
Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR
1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.32764

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.32764


Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1961. Volume 141, No. 5

MATHEMATICS
P. L. ULYANOV

ON EXACT WEYL MULTIPLIERS FOR UN-
CONDITIONAL CONVERGENCE
(Presented by Academician A. N. Kolmogorov on 19 VII 1961)

The present note is a continuation of the author’s investigations (5−7). As is
known (see (1), pp. 188–191), D. E. Menshov and Rademacher independently
proved that log2 𝑛 is a Weyl convergence multiplier for any orthonormal system.
In addition, D. E. Menshov proved (2−4) that there exists an orthonormal system
of polynomials, bounded in the aggregate, for which log2 𝑛 is an exact Weyl
multiplier.

Let us note that up to now it is unknown whether every orthonormal system of
functions has an exact Weyl multiplier.

Haar constructed a complete orthonormal system of functions 𝜒𝑚(𝑥) (𝑚 =
1, 2, …), for which he showed that 𝜔(𝑚) ≡ 1 is a Weyl convergence multiplier.

In paper (5) we announced for the first time that the sequence 𝜔(𝑚) ≡ 1 is not
a Weyl multiplier for unconditional convergence of series with respect to the
Haar system {𝜒𝑚(𝑥)}.

The question naturally arises: what sequence 𝜔(𝑚) is an exact Weyl multiplier
for unconditional convergence of series with respect to the Haar system? In the
present note an answer to this question will be given.

In paper (6) we formulated, and in paper (7) (see Theorem 5.8) proved, that
the following is true:

Theorem A. The sequence (log 𝑚)𝛼 for 𝛼 > 1 is (and for 𝛼 < 1 is not) a
Weyl multiplier for unconditional convergence almost everywhere of series with
respect to the Haar system {𝜒𝑚(𝑥)}.

Thus, we see that if the Haar system had an exact Weyl multiplier for uncondi-
tional convergence, then it would have the order of a function close to log 𝑚.

As far as we know, Theorem A is the first result concerning a classical or-
thonormal system in which the finality of a Weyl multiplier for unconditional
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convergence is involved. As for trigonometric series (and also series with respect
to the Walsh system), there are no definitive results in the indicated direction.

Further, in paper (7) (see Remark 5.7) we established that the following is true:

Theorem B. If a positive sequence 𝜔(𝑚) ↑ is such that

∞
∑
𝑚=1

1
𝑚𝜔(𝑚) < ∞,

then every series

∞
∑
𝑚=1

𝑎𝑚𝜒𝑚(𝑥)

converges unconditionally almost everywhere on [0, 1], as soon as

∞
∑
𝑚=1

𝑎2
𝑚𝜔(𝑚) < ∞.

It turns out that Theorem B is final. Namely, the following is true:

Theorem 1. If a positive sequence 𝜔(𝑚) ↑ is such that

∞
∑
𝑚=1

1
𝑚𝜔(𝑚) = ∞,

then the sequence 𝜔(𝑚) cannot be a Weyl multiplier for unconditional conver-
gence almost everywhere of series with respect to the Haar system {𝜒𝑚(𝑥)}.

From this theorem and from Theorem B it follows:

Theorem 2. The Haar system {𝜒𝑚(𝑥)} has no exact Weyl multiplier for un-
conditional convergence almost everywhere.

Theorem 3. Not every orthonormal system has an exact Weyl multiplier for
unconditional convergence.

Thus we see that if the question of the existence of an exact Weyl convergence
multiplier for every orthonormal system is still open, then the same question for
unconditional convergence has a negative solution.

The assertion constituting Theorem 2 leads to the question whether it will be
true for any complete orthonormal system of functions. At present there is no
answer to this question.
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Further, since the Haar system has no exact Weyl multiplier for unconditional
convergence, it is natural to try to find other criteria of unconditional conver-
gence. In this direction we have obtained a certain final result. Namely, the
following is true (see (7), Theorem 5.7′):

Theorem C. If 𝑓(𝑥) ∈ 𝐿2(0, 1) and 𝑎𝑚 are its Fourier coefficients with respect
to the Haar system, then the condition

∞
∑
𝑚=1

|𝑎𝑚|√𝑚 < ∞

implies unconditional convergence almost everywhere on [0, 1] of the series

∞
∑
𝑚=1

𝑎𝑚𝜒𝑚(𝑥), (1)

whereas the condition

∞
∑
𝑚=1

|𝑎𝑚| 𝜏(𝑚) < ∞

for a fixed positive sequence 𝜏(𝑚) = 𝑜(1/√𝑚) does not imply unconditional
convergence almost everywhere of the series (1) for some 𝑓(𝑥) ∈ 𝐿2(0, 1).
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