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Abstract
Full Text

MATHEMATICS
K. M. FISHMAN and Yu. I. MAKOVOZ

ON THE COMPLETENESS OF CLOSE SYS-
TEMS IN A COUNTABLY NORMED SPACE
(Presented by Academician V. I. Smirnov on 6 XII 1960)

M. A. Evgrafov proved several theorems on the completeness of close systems
in the analytic space 𝔄(𝐷) under the assumption that the domain 𝐷 is simply
connected and that the original system is continuous in the closure 𝐷 of the
domain 𝐷 ((1), Ch. II, § 1, Theorems 1, 2, 3). In the present note we shall
prove analogous theorems for complete countably normed spaces, from which,
in particular, a generalization of the cited theorems will follow for the case of
an arbitrary analytic space on an open set without the assumption that the
original system is bounded.

Let 𝑋 be a complete countably normed space, 𝑋 = lim pr 𝐵𝑛 (2); 𝐵𝑛 (𝑛 =
0, 1, …) is a decreasing sequence of Banach spaces with monotonically increasing
norms ‖𝑥‖𝑛(𝑥 ∈ 𝑋). Then (2) 𝑋 = ⋂𝑛 𝐵𝑛.

Theorem 1. If the system {𝑥𝑛}∞
0 is complete in 𝑋 and ‖𝑥𝑛‖𝑛 = 𝑠𝑛 ≠ 0

(𝑛 = 0, 1, 2, …), then the system

𝑦𝑛 = 𝑥𝑛 +
∞

∑
𝑘=0

𝛼𝑘𝑛𝑥𝑘 (𝑛 = 0, 1, …) (1)

is complete in 𝑋, if

sup
𝑛

∞
∑
𝑘=0

|𝛼𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 = 𝜃 < 1. (2)

Proof. Let 𝐵 be the Banach space of all sequences 𝑏 = {𝑏𝑛}∞
0 such that

‖𝑏‖ = ∑𝑛 |𝑏𝑛|𝑠𝑛 < ∞. Denote the unit vectors of 𝐵 by

𝑒𝑛 = { 1
𝑠𝑛

𝛿𝑘𝑛}
∞

𝑘=0
,

and let 𝜂𝑛 = 𝑠𝑛𝑒𝑛 = {𝛿𝑘𝑛}∞
𝑘=0. Consider the operator 𝐴, defined at first on

{𝜂𝑛}: 𝐴𝜂𝑛 = {𝛼𝑘𝑛}𝑘 (𝑛 = 0, 1, …). Then
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‖𝐴𝑒𝑛‖ = ∑
𝑘

|𝛼𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 ≤ 𝜃 < 1.

Extend 𝐴 linearly and continuously to the whole space 𝐵; then ‖𝐴‖ = 𝜃 < 1,
and, consequently, the operator 𝐸 + 𝐴 is a linear homeomorphism of the space
𝐵. Introduce also an operator 𝑃 , acting from 𝐵 into 𝑋 according to the formula

𝑃{𝑏𝑛} = ∑
𝑛

𝑏𝑛𝑥𝑛.

From

|𝑏𝑛|‖𝑥‖𝑚 ≤ |𝑏𝑛|𝑠𝑛‖𝑥𝑛‖𝑚𝑠−1
𝑛 ≤ |𝑏𝑛|𝑠𝑛 (𝑛 > 𝑚)

it follows that

∑
𝑛

𝑏𝑛𝑥𝑛 ∈ 𝐵𝑚

for every {𝑏𝑛} ⊂ 𝐵 and any 𝑚. Consequently, ∑𝑛 𝑏𝑛𝑥𝑛 ∈ 𝑋, and 𝑃 maps 𝐵 into
𝑋. The operator 𝑃 is continuous. Indeed, let 𝑉 be an arbitrary neighborhood
of zero in 𝑋, consisting of all 𝑥 ∈ 𝑋 with ‖𝑥‖𝑛0

≤ 1, and let 𝑠′
𝑘 = ‖𝑥𝑘‖𝑛0(𝑘 = 0, 1, … , 𝑛0 − 1). Choose 𝜀 > 0 so that

𝜀 ⎛⎜
⎝

1 +
𝑛0−1
∑
𝑘=0

𝑠′
𝑘𝑠−1

𝑘 ⎞⎟
⎠

≤ 1.

Let now 𝑊 be the neighborhood of zero in 𝐵 consisting of all 𝑏 = {𝑏𝑛} with

∑
𝑛

|𝑏𝑛|𝑠𝑛 < 𝜀.

