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Abstract
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MECHANICS
M. Ya. Kushul’

ON THE STABILITY OF FORCED OSCILLA-
TIONS IN AUTOROTATIONAL SYSTEMS

(Presented by Academician I. 1. Artobolevskii on 8 VI 1960)

Following (1), we call autorotational those potentially self-excited systems whose
oscillations occur in two directions (along the axes ¢ and p in the coordinate
plane gp). In the present note we shall confine ourselves to the study of nonau-
tonomous autorotational systems of a particular type, described by the equa-
tions of motion

G+ Mg =—ag—75(¢+ wp) — ay4(¢* + p?) + BA2q(¢* + p?) + ew? cos wt,

P+ ANp=—ap —76(p — wq) — a1 p(q® + p?) + BA%p(¢* + p?) + ew?sinwt. (1)

With a certain degree of idealization, such equations describe, in particular, the
motion of an unbalanced rotor whose operating speeds lie between the critical
speeds of the first and second orders (turbines, spinning spindles, etc.), if the
gyroscopic action of the masses may be neglected (). Under this interpretation,
in equations (1) ¢(¢) and p(t) are functions proportional to the projections of the
rotor deflection onto fixed coordinate planes; A is the lowest natural frequency of
small oscillations of the rotor; w is its angular velocity; € is a quantity determined
by the prescribed distribution of unbalance in the rotor system. The nonlinear
terms oy ¢(q?+p?) and oy p(q*+p?) take into account the increase of the damping
decrement with increasing amplitude of oscillation, as indicated by numerous
experimental data, while the terms SA2q(q? + p?) and BA\2p(q? + p?) represent
the nonlinear dependence of the curvature of the shaft axis on the displacements.
The inelastic stress of the rotor material in equations (1) is taken to be equal to

Eé Oe

AO' = 791_1/ a,

where e is the relative strain, 2 is the frequency of the cycles of its variation,
and ¢ is the coefficient of internal friction of the shaft material. According
to experimental data, the exponent v is close to zero over a wide range of

sovietrxiv.org/items/ru-196101.34971 Machine Translation


https://sovietrxiv.org/items/ru-196101.34971

frequencies (Bock’ s hypothesis). The nonlinear dependence of the inelastic
stress on the amplitude of the relative strain is not taken into account here; it
can be shown that it will not qualitatively change the results obtained below.
The coefficient v in equations (1) is equal to

/\2

T e A

Equations (1) admit the particular periodic solution

qp = d cos(wt + @), Do = dsin(wt + ¢),

gw?  wla+ayd?)

top =
Z X1 ORE  Rat mdE YT BNt pRdE

1 (2)

2

d=—

to which purely forced oscillations correspond.

Putting ¢ = qy+x; and p = py+z,, we obtain the following variational equations
for solution (2)

By + Nxy = p ey + oty + cy)

3)

o+ N2y = (Coy @y + Cooy + Ciiy)

where

peyy = 2B8M2d? + aqd?wsin 2wt + BA2d? cos 2uwt,
peiy = —Yow + aywd? — aywd? cos 2wt + BAZd? sin 2wt
pe = —a — 8 — ayd?,
ey = Yow — aywd? — aywd? cos 2wt + BA?d? sin 2uwt,
UCoy = 2BN2d? — aywd? sin 2wt — BA2d? cos 2wt.
The stability of the zero solution of system (3) depends on the sign of the real
part of the characteristic exponents. Applying the substitution z, = y, exp((t),

where ¢ = AV —1+ ub+ ... is the desired characteristic exponent, we obtain the
system of equations

U + 22 V-1 = py, (Cu +eAV—1 —2bAv —1) + pe12yst

+ pgy (e —2b) + p2 () + ..
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Uz + 2X5 V=1 = py1¢) + 11ya (022 + AV =1 —2bAv _1) +

+ pio(c — 2b) + p2 (o) + ..,

which must admit a periodic solution of period 27/w. From this condition we
obtain

2
[25)\2(12 — A (a + 0 + a1d2 + 2b) \/—71] + w? (75 - a1d2)2 =0,

whence

272 3d?
2, , :—a—yé—a1d2:|:§|7(5—a1d2|+ f vasy
’ w

The other two values of the coeflicient b are complex conjugates of b, and b,.
Thus, the sole condition for stability of solution (2) will be

Re(2by) = —a — 6 — ad? + % |6 — ayd?| < 0. (4)

Let us denote by y3 the quantity

aly8=75<§—1>—a—ald2 (;—Fl).

