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THEORY OF ELASTICITY

Corresponding Member of the Academy of Sciences of the USSR E. I.
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DYNAMICS OF ELASTIC-VISCOUS SHELLS
AND PLATES

A general theory of vibrations of elastic-viscous shells is presented below. The
shell material is assumed to be isotropic, homogeneous, and to obey a linear
relation between three tensors—stress, stress rate, and strain rate. For the shell
the Love-Kirchhoff hypotheses are valid. The shell is shallow; displacements of
its middle surface are assumed small. A system of differential equations for the
problem is obtained, which is solved for the case of a circular cylindrical shell
streamlined by a supersonic gas flow along the generator.

1. Elastic-viscous shallow shells. The equilibrium equations for a small
element of the shell have the form

ON, 0T, ON, OT, N, N, 0Q, 0Q,

IN Ty 22 Ty g Syl T Jve s
8x+8y+ ’ 8y+8$+ ’ R1+R2+8x+3y+ ’
oH, oM, oH, oM,

6.7; + 8:[/ QQ - 0) 6y + 8.1: Ql - 07 (171)

here N, N, T, =T, =T, Q,,Q,, M;,M,, H = Hy, = H are specific forces and
moments; X,Y, Z are the components of the external surface load respectively
along the orthogonal axes z, y, z; R, R, are the principal radii of curvature. The
coordinate system coincides with the principal directions on the middle surface.

If 0,(2), 05(2), T15(2) are the stresses, then

h/2 h/2 h/2
N, = / 0,(z)dz, N, = / 09(2)dz, T = / T19(2) dz,
/2 /2 k)2
h/2 h/2 h/2
M, :/ 01(2) zdz, M, :/ 09(2) zdz, H :/ T12(2) dz.
/2 /2 k)2

(1,2)
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For a linear homogeneous and isotropic Maxwell medium in the plane stress
state we have

€1(2) = %01(2) +% <3DK}V - l;/j) (01(2) + 05(2)) =
1(D, D, 1 (D, D,
(W) o5 (5 ) e
gq(2) = %02( )Jré <3DK1 - 2D;;> (01(2) + 05(2)) =

1(D, D 1(D, D . .. D
5 (2t ) -3 (- g o ) = S
(19

where £, (z), e5(2) are the relative strains of the surface z = const along the axes
x and y; v15(2) is the shear angle of the surface z = const; K, = %,u + A s
the bulk viscosity; p, A are rigidity coeflicients; G is the shear modulus; K, =
2G(1+v)/3(1 — 2v); v is Poisson’ s ratio; the dot denotes

differentiation with respect to time t. Here the time operators are

B
Dy=1+% D, =1+ =%

£ = 1,4
G ot’ (1,4)

According to (1,3), the stresses are equal to

D, 2D, (Dy D\ . D, D;\.. .l
Zo 271 p -9 Zo . T e Ut O
(22422 Doty =2 (2o D) s+ (22 - ot ) uta)

D, 2D, (D, D\ . Dy D \., .]
Zo, 271 p -9 ~0 0 _
(52422 ) Duonte =2 (204 21 ) estor + (52 - gt ) eata)].

Dyi5(2) = ¥12(2). (1,5)

The Kirchhoff-Love hypotheses lead to the following expressions for the strains:

g1(2) = &1 — 2x1, £2(2) = €3 — 2Xa, Y12(2) = Y12 — 22X12, (1,6)
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where the relative strains €; and €, and the shear angle v, of the middle surface
for a shallow shell with small displacements have the form

5_@_ﬂ 5_@_ﬂ —@+@ (1,7)

1_81' Rlv Q_ay R27 712_6y 6,@7 ’
v _ew o
X172 X2 = oy?’ Xlz_@x&‘y'

We substitute (1,5) into (1,2). Then, taking (1,6) into account, we obtain

DyH = —Tfﬁzv DyT' = ph#ss, (1,8)
D, 2D Dy, D,\. (D, D).
204 220 DN, = ouh | [ 20 =0 _
<2u+3Ky) 01 = 24 [(u tag )t oy T3k, ) 2

D, 2D, D, D,\. (D, D).
204 221) DN, = 2ub | [ 22 =0 _ .
<2u+3Ky) o2 =2 [(u+3K 22 3K, )

v

We substitute (1,6) into (1,5), multiply both sides of the expression by dz, and
then by zdz, and integrate the result over the thickness of the shell. We find

. 1 [(Dy, D, D, D,
613h[<u+3Ku)Nl <2u 3K, ) M2

. 1 [(Dy. D, D, D,
623h[<u+3Ku)N2 <2u 3K, ) M)

6
WDOH7 (179>

, 4 [(D, D, D, D,
A (e M, — (2o M|,
A K w 3Ky> ! <2u 3K,) 7
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. 4 D, D, D, D,
=—= ||+ |M,—|——— | M{|.
2= K p +3KV) ? <2u 3K, !
From the first three relations (1,7) we obtain the strain-compatibility equation

o2 922 Odxdy R, 0y®2 R, 0z’

0%¢, +8252 %715 1w 1w (1,10)

and after differentiation with respect to time, the compatibility equation for the
strain rates,

Py 0% 0% 1 0% 1o
0y2  0x2 Oxdy R, 0y? R, Ox2’

(1,11)

The first two equilibrium equations (1,1), for X =Y = 0, are satisfied by the
stress function F', defined as

0’F 0’F 0’F
N — - T=— . 1,12
1 8:(]2 ’ 2 8$2 ’ or 0y ( ’ )

