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Abstract

Full Text
MATHEMATICS
L. A. GUREVICH

ON A BASIS IN A SPACE OF ABSTRACT
FUNCTIONS

(Presented by Academician S. L. Sobolev on 15 VII 1960)

1°. Let us consider simultaneously two Banach spaces: an abstract space X and
a function space B.

Of the space X we shall require only that it have a basis {u;}, whose conjugate
functionals we denote by {f;}.

We impose a number of conditions on the space B:

I. A function a(t) (0 < t < 1) belongs to B if and only if there exists a sequence
of step functions {a,, ()}, converging almost everywhere to a(t) and fundamental
in the norm of this space: |a,,(t) —a,,(t)|z — 0 as m,n — co. We set that the
norm of a(t) € B is defined by the equality

Ja(t)z = lim fla, (t)]5-

Here it is assumed that the norm of a function equal to zero almost everywhere
is zero.

IT. If a(t) and b(t) are arbitrary functions from B and |a(t)| < |[b(¢)| almost
everywhere, then Ja(t)| < [b(t)] 5. In particular, [[a(t)ll 5 = la(t)] .

ITI. For any step function a(t),

/0 Lot di

IV. The space B possesses a basis {e;(t)}, whose conjugate functionals we
denote by {g;}.

< Cla®)]5- (1)

For functions of the space B the integral is defined in the usual way. If a(t) € B
and {a,,(t)} is a sequence of step functions converging to a(t) almost everywhere
and fundamental in the norm of B, then

1 1
/ a(t)dt = lim / a,,(t)dt.
0 n—oo o

In this case inequality (1) is satisfied for all functions from B.
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Theorem 1. If a sequence {a,(t)} C B converges almost everywhere to a
function a(t) and is fundamental in the norm of B, then a(t) belongs to B and
the sequence {a,,(t)} converges to a(t) in the norm of B.

20, In what follows we shall denote by 9t the set of all step functions defined
on the interval 0 < ¢t < 1 with values in X.

Denote by BX the set containing those and only those functions p(¢) (0 <t < 1)
with values in X, for each of which there is a sequence {¢p,, (t)} C 9, converging
to ¢(t) almost everywhere and fundamental in the sense that

We set
le(®)lpx = lim [l (Bl ],

BX is a linear normed space possessing the properties:

1. If p(t) € BX, then |¢(t)|x € B and

lle@®lxll; = le@®lzx-

2. If a(t) € B and z € X, then a(t)z € BX.
3. If f € X* and p(t) € BX, then f[p(t)] € B.
4. For ¢(t) from BX the integral is defined by

1 1
/ o(t)dt = lim [ ¢, (t)dt,
0

n—00
0

where {¢,,(t)} C 9 converges to () almost everywhere and to itself in the
norm BX. Moreover, the inequality

1
/ o(t)dt
0 b'e
is valid.

5. If f € X* and ¢(t) € BX, then

[Ummwsz‘

6. If o(t) € BX and {p,(t)} C 9 converges to o(t) almost everywhere and
to itself in the norm B, then {¢,,(t)} converges to ¢(t) in the norm BX.

sluﬂmum

1

o(t) dt} .
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Lemma 1. If the sequence {p,(t)} C B¥ converges almost everywhere to
the function o(t) and to itself in the norm B¥X, then ¢(t) € BX and {¢p,(t)}
converges to ¢(t) in the norm BX.

Theorem 2. The space BX is complete.

Set x;;(t) = e;(t)u;. We pose the problem™ of proving that the functions x;;(t),

arranged in a certain way into a simple sequence, form a basis in the space BX.
To solve the problem posed, we shall need one more assumption concerning the
space B, which will be stated in the next paragraph.

3°. A functional g € B* may be regarded as an operator acting in the space BX
and mapping its elements into elements of X.

For this purpose we define the value of the operator g on a step function ¢(t),

e(t) = Z TiXa, (t)

(where A; (i = 1,2,...,m) are intervals of constancy of ¢(t), x; € X are its
values on these intervals, and x, (t) is the characteristic function of A,;), by
putting

m

g(t) = wglxa, (1))

i=1

Then the operator g will be defined on 9t and will be additive and homogeneous.
It will also be bounded, since

lgr®lx < gl s le@®)] px-

Extending g by continuity to the whole space, we obtain a linear operator defined
on BX and mapping it into X.

The operator g thus defined has the following two properties:
1) If a(t) € B, z € X, and g € B*, then gla(t)z] = zg[a(t)].
2) If f € X*, g € B*, and (t) € B, then f[gp(t)] = g{fl¢(t)]}.

Consider the expression

Kot) =Y eit)gs @

i=1

which, for fixed ¢, represents an element of B*. In view of the preceding, we
may regard it as an operator acting in the space BX and mapping B¥ into BX.
For ¢(t) € BX,
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x; = g;o(7).

=
g
=
5
2
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3
R
=

i=1
Now one more condition imposed on B may be formulated as follows:

V. There exists a constant K > 0 such that

K (D)e(T)][px < Klp(8)] -

4°, Lemma 2. For every function o(t) € BX,

olt) = et

where z; = g,¢(t), and the series converges in the norm B¥X.

* This problem was posed by M. A. Krasnosel’ skii at the Voronezh seminar on
functional analysis.

Lemma 3. For any function ¢(t) € BX,

olt) = £lo(t)] s

=1
where the series converges in the norm of the space BX.

