dy+2y dy dy y

Py 2dpldy l(dp)ﬂdp} p:(@waw+2><<i‘>clp/cly>+2),
2 Yy Yy

3)

But dp/dy > 0, hence d*p/dy? < 0 and dp/dy = o(y), p = o(y?), and equality
(3) is impossible for sufficiently large y > 0. From the preceding considerations
it follows that

In this case either dp/dy — ¢ > 0,
or lim dp/dy = 0. The equality dp/dy — ¢ > 0 is impossible, since in equation
Y—00
(2) the last term would be of higher order than the others. Thus, finally,
d*p dp

d—yz—m, — — 0, p — 00, if y — o0. (4)
Make the change of variables p = uy?, y = e'!. Equation (2) becomes the
equation

ulu” +3u" + 2u] + [u' 4 2u]® + v’ + 2u = 0. (5)

From (4) we have, as t — oo: du/dt = €' /dy = (yp’ — 2p)/y?> — 0, u —

0, d?u/dt? — 0. But then from (5) it follows that du/dt ~ —2u, u ~

ce 2 du/dt — —2ce %" and du/dy ~ ¢, /y>. Taking into account that Jim u =
—00

0, we obtain u ~ ¢; /y? and p ~ c,.

The contradiction obtained proves the theorem.

Theorem 2. Let y(z) be a solution of equation (1) and ngoo y(z) =a >
0, xli)r_nooy/(m) =b>0, y(0) = ¢y, ¥ (0) = ¢, y’(0) = ¢y. Then for every

€ > 0 one can indicate a § > 0 such that as soon as |y, — ¢l < d, |y; — ¢;1| <
0, lyy — ¢yl < 6, then
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/7 _ / / v
,m@3§+m|y (@) =y (x50, 40 ¥6) | <e.

Proof. Pass to equation (2). Let € > 0 be given. Make the substitution p? = .
Then u(z) satisfies the equation

Vau d*u du
2 = ©

Denote by y such a y that

> d 1
e4y2/“/ e /e gy < max{%, %}, d—u < 3 (y >19), g < Vu(y),
y Yy
(7)

and by G a neighborhood of the point y in which (7) is true and /u(y) > a/4;
write (6) in the form

d?u/dy? 2y
du/dy — u’
If y € G, then
_Olgu/dy2 8y
du/dy a’
Integrating twice, we obtain
d —2 Y 2
|Au| < ’dfu ety /a/ e Wl dy. (8)
Yly—g v

From inequalities (7) and (8) it follows that, first, |[Au| < a/4, i.e. G D (y,00),
and also |Au| < €/4 (§ < y < c0). Since on a finite segment the solution is a
continuous function of the initial data, the theorem is proved.

Theorem 3. Denote 3’ (0) = o, y”(0) = . For any a > 0 and any o > 0
there exists such a B(«) that y(x) satisfies equation (1) and liIJIl Yy (zr) = a
Tr—+00
Moreover: if a —a > 0, then (a)/a is a continuous monotonically decreasing
function of «; if a — o < 0, then, defining f(a) as the exact upper bound of
those y”(0) for which lim y/(z) + a, we obtain that 3(a)a~! is a nonincreasing
Tr—00

function of «a.

The proof of Theorem 3 in the case a — a > 0 follows easily from Theorems
1, 2 and from the strict monotonicity, proved in the works of Iglisch (2,3), of

lir+n y'(x) with respect to 3’ (0) for fixed y”(0) > 0. In the case a — a < 0,
Tr—r+00

Iglisch’ s arguments, in which the positivity of y”(z) is essentially used, do not
go through, since for a — a < 0 we have y”(z) < 0. Let us make
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make the change of variables 3’ = p(y) and then p = 4?/u, y = e’. For u(z) we
obtain the equation

du  d%u du du du du
u (2u+dt_dt2) —2— <2U_E> + <2u——> + 2u? <2u——) =

If du/dt = 0, then d?u/dt* = 6u + 4u?, i.e. du/dt = 0 no more than once, but
lim, , u=0, lim, , u=o00, u>0; therefore du/dy > 0 and du/dy = z(u).
We obtain the equation

2
N L S (9)
du z U z
Since for u # 0 we have z # 0, and for © > 0 the uniqueness theorem for solutions
of equation (9) is valid, if for some u > 0 the inequality z;(u) > z,(u) holds,
then this inequality is true for all w > 0. Substituting in (9) z = ydu/dy =
(2y*p — yp’)/p? and expanding the resulting fractions in a Taylor series, we
obtain

dz _y_ 3010 2 _g 3P0 ~ -
Let now p1(0) = p5(0) < 0, p;(0) > py(0). Then
dz;  dzg
21(0) = 25(0), du < a (10)

if u is small. From the fact that p;(0) > py(0) and from the equality p = y?/u,

for sufficiently small y > 0 we have u; (y) < uy(y). Let y, > 0 be the first point

at which u; = u,y. Since uq(y) < uy(y) if 0 < y < y,, then dul/dy|y7y >
—J0

duz/dy|y7y , le. z1(uy) > z5(u’), and this entails z; (u) > z5(u) for all u > 0,
—J0
which contradicts (10). The case p;(0) = p,(0), 0 > dpl/dy|y:O > dp2/dy|y:O

is considered analogously.

We shall show that B(a)oﬁl does not increase when a = o < 0. Suppose this
is not so and oy > a,, a7'Blay,a) = pi(0) > pi(0) = az'B(ay, ). By the
definition of ()

lim p(y, ay,p1(0)) = lim p(y, s, p5(0)) = a, lim p(y, ay,p5(0)) < lim p(y, ay, p5(0)).
Y—00 Yy—00 Yy—00 Y—00

By what has been proved,
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lim p(y, ay,p1(0)) < lim p(y, ay, p5(0))
Y—00

Y—00

and finally,

hm p(y7a2apé<0)) < hHl p(y7a17p/1(0>)7
Yy—00 Y—00

which is impossible. The theorem is proved.

We now prove the existence of a solution of the boundary-value problem (1),
(17). To this end we formulate it somewhat differently. Namely, since under the
substitution x by —z, y by —y, equation (1) is not changed, the boundary-value
problem (1), (1”) is equivalent to the following problem.

Find two solutions of equation (1) satisfying the following conditions:
¥1(0) =42(0) =0, 31(0) =45(0),  y3(0) = cy5(0),

lim yi(z) = a, lim y5(x) =0, a<b, a>0, b>0.

T—+00 r——+00

Denote ¢, (a) = f(a, B)at, vy(a) = —ca'B(a,a) (a < a < b). As we have
shown, ¢;(«) decreases and is continuous, @,(c) does not decrease. If there
exists a < ay < b such that ¢, (ag) = p4(ag), the problem is solved. Suppose
this is not so. Then there exist two sequences of numbers (a,,, b,,) such that a,, <
bn’ @2(an> < </71(%)a @2(bn) > ¢1<bn)7 bn —an < 1/2n If Qp = hmn—>oo n

lim,, . b, then limpy(a,) = A < a;(ag), limepy(b,) = B = ¢;(ap). By the

defini-

By the definition of ¢;(a) and ¢4(a), we have lim,_, v (x, 0y — A/cay) =
lim, . v (z, 0y, —B/cay) = a, and, by theorem (2), lim,_, ¥ (x, o, —pq1 () /cyy) =
a, which, together with lim,_, v’ (z,a’, ¢, (ag)/y) = b, solves the problem.

In conclusion I consider it my duty to express my gratitude to Prof. A. D.
Myshkis, who drew the author’ s attention to this problem.
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