Then for 𝑏 ∈ 𝑊∞ we have

∥∑ 𝑏𝑘𝑥𝑘∥
𝑛0

≤
𝑛0−1
∑
𝑘=0

|𝑏𝑘| ‖𝑥𝑘‖𝑛0
+

∞
∑

𝑘=𝑛0

|𝑏𝑘| ‖𝑥𝑘‖𝑘 ≤

≤
𝑛0−1
∑
𝑘=0

|𝑏𝑘| 𝑠𝑘𝑠′
𝑘𝑠−1

𝑘 +
∞

∑
𝑘=𝑛0

|𝑏𝑘| 𝑠𝑘 ≤ 𝜀 ⎛⎜
⎝

𝑛0−1
∑
𝑘=0

𝑠′
𝑘𝑠−1

𝑘 + 1⎞⎟
⎠

≤ 1,

i.e. 𝐴𝑏 ∈ 𝑉 , if 𝑏 ∈ 𝑊 .
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From 𝑃 𝜂𝑛 = 𝑥𝑛 (𝑛 = 0, 1, …) there follows the density of the range 𝑅𝑃 of the
operator 𝑃 in 𝑋, 𝑅𝑃 = 𝑋. On the other hand, 𝑅𝑃(𝐸+𝐴) = 𝑅𝑃 . If 𝑥 ∈ 𝑅𝑃 ,
then there exists 𝑏 ∈ 𝐵 such that 𝑥 = 𝑃(𝐸 + 𝐴)𝑏. Since 𝑏 in 𝐵 is the limit
of linear combinations of the vectors 𝜂𝑛 (𝑛 = 0, 1, …), and 𝑃(𝐸 + 𝐴)𝜂𝑛 = 𝑦𝑛
(𝑛 = 0, 1, …), then, by the continuity of the operator 𝑃(𝐸 + 𝐴), 𝑥 is the limit
of linear combinations of {𝑦𝑛}, whence it follows, in view of 𝑅𝑃 = 𝑋, that the
system {𝑦𝑛} is complete in 𝑋.

Corollary. If instead of condition (2) the condition

sup
𝑛

∞
∑
𝑘=0

|𝛼𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 = 𝜃 < ∞, (2’)

is satisfied, then the system

𝑦𝑛 = 𝑥𝑛 + 𝜆
∞

∑
𝑘=0

𝛼𝑘𝑛𝑥𝑘 (𝑛 = 0, 1, …) (1’)

is complete in 𝑋 for all 𝜆 with |𝜆| < 1/𝜃.

Theorem 2. If the system {𝑥𝑛}∞
0 is complete in 𝑋, then the system

𝑦𝑛 = 𝑥𝑛 +
∞

∑
𝑘=𝑛+1

𝛼𝑘𝑛𝑥𝑘 (𝑛 = 0, 1, …) (3)

is complete in 𝑋 provided that

∞
∑

𝑘=𝑛+1
|𝛼𝑘𝑛| 𝑠𝑘𝑠−1

𝑛 < ∞ (𝑛 = 0, 1, …), lim
𝑛→∞

∞
∑

𝑘=𝑛+1
|𝛼𝑘𝑛| 𝑠𝑘𝑠−1

𝑛 < 1. (4)

Proof. In the present case 𝛼𝑘𝑛 = 0 for 𝑘 ≤ 𝑛. Suppose that for 𝑛 ≥ 𝑁

sup
𝑛≥𝑁

∞
∑

𝑘=𝑛+1
|𝛼𝑘𝑛| 𝑠𝑘𝑠−1

𝑛 = 𝜃 < 1.

Then the operator 𝐴, defined above, can be decomposed into the sum of two
operators 𝐴1 + 𝐴2, of which 𝐴1, with matrix [𝛼𝑘𝑛] subject to the additional
condition 𝛼𝑘𝑛 = 0 (𝑛 ≥ 𝑁), is a bounded finite-dimensional operator in 𝐵, and
𝐴2, with matrix [𝛼𝑘𝑛], 𝛼𝑘𝑛 = 0 (𝑛 < 𝑁), has norm ‖𝐴2‖ < 1. The operator
𝐸 + 𝐴 = (𝐸 + 𝐴2) + 𝐴1 is the sum of a finite-dimensional and an invertible
operator in 𝐵, and therefore(3) Fredholm theory is applicable to it. Suppose
now that for some 𝑏 ∈ 𝐵,
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𝑏 = ∑
𝑛

𝑏𝑛𝜂𝑛, (𝐸 + 𝐴)𝑏 = 0, i.e.

(𝐸 + 𝐴)𝑏 = ∑
𝑛

𝑏𝑛(𝐸 + 𝐴)𝜂𝑛 = ∑
𝑛

𝑏𝑛 (𝜂𝑛 +
∞

∑
𝑘=0

𝛼𝑘𝑛𝜂𝑘) =

= 𝑏0𝜂0 + (𝑏1 + 𝑏0𝛼10)𝜂1 + (𝑏2 + 𝛼20𝑏0 + 𝛼21𝑏1)𝜂2 + … = 0.