Lemma 4. The sequence

Spp(t) = Z Z ijwij<t)7 where §ij = gi{fj[@(t)]}a xij(t) = ei(t)uj7 (3)

i=1 j=1

converges in the space BX, whatever (t) € BX may be.

5. Let us now arrange the double sequence {z;;(t)} (i,j = 1,2,...) into a
simple sequence and, correspondingly, the double sum (3) as n — oo into a
simple series, so that the following condition is satisfied: if the sum of the first
m terms of this series is taken, then for m = n? this sum must coincide with (3).
This can be done according to the following scheme: the terms of the sequence
{z;;(t)} are arranged in groups of 2n — 1 terms (n = 1,2, ...), in each of which
the largest of the indices ¢ and j is equal to n; in each group the terms are
arranged in increasing order of the first index, and, when the first indices are
equal, in increasing order of the second. We obtain the sequence (4) and the
series (5):

T11y L12, L215 To2, T13, L23y L31, L32, L33 Lig,--- (4)

§11711 (1) + §10712(F) + §21T01 (B) + §o0Tan (t) + E13215(¢) + ... (5)
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We shall prove that the series (5) converges in the norm of the space BX, what-
ever the function ¢(t) € BX may be. Since, moreover, the system (4) is complete
in the space BX, which follows directly from the preceding conditions, it will
thereby be proved that it is a basis in the space BX.

Denote by s,,¢(t) the sum of the first m terms of the series (5). Corresponding
to the given m, choose n such that n? < m < (n + 1)?. Then

Sm(t) = S,p(t) +wii (t), (6)

where S, ¢(t) is defined by formula (3), and wglO‘)(t) is the sum of a certain
number « of terms of the series (5) which enter into S, ;¢(t) and do not enter
into S,¢(t). More precisely, wﬁf‘)(t) is expressed by one of the following two

formulas:

(03
Zgi,n+1xi,n+1(t>7 1<a<n,
i—1
wi(t) =17 (7.8)
Z‘Sz‘,nﬂxi,nﬂ(t) + Z §n+1,ixn+1,i<t)’ n+1<oa<2n.
i=1 i=1
In view of Lemma 4 and equality (6), it is sufficient for us to prove that
s ()l x = 0
as n — oo, uniformly with respect to a. The inequality™
lunllx 1 fullx- < B ()

always holds.
Let w'® (£) be expressed by formula (7). Then

Q

wgza)(t) = fni1 {Z xiei(t)‘| Upy1s

where z; = g;¢(7). Put

By Lemma 2 we may assert that, for a given number € > 0, there is a natural
number «; (¢) such that for o > ay one has

lea®lpx <e. (10)

Let « =1,2,...,a; — 1. Then, by Lemma 3, for sufficiently—
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* Tts validity for an arbitrary basis was pointed out to me by M. A. Krasnosel’
skii.

for sufficiently large n,

<E.
BX

e )] =

S lz %‘@i(tﬂ Upt1
i=1

If, however, o > a4, then, by Lemma 3,

[ lp@®]tg il px <&

and, taking into account (9) and (10), we obtain

lor O] < Wsalo@ttn il + 1 e Ot e < (14 Be.

Let now the expression (8) hold for w' (t). The first term on the right-hand
side of (8) tends to zero by the same considerations as in the preceding case. It
remains to prove the convergence to zero of the second term.

We have, by Lemma 2,

<

a—n a—n
Z Eni1,i Tnii(t) Z filenren 1 (O],
i=1 =1

BX BX

S M ||z i1€0141(1) —0 asn— oo

HBX

independently of a. Consequently, uniformly in «,

”wif‘)(t)HBX —0 asn— oo,

and thus the following has been proved:

Theorem 3. Under the conditions listed above, the system (4) is a basis in the
space BX.

6°. We shall show that the separable Orlicz space L}, E,, @) and LP (1<p<
00) satisfy all the conditions imposed on the space B, if in them one considers
the basis consisting of the Haar functions. The space BX for B = L%, (or
E, ;) will be denoted by B,;. Conditions I-III are verified without difficulty. It
remains to prove the validity of condition V.

In the space B;; we have
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K, (t)o(r) = / N, (tr)p(r)dr, Ny (t7) =

Therefore

K@Ml x < [ [N (& 1)) x dr-

S—

Denote by aq, as, ... the points of division of the interval [0, 1] which enter into

the definition of the first m Haar functions e, (t), e5(t), ..., e,,(t), arranged in

increasing order and including the points 0 and 1. The function N,,(¢,7), for
a;, <t < a,,, assumes the following values:

Nyt 7) = ————
’r =
e ak+1_ak7

ap, < T < Gy N, (t,7) =0, T<a,ortT>a.,.

Consequently, for a;, <t < a1,

1

1 Akt1
[ e dr = ——— [ o)y ar
0 Opy1 = Ok Jg,

Applying Jensen’ s integral inequality, we obtain, for a;, <t < a;,,

1 Qg1

MK, Ol y] € ——— M[le(r)] x] dr.
k+1 k Ja,

From this inequality follows the inequality

[ MO el ] de< [ Mot e,
0 0

from which we obtain

15 (0o (D)l < (@),
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which proves the validity of condition V in the space B;,;. The Bochner space
) and B, (3) are particular cases of the space B M-
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