In the range of variation of the parameter w where yZ > 0, the real part of the
characteristic exponent Re(2b,) > 0, and solution (2) is unstable. The function
yg can be transformed into the form

y(%:f1—f27

where

AT w v o« (w/A)* w
hi= oy (X71> ’ f27071+€2(w2/)\2_1)2 (XJrl)' (5)

Illustrative graphs of the functions f; and f, are given in Fig. 1. The forced
oscillations (2) are unstable in the interval of variation of the parameter w, <
w < wy; to the right of the bifurcation value of the angular velocity w,, the forced-
oscillation regime again becomes stable. In the interval under consideration,
w; < w < wy, the instability is caused by internal-friction forces. The possibility
of loss of stability of rotors due to internal-friction forces was first pointed out
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Fig. 1

Figure 1: Fig. 1

by Kimball (3). The stability conditions for the rectilinear equilibrium form of
balanced rotors were then studied in the works of many authors, for example
(45); in these works it was proved that

the rectilinear form becomes unstable for any angular velocity w greater than
some value w.

The phenomenon of stabilization of the regime of forced oscillations of rotors to
the right of the bifurcation value of the angular velocity w,, due to imbalance,
has been observed by a number of investigators (see, for example, (%)).

However, as is clear from condition (4), with a further increase of the angular
velocity w, a second interval of instability of the solution (2) arises. Indeed, since
the last term in expression (4) contains the factor w/\, as w increases there will
come a moment when the real part Re(2b,) again becomes positive; instability
will occur if

o d® > 25— (a + ayd? +49).
A A
Fig. 1

In many particular cases the lower boundary of the second instability interval
is so high that it is practically unattainable.

It is noteworthy that, in contrast to the first interval, the instability in the second
interval is caused not by the forces of internal friction but by the nonlinear terms
of the external-friction forces, while the forces of internal friction in this case
exert a stabilizing effect.

The result obtained may seem somewhat unexpected. We therefore consider it
expedient to give one more proof of its validity.

For large values of the parameter w, the ratio A/w is a small quantity. Putting

, T = wt, a=

we transform system (1) to the form
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a2 d d
I g —paSt = 2 2 4 )6 (*q +p>

dr2 dr dr
2 2 dg
— ulg® +p?) alde—ﬂﬁq +ecosT,
(6)
d*p ) dp dp
- _ — o= — 21 24 - —
g2 = ~HP—pas — (1t ke )5(dT q)

d )
— n(¢* + p?) (alﬁ — uﬁp) +esinT.

The periodic solution of the equations obtained, to within the square of the
small parameter, will be

gy = —&(1 + p2ky) cos T + peky sin T,

(7)

po = —e(1 + p2ky)sin T — peky cos 7,

where

ki =1—(a+ ae?)?* — B2, ky =a+ a2

Restricting ourselves to terms containing p in the first degree, we obtain the
variational equations for the solution (7) in the form

d?x, dxy d?x, dxy
2 T Hent + pci%y + pe—= 2 T Mot + HCaaTy + pe=s (8)
where
¢y = a €2 sin 27, ¢ = a,€2(1 — cos 27), c=—(a+ae?), (9)
Co; = —a,2(1 + cos 27), Cog = —a €2 sin 27.

The fundamental equation of the quasiharmonic system (8) for u = 0 has a zero
root of multiplicity four, to which two groups of solutions correspond; therefore,
generally speaking, the characteristic roots ¢ of system (8) will expand in powers
of the quantity p'/? (7). Putting z, = y, exp(Ct) (s = 1,2), where

¢ = p?d; + pdy + -,

we obtain the equations
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dy
= (pcyy + pCe — (2yy + peiays + (e — 2()(7;7

dy
= pea1yy + (peay + pCe — C)yo + (e — 2()7;;
we seek their periodic solution of period 27 in the form of series

(2)

1
+ pyy )

1 2
12yt oy =y Py s 4

Y1 =11 +p
Equating the coefficients of like powers 10, /2, i1, we find, from the periodicity
condition for the functions y,,

1 2
yg_):Alv yg:A27 y(Q):Bla y;):BZ7

and also

2m 2m

Al/ (c11 —d})? dt+A2/ cpdt =0,
0 0

2 27
0 0

where c;; are determined by formulas (9). From the last equation we find

d} +a3e* =0,

whence it follows that the motion under investigation is unstable for large values
of the parameter w.

Thus it has been established that the monoharmonic regime of forced oscilla-
tions (2) of the autorotational nonautonomous system (1) has two intervals of
instability with respect to the parameter w. In the first interval, instability is
caused by the forces of internal friction; in the second, for large values of the
parameter w, by the nonlinear terms of the forces of external friction; the forces
of internal friction, on the contrary, exert a stabilizing effect.

Received
31 V 1960
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