Hence we obtain 𝑏 = 0. On the basis of Fredholm theory we conclude that 𝐸+𝐴
is a linear homeomorphism of the space 𝐵. The argument is completed as in
the proof of Theorem 1.

Corollary. If the sequence {𝑥𝑛}∞
0 is complete in 𝑋,

lim
𝑛→∞

∞
∑

𝑘=𝑛+1
|𝑎𝑘𝑛| 𝑠𝑘𝑠−1

𝑛 = 𝑁 < ∞,
∞

∑
𝑘=𝑛+1

|𝑎𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 < ∞ (𝑛 = 0, 1, …),

then the system

𝑦𝑛 = 𝑥𝑛 + 𝜆
∞

∑
𝑘=𝑛+1

𝑎𝑘𝑛𝑥𝑘

is complete in 𝑋 for |𝜆| < 1/𝑁 .

Theorem 3. If the system {𝑥𝑛}∞
0 is complete in 𝑋, then the system

𝑦𝑛 = 𝑥𝑛 + 𝜆
∞

∑
𝑘=0

𝑎𝑘𝑛𝑥𝑘 (𝑛 = 0, 1, …) (5)

is complete in 𝑋 for all 𝜆, with the exception of a discrete set of values of 𝜆,
provided one of the following conditions is fulfilled:

1)
∞

∑
𝑘=0

|𝑎𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 < ∞ (𝑛 = 0, 1, …), lim

𝑛→∞

∞
∑
𝑘=0

|𝑎𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 = 0;

2) sup
𝑛

∞
∑
𝑘=0

|𝑎𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 < ∞, lim

𝑛→∞
sup

𝑛

∞
∑
𝑘=𝑁

|𝑎𝑘𝑛| 𝑠𝑘𝑠−1
𝑛 = 0. (6)

Under these assumptions the operator 𝐴 is completely continuous in 𝐵, and
therefore 𝐸 + 𝜆𝐴 is a linear homeomorphism of 𝐵, except for a discrete set of
values of 𝜆.
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As an application, consider an arbitrary nonempty open set 𝐺 of the Riemann
sphere Ω, 𝐺 ≠ Ω, and the corresponding analytic space 𝑋 = 𝔘(𝐺) (4). Let 𝐺𝑛
(𝑛 = 0, 1, …) be an increasing sequence of open sets, each of which is contained
in a finite number of connected components of 𝐺, 𝐺𝑛 ⊂ 𝐺𝑛+1, ⋃𝑛 𝐺𝑛 = 𝐺.
Introduce Banach spaces 𝐵𝑛 (𝑛 = 0, 1, …) of all locally analytic functions 𝑥(𝑧)
in 𝐺𝑛, continuous on 𝐺𝑛, with

‖𝑥(𝑧)‖𝑛 = sup
𝑧∈𝐺𝑛

|𝑓(𝑧)|.

Then, according to what was indicated above, we have:

Theorem 1′. If the system {𝑥𝑛(𝑧)}∞
0 , 𝑥𝑛(𝑧) ∈ 𝔘(𝐺) (𝑛 = 0, 1, …), is complete

in 𝔘(𝐺) and

sup
𝑧∈𝐺𝑛

|𝑥𝑛(𝑧)| = 𝑠𝑛 ≠ 0,

then the system of functions

𝑦𝑛(𝑧) = 𝑥𝑛(𝑧) +
∞

∑
𝑘=0

𝑎𝑘𝑛𝑥𝑘(𝑧) (𝑛 = 0, 1, …) (7)

is complete in 𝔘(𝐺) when condition (2) is fulfilled.

Theorem 2′. Let the system {𝑥𝑛(𝑧)}∞
0 be complete in 𝔘(𝐺). Then the system

𝑦𝑛(𝑧) = 𝑥𝑛(𝑧) +
∞

∑
𝑘=𝑛+1

𝑎𝑘𝑛𝑥𝑘(𝑧) (𝑛 = 0, 1, …) (8)

is complete in 𝔘(𝐺) when the conditions (4) are fulfilled.

Theorem 3′. If the system {𝑥𝑛(𝑧)}∞
0 is complete in 𝔘(𝐺), then the system (7)

is complete in 𝔘(𝐺) for all 𝜆, with the exception of a discrete set of values of 𝜆,
if the matrix [𝑎𝑘𝑛] satisfies one of the conditions (6).

The proved criteria of completeness can also be applied in analytic spaces of
functions of many complex variables on polycylindrical domains and in some
spaces of infinitely differentiable functions.

Chernivtsi State University

Received
24 XI 1960
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