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Abstract
Full Text

CYBERNETICS AND CONTROL THEORY
V. 1. LEVENSHTEIN

ON SOME PROPERTIES OF CODE SYSTEMS

(Presented by Academician P. S. Novikov on 24 V 1961)

In the present paper effective criteria are studied for recognizing certain prop-
erties (179) of code systems. Algorithms simpler than the known ones (°°) are
constructed for determining whether a code system has the property of unique
decipherability or the property of bounded delay; an algorithm is also found for
determining whether a code system has the synchronization property.

1. Let B = {by,...,b,} be some alphabet. An arbitrary (ordered) set V =
{v1, .0, }, COnblbtlng of nonempty words in the alphabet B, will be called
a dictionary over B. The length of a word S in the alphabet B will be
denoted by A(8). A code system {A,U;B,V} will mean the totality
of a dictionary U = {uy,...,u,,} over some alphabet A = {a,...,q,}
and a dictionary V = {vy,...,v,,} over some alphabet B = {b;,...,b,}.
The words v, € U will be called elementary messages, and the words
v; € V elementary codes. Words in the alphabet A representable in
the form of products u; ---u,; will be called messages, and words in the
alphabet B representable in the form of products v, --v; will be called
codes. The one-to-one correspondence u; < v;, 1 S i < m, induces a
mapping of the set of messages onto the set of codes, under which each
message u; -+ u; is mapped into the code v; ---v; . Since in a number of
cases messages or codes may be decomposed into elementary components
in more than one way, the indicated mapping, generally speaking, is not
single-valued in either direction. Everywhere in what follows it is assumed
that every message is decomposed into elementary messages in a unique
way, and therefore the mapping of the set of messages onto the set of codes
(encoding) is single-valued. A code system is said to have the property of
unique decipherability if different messages are mapped into different
codes.

We shall say that a code system has the property of bounded delay (cf. (%))
if it has the property of unique decipherability and there exists a number T
such that, from the first T letters of any (not completely known to us) code,
one can uniquely determine its first elementary code. If a code system has the
property of bounded delay, then the least of the numbers T' (T' > max A(v;))
satisfying the condition indicated above will be denoted by T} and called the
deciphering delay. The property of bounded delay makes it possible to carry
out the deciphering of messages in a device with finite memory. From the first
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Fig. 1

Figure 1: Fig. 1

T, letters of any code v, (U, -+ v;  that have entered its memory, this device
determines the first elementary code v; and remembers the place from which
the deciphering of the next code should begin; then, from the first T} letters
of the code v;, -+ v; , it determines the elementary code v;, and remembers the
place from Wthh the deciphering of the next code should begin, and so on.

We shall say that a code system has the synchronization property if it has
the property of unique -

decoding, and there exists a number T" such that every word of length T or more
which is the beginning of some code and the end of some code forms a code. If a
code system has the synchronization property, then the smallest of the numbers
T (T > 0) satisfying the condition stated above will be denoted by T, and
will be called the synchronization delay. The meaning of these definitions is
as follows. If the decoding device* at some moment in time begins to proceed
from incorrect information about where the next code begins (a synchronization
failure), then, at most after 7, + max A(v;) — 1 units of time, either it
will start operating exactly as if this failure had not occurred (see
Fig. 1%), or a word will enter its memory that is not the beginning of any code,
which will signal the failure that has occurred.

Fig. 1

2. Consider an arbitrary dictionary V' = {v,...,v,,} over some alphabet
B = {by,...,b,}. The dictionary V* = {v},...,v},}, where v}, 1 < i < m,
denotes the reversal of the word**** v,, will be called the reversal of
the dictionary V, and the code system {A,U; B,V*} the reversal of
the code system {A,U; B,V}. We shall call the dictionary V: 1) free;
2) strongly free; 3) completely free, if in the alphabet B there are
no equalities of the form: 1) v; ..v; =wv; ..v;, 4 # ji; 2) v; v, ... =
V; Vg s B F J1s 3) By vy = vy 0 5, O < A(B) < A(vy,), respec-
tively. Denote by K (V) (respectively H (V)) the set of all nonempty ends
(beginnings) of words of the dictionary V' which do not belong to V. It is
easy to see that***** H(V) = K*(V*) and K(V) = H*(V*). Denote the
number of elements of the set K (V') by N(V). Obviously, the number of
elements of the set H(V) is equal to N(V*).

