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Detection of Spontaneously Arising Effects

(Presented by Academician A. N. Kolmogorov on 21 I 1961)

1. For ¢t > 1 arandom process £(t) with discrete time (¢t = 1,2, ...) is observed.
It is assumed that up to some time 6 > 1 the quantities £(1),...,£(0—1) are
independent and identically distributed with distribution function F,(z).
The quantities £(0),£(0+1),..., 6 > 1, are also independent (both among
themselves and of all preceding quantities) and identically distributed, but
already with another distribution function F}(z). The time 6 at which the
“disorder” appears is unknown.

It is required to find such a method of observation that, on the basis of the data
observed after the appearance of the disorder, a corresponding “signal” of its
presence would be given as soon as possible. At the same time it is naturally
desirable that erroneous signals, given before the time 6, be avoided as far as
possible.

It is assumed that each time after a signal has been given about the presence
of a disorder, the correctness of this decision is checked. If it is established that
the signal of a disorder was given correctly, then the observations are stopped.
Otherwise, the observation process is resumed and is continued, possibly with
the giving of erroneous signals, up to the time at which the disorder is detected.

The latter circumstance is a distinctive feature of the present formulation in com-
parison with the usual problems of testing statistical hypotheses, in which the
nature of the distribution does not change during the entire time of observation
and the observation process consists of a single stage.

We note that the order of observation described fits into the general scheme of
controlled processes proposed by A. N. Kolmogorov.

In what follows, for the parameter 6 the prior distribution is assumed to be

PO =t)=(1—p)''p, (1)

where p is a constant known to us. This assumption means that, under the sup-
position of the absence of a disorder up to time ¢ — 1, its conditional probability
of appearing at time ¢ is equal to p.
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Assumption (1), taking into account the distributions F,, and F}, generates,
in a known way, a definite probability distribution in the space of numerical
sequences = = {x, Ty, ...} (1).

2. Each method of observation is specified by the collection of conditional
distributions for the v-time of giving a signal about the presence of a
disorder:

P{o<t|&(s) = a(s)} =St ] x(s)),

where the functional § is subject to the condition

St ] x(s)) =F(t ] a'(s)),

meaning that, for fixed ¢, the value of P depends on the values of the function
z(s) for s < t (z'(s) denotes the function equal to x(s), but defined only for
1<s<t).

In the case where the probability P takes only two values, 0 and 1, the observa-
tion method is called nonrandomized.

The distribution (1) for the parameter 6, together with the conditional distri-
bution for £(¢) for given 6 and the conditional distribution for v for fixed £(t)*,
uniquely determines the joint distribution of 6, £(¢), and v. Thus the probability

w=P <0 (2)

of the occurrence of an erroneous signal is determined, as is the conditional
mathematical expectation of the delay

T=M@—0]|v=0) (3)

in the case where the signal is given correctly.

The distribution (1) has the property that the conditional distribution of the
time of occurrence of maladjustment, under the condition of its absence up to
some random time, is given by the same formula (1). This observation shows
that, after carrying out the check and ascertaining the fact that no maladjust-
ment has occurred, we are in the same situation as before the beginning of the
observation, with the sole difference that one erroneous signal has been given.
We resume observation according to the very same rule by which the first stage
of observation was carried out, and independently of the results of the obser-
vations obtained at the first stage. We proceed analogously at the subsequent
stages, if such are necessary.

Let, further,
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N =My

be the mathematical expectation of x, the number of false signals given before
the random time 6, and

T =My + . vy —0),

where v; is the duration of the i-th stage of observation.

It is not difficult to see that, under assumption (1),

T, =T,

and therefore we shall omit the index x.

Our task is to find an optimal observation method for which, for a given IV, the
mean 7 = 7(N) attains its minimal value.

In finding optimal methods we immediately exclude the case where the distribu-
tion Fy is singular with respect to Fj, since then error-free detection is possible.

The following lemma shows that the problem just formulated is equivalent to the
problem of finding a method for which, for fixed w, the corresponding 7 = 7(w)
assumes its minimal value.

Lemma. If the parameter 6 has distribution (1), then

w
N=__"_. 4
0 (4)
3. Let w(t) = P{0 < t | €'(s)} be the posterior distribution for the parameter
6.

Theorem 1. If, for every ¢, the distribution of the random variable 7 (t) is
continuous, then the optimal method is nonrandomized and consists in observing
the process 7(t) up to the first time v for which 7(v) > m,, where 7 is computed
from the condition of fixing w.

* This distribution is assumed, naturally, to be independent of the unknown
parameter 6.

Remark. We required the continuity of the distribution of the random variables
7(t) in order that the prescribed probability w be attainable. If the continuity
condition is abandoned, then the optimal observation method, generally speak-
ing, will be randomized.

The assertion of Theorem 1 is a consequence of the theorem formulated below
on the form of the Bayesian solution in the problem of minimizing a certain risk.
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In doing this we follow the method for constructing Bayesian solutions set forth
(in another setting) in the work of Wald and Wolfowitz (?).

We shall assume that “disorder,” with some probability, occurs even before the
beginning of observation:

PO =0)=m, PO=t|0>0)=1—-p)ilp t=>1,
in connection with which the possibility is also allowed of taking a decision at
the moment v = 0, i.e., without observations.

Let the nonnegative function W (¢, s) be such that

Wit s) WEt—1,s—1), t<s,
yS) =
a’1<t_8>+a’27 t > s,

where a; are positive constants and W (0, s) < oo for s < co.

Theorem 2. If the distributions Fy and F| are non-atomic, then the Bayesian
solution in the problem of minimizing the risk

R =MW (v, 0) (5)

is nonrandomized and consists in observing the process w(t) (m(0) = m) up to
the first moment v for which w(v) > m;, where 7w, is a certain constant.

Remark 1. In the case when the distributions F,, and F; contain atomic
components, one may, as is known, instead of observing the original variables
&(t) with distributions Fy or Fj, carry out observation of certain functions of

them &(t) with non-atomic distributions fo and F\, respectively, in such a way

that the risk % = R constructed for them according to (5). From this point of
view, in all cases one may regard the distributions F; and F} as non-atomic from
the very beginning and, consequently, the Bayesian solution as nonrandomized.

Remark 2. Theorem 2 remains valid if, instead of (5), one considers the
somewhat more general risk

R=MW(,0)+cMr—0|v>0)+cMO—v|v<0),

where c; > 0.
The case of continuous observation will be studied in the next note (?).

The author expresses gratitude to A. N. Kolmogorov for posing the problem
and for advice received in the course of its solution.
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* In the case when it has been stipulated in advance that the observation time is
bounded, the assertion of the theorem also remains in force with the sole change
that at each step the comparison threshold () depends, generally speaking, on
the number of the step.

Note: Figure translations are in progress. See original paper for figures.
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