Substitute the fourth and fifth equations of (1.1) into the third, and substitute
there, for M,, M,, H, their values according to relations (1.8), and for N; and
N,, their expressions through the force function (1.12). We insert the first three
dependences (1.9) into (1.11), taking (1.12) into account. As a result we obtain

h3

(DO+ D1>V4w_ 6 (Do+2Dl> Do{l O’°F 1 9*F ]:0,

et I/
2u 3K, R18y2+R28x2+

po 3K, 1
(1.13)
D, D 4 1 9*w 1 d%w
D4 L)V F = 30— + —Z— 1.14
(u +3Ky>v 3h<31 o7 R, 0a? (114

ot o4 o4
a_ 9 g
(V - Oxt +28x28y2 + 6y4> '

By Z in (1.13) one should understand the reduced transverse load, which in
the case of a shell with initial forces NY, N9, T° and the action of the external
medium is equal to

0%w 0%w 0?w  ~h
Z=N0—— 4+ NOZ —_ 42710 — — 4 ¢ . 1.15
L 92 A Oy + Oxdy + g W Pe; (1.15)
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where + is the specific weight of the shell material; g is the acceleration of gravity;
D, is the pressure of the medium on the shell surface.

From (1.13)—(1.14) one can obtain one differential equation with respect to the
deflection

2
D, D, 6 (D, 2D,\ D, 1 0w 2 dw
—-0 V8 (=LA 0 g =4 = 7 7
( T 3KV> R~ < 3% ) R2 02 | R\R, 02207

1 o'w D, D, ) 0w O*w  yh

— v g N or0 2 W 1
+R§8x4> <u +3K)v ( 192 " 2a2+ zoy * w“%)]
(1.16)

If a new function @ is introduced by means of

1 92d 1 9%d D D
F=3h - = 0 L 1P 1.17
<R18y2+R28x2>’ v <u+3K)V > (117)

then equation (1.14) is identically satisfied, and (1.13) takes the form

Dy, Dy 2v8<1> 18 & 2D\ Dy 1% 2 o' 10
p 3K, h2 3K,) p | R?0y* RR,02%0y> RZ da*

1 0%w 0%w %w  h D
N? N9 270 - = —L | vie =0.
3h [15'2+ 2oz " dwdy 9(#+3Ky>v +p5]}

2. Oscillations of a cylindrical shell in a supersonic gas flow

Let a cylindrical shell be subjected to internal transverse pressure p and be
externally washed by a supersonic gas flow. Then

1
Ry=oco, Ry=R, y=Rp, T°=0, N'=gpR  Ny=pR,

(2.1)
o 8w+ ow U _ pU?
e T Pe \"TaE—r T vap—1)

Here ¢ is the additional pressure in the gas flow due to the deviation of the shell
from the undisturbed cylindrical form during oscillations, corresponding to the
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theory of a stationary supersonic flow; U is the velocity of the undisturbed flow;
M = U/c¢; c is the speed of propagation of sound in the undisturbed flow; p is
the density of the flow.

We substitute (2.1) into equations (1.13)—(1.14) and seek solutions of these
equations in the form of traveling waves

w = wue' @R cosnep, F = Fye'@=F) cosnep, (2.2)

where wy, F', k are constants; n is the number of half-waves in the circumferential
direction; w is the circular frequency of oscillation of the shell in the flow.

Substitution of (2.2) into (1.13)—(1.14) leads to the following equation for the
reduced frequency w* of oscillations of the shell in a flow:

W —iwtay, — w3 (agy —iag)) +w*? (agy +iag; ) +w* (a5 —iay; ) ++agy +iag = 0.
(2.3)
Here
1 3—v—1v? 34 20—1? Q gshk
a4_3(1—u2)7r< T 3K >+’ 817 T
2 LA A , n2\ 2 K2R? n?
Y27 2 | R 2 /R T 12(1 - 07) (’“ +R2> TN A N
1 11 —4v 7T+ v 414+v
+ 18(1 — v2)72 ( 24172 + 3Kx s 9 K2 ) +
1 @ (3—v—v? 34+20—12
+ =L - :
3(1 —v2) 72 W 3K;

qshk 3—v—v? 342017
a2 = 23 + )
31—v2)7m 7% 3K

E E* 2—v . 21 +v
R2 (kQ +n2/R2>2 /J’* 3K*

v

9217 30— 2)5s

1 2\? /1 1 3—v—12 34212
o) (2o (52225 e

v

41+v

11 (1 2 1 1 1, (11—4v  _T+4v
+N§n2)+6*< + )( + )+6q’{< +2 +

pr \2us " 3Ky ) \pr 7 3K} 2u2 " T3K
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— ; 9 ﬁk—4i L‘f’ 2 +
2T g1 )t || RE (2 + n2/R2)2 i \ 20 | 3K

2 2
1 n? 1 1

E— T . _
R TIiE) ( *R?) <M*+3K:> ’

1 /11—-Tv T+v 41+ v

- 2 - N* 2k2 N* 2
+3( Yo 9K;;2>< PO 4 Nin®) +
a1 211

3p* \2u*  3K; we o 3K ’

B gshk 11—4y+ T+v 414w
TR — 2yt 2 3K 9 K2 )

__whk 11 2\ /1 ]
902 IR0 — vy \ 2 T 3K )\ 3K )

1 1 1 2 1 1
= | — — N*R2k? + Nin2).
o1 18(1 — v2)md p* (2/[“ + 3K;> (u* + 3K;‘) (N + N3n®)

. wh gE . e . K, . ©g pg M
W = —, 9:727 T KV_ ) Q1:7:7
e ye Eh Eh ~ye YA/ M2 -1
ey VMET b e?RY > yeRY

In (2.3) the reduced frequency is a complex quantity.
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