Lemma 1. Let v, ,...,vp be all those words of the dictionary
mo

V = {vy,...,v,,} over B = {by,...,b,}, each of which is not the end of
any other word from V. Then

o pllog,mgl _
N(V) <Y A, ) —mgllog, m] —mer———, (1)
n=1
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where the estimate (1) is attained for any m > mg > 1, r > 2.

For the dictionary V = {vy,...,v,,} over B and an arbitrary set V|, consisting
of nonempty words in the alphabet B, construct the right clas-

* It will be shown below that a code system possessing the synchronization
property has the property of bounded delay.

** This failure may occur, for example, as a result of a malfunction in the
operation of the decoding device or an error in the transmission of the code.

*** In Fig. 1 it is shown that if a segment § of the incoming code v; v; ... v;
is the beginning of a code, the end of a code, and has length at least T, then,
by the synchronization property, it forms some code v; v;, ... v; . In this case
the decoding device will operate exactly as if the code v; ...v; vy —...v; had
entered its memory.

*#*% The reversal of the word 8 =b; b, ...b; is the word 8" =1b; b;  ...b;

srkik epe K*(V*) = (K(V¥))*, H (V) = (H(V*))", etc.

with R, (V,V,). As the initial class R,(V,V}) take the set V. The classes
R, (V,Vy), n=1,2,..., will be defined successively as the sets of all nonempty
words [ in the alphabet B for which the equality 5, ;8 = v; holds, or the
equality v;8 = §,_;, where v; € V, 8,_; € R,_;(V,V,). In an analogous way
the left classes L, (V,V}) are defined, and it is easy to show that L,(V,V,) =
Ry (V*, V). We introduce the following notation:

R,(V)=R,(V,V), L,(V)=L,(V.V), R,(V)=R,(V.K(V)),

n

L,(V)=L,(V,H(V)).

Example 1. A=U ={a;,a9,a3,a,},B={0,1},V = {10,101,001,0111}.

Ry(V) =

v Ry(V) Ry(V) Ry(V) Ry(V) Rs(V)
10 1 0 01 11

101 01 111

001 11

0111

Ry(V) = B B B _
K(V) R,(V) Ry(V) Ry(V) Ry(V)
0 01 11 11

1 111 01

01 0 111
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Fig. 2. Graph G (V) for the code system of Example 1

Figure 2: Fig. 2. Graph Gy(V) for the code system of Example 1

Ry(V) = B B B _
K(V) R, (V) Ry(V) Ry(V) Ry (V)
11 11

111

The principal auxiliary assertion is

Lemma 2. A word f belongs to R, (V,V;), n =0, 1, ..., if and only if there exist

words 3, € V,, Vi s eees Uy, 5 U RS V, k+ 1 =n, such that the equality*

[ PR

Bovi, vy, B =, vy,
holds, where A(8) < A(v;,), or the equality

ﬂovil TV, = Y “-’Ujl,B,

where A(8) < A(v;,) (if k > 1); moreover, for no k" and I, 0 < k" < k, 0 <" <,
does the equality

ﬂovil “.’Uik/ = Ujl ...ijl/

hold.

3. Let a code system {A,U; B,V} be given (as was already said earlier, the
dictionary U is assumed to be free). It is obvious that the code system has
the property of unique decoding if and only if the dictionary V is free. On
the other hand, it can be shown that the code system has the property of
bounded delay (the synchronization property) if and only if the dictionary
V is strongly free (respectively, completely free).

Fig. 2. Graph G(V) for the code system of Example 1

Theorem 1**. In order that a code system have the property of unique decod-
ing, it is necessary and sufficient that no class R,,(V), for

1<n<min(N(V),N(V*)+1
contain elementary codes.

Theorem 2. In order that a code system possessing the property of unique
decoding have the property of bounded delay, it is necessary and sufficient that
some class R,, (V') with n < N(V)+ 1 be empty; moreover, if it has the property
of bounded delay, then

ny ny+1

3] < |

[ A e
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where n, is the number of the first empty class R,,(V),

Amin = I A(v;), A

= max A(v;).

m: max

Theorem 3. In order that a code system possessing the property of unique
decoding have the synchronization property, it is necessary and sufficient that

~

some class R, (V) with

* Here, as usual, the word v, v

is equal to the empty word if £ = 0.

** The conditions of Theorem 1 were known earlier (), but the question of
the fact that, in order to verify these conditions, it is sufficient to examine a
bounded number of classes R,,(V'), remained open.

n < min(N(V), N(V*)) + 1 was empty; moreover, if the code system has the
synchronization property, then it and its inverse have the property of bounded
delay, and for A\, > 1

ma'X(Td? TJ) - 2<)‘max - 1) < Ts < |:7:| )‘max7 (3)

where n, is the number of the first empty class &, (V), and T} is the decoding
delay of the inverse code system.

Remark 1. Theorems 1 and 3 will remain valid if, in their formulations, the
classes R,,(V) and R, (V) are replaced by the classes L,,(V) and L,,(V), respec-
tively*.

From Theorems 1 and 3, Remark 1, and the obvious equalities R,,(V*) = L} (V),
R, (V*) = Lt (V), it follows that: 1) the inverse of a code system possessing the
property of unique decodability possesses the property of unique decodability; 2)
the inverse of a code system possessing the synchronization property possesses
the synchronization property™*.

4. There exists another, graphical method for recognizing the indicated proper-
ties of code systems, close to the method of Al. A. Markov (%°), used by him
for recognizing the first two of these properties. Construct, for the dictionary V',
a directed graph G (V). To do this, first take as the vertices of the graph the
elements of the set K(V) UV, and connect the vertex (; with the vertex B; by
an edge directed from ; to 3;, if the equality 3,8, = v or the equality 8; = vj3;
holds, where v € V, and then merge all vertices §; € V into one common vertex
and denote it by A. In an analogous way (replacing the set K (V) by H(V) and
changing the direction of the edges) the graph G (V) is constructed.

Theorem 4. In order that a code system possess any one of the following
properties: 1) the property of unique decodability; 2) the property of bounded
delay; 3) the synchronization property, it is necessary and sufficient that the
graph G (V) contain, respectively: 1) no directed cycles passing through the
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vertex \; 2) no directed cycles that can be reached from the vertex \; 3) no
directed cycles at all.

With the aid of the graph G (V') one can recognize the corresponding properties
of the inverse code system, since the graphs G(V*) and G, (V') are isomorphic
under the correspondence § <+ 5* between their vertices.
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* In terms of the classes L, (V) one can also answer a number of questions
pertaining to other properties of code systems. In particular, it can be shown
that (in the terminology of article (*)) an exhaustive code system is (for A
1) completely self-synchronizing if and only if

max >

m-—r
r—1-

** The inverse of a code system possessing the property of bounded delay, gen-
erally speaking, does not have this property. In particular, the inverse of a
completely self-synchronizing code system mentioned in the preceding footnote
never has the property of bounded delay and, consequently, the latter does not
have the synchronization property. Moreover, it can be shown that all other
optimal Huffman code systems (!) likewise do not have the synchronization
property (for m > 2r — 1). Examples of code systems possessing the synchro-
nization property are systems whose dictionary V contains a word without a
comma (7) (in particular, a dictionary with a synchronizing prefix (%)).

for some ng <

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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