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In the note (!) an iterative method was considered for solving the operator
equation

Lx =0, (1)

in which Lz = Az —y, A is a linear bounded operator and y € H. The method
consists in the fact that the successive approximations are computed by the
formula

xn—‘—l =Ty + €n2n, (2)
where
z, = gradlz,,, (3)
where the functional
le = (Lz, Lz), (4)

and the coeflicient €, is determined from the condition

1 — %[ = min, (5)

where z* is a solution of equation (1). An analogous method can be developed
for a nonlinear operator equation.

Suppose that in a Hilbert space H a continuously differentiable (in the Fréchet
sense) operation Lz is given and it is required to find a solution of equation (1).
Let us define the gradient of the functional lx. We have
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d d
%l(ﬂc + Ez)\szo = £(L(33 +ez), Lz + 52))’5:0 =

= 2Re(Pz, Lz) = 2Re(z, P*Lz),

where the linear bounded operator

P=1L'(z)

By definition

gradlrx = P*Lx.

We take

z,, = gradlz, = P'Lx,, (6)

where

The least value of the quantity |z,, — z*|? is given by

(z, — 2" 2,)

’n

S CHES.

or

" (PiLx,, P Lx,) (PiLx,, P Lx,)

If the element z,, is close to the solution z*, then L'(x,,)(x, —z*) =~ Lx,,. Thus,
condition (4) is approximately satisfied by the coefficient

(Lz,,, Lx,)

= T (PiLa,, PiLz,) ®)

Concerning the convergence of the process (2), (6), and (8), the following is
true.

Theorem 1. Let the norm of the residual of the initial approximation be
|Lao| = n, and in the sphere (S)
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n
— <2— 9
o — el < 222 9)

the operation Lx satisfies the conditions

L/
@ 10)
12l
IL" ()] < K, (11)
where
n
Then:

1. The equation Lx =0 has in (S) a unique solution x*.

2. The sequence of elements {x,, }, connected by the recurrence formula

|Lz, > .
Tpt1 = Ln — m P, Lz, (13)
converges monotonically and strongly to x*.
3. The following error estimate holds
m2 n/2 n m2 n/2
oo~ 'l < by =l 1= gz -] < Z[1-za-a] L a9

where M = max |L'(z)| for x € S.

Proof. The existence and uniqueness of the solution of the equation Lz = 0
in (S) is established analogously to how this was done in the work of L. V.
Kantorovich (?).

Let us prove the convergence of the process (13) to z*. From formula (13) it
follows that

|20 — 27 =

(Lz,, Lz,)

(Lx,, Lz,)?
(P;Lx,,PiLz,)

sovietrxiv.org/items/ru-196101.30538 Machine Translation


https://sovietrxiv.org/items/ru-196101.30538

Using the expansion

1
Lz*=0= Lz, + L' (z,)(z* —x,) + §L”(£n)(m* —x,)?
where z,, = 9(z* — z,,) and 0 < ¥ < 1, we rewrite this equality as

(PyLx,, P;Lx,) "

lep 0 =271 =y, — 27| —

where the real number

Estimate:

lag| < |27 (&) (o — )| _ |L"(Z)(xg — =)
" [ Lo |2 (Zo) (2o — 2)] 7

where & = 0(zy —2*), 0 <6 < 1.

The inequalities (10) and (11), which hold in the sphere (5), also hold in the
sphere (N):

=

* * n
|z — 2™ < flzg —2*| < — < —, (15)
m

3

since in this case
& — ]l < | — 2% + |y — 2*] < 2L
- m
Obviously Z,, T, € N. Hence, by virtue of (10) and (11),

Kl -] _ K

ay| < — =<1,
|O|_ m m?2

and for the error of the first approximation the estimate is valid

(1—7)
M2

ley — 2|* < flwg — 27| — | Lo |®

* ’ * 177
= g — 2|2 — | ) o — )2 1)

2 m® 2
<oy =P 1= Jp =) < b — T
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The point x, lies inside the sphere (V). Therefore the reasoning can be repeated
for the second approximation. We obtain that

|Oé1‘ < Vs

% m2 m2 2
oy =27 < oy = 2P |1 = 0= )] < Jag =1 1= 0 =)

Thus, for the n-th approximation we arrive at estimate (14), from which it
obviously follows that limx,, = «*, as was required to prove.

In the case where estimate (10) is known only at the point z,, the following
may be useful.

Theorem 2. If | Lz,| = 7,

| ()]

B >m (16)

and in the sphere (S’), defined by the inequality

n

— < = 17
o — 2ol < 2, (7)
the norm
IL" ()] < K,
and moreover
nK ~ 1
=< = 1
=5 <3 (18)

then the equation has in (S”) a unique solution z*, and the sequence of elements
{z,,}, constructed by formula (13), converges monotonically and strongly to x*,
and the error estimate

n/2

|xn—x*|snxo—x*n[l—ﬁ;u—w] <Zli-fEi-v| )

holds.
Under condition (16), in the sphere (S”), defined by the inequality
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n 1K
— ¥l < — < =< ——
le = 2" < flag — 2" < - < 5,

the quantity

% K
Mmemmo—z*llzm——"zm(lfl)2@- (20)
] m 202

The rest of the proof of this theorem and of the preceding one is analogous. The
existence and uniqueness of the solution of equation (1) under the indicated
conditions were established in paper (?).

In the particular case when the operator Lx = Ax — y, where A is a linear
bounded operator, formula (13) takes the form (see (1))

| L, )2
xn+1 =T, — m A*L.Tn
n

If, however, Lz = f(z) is a function of a complex variable, then relation (13)
becomes Newton’ s formula:

_ ‘f(xn)|2 Y T T -7 — f(xn)

A generalization of Newton’ s formula is known, due to L. V. Kantorovich,
consisting in the fact that, in constructing an approximate solution of the non-
linear operator equation (1), successive approximations are determined from the
recurrent linear operator equation

Tpt1 =

Formula (13) has, over equation (21), the advantage that it permits the succes-
sive approximations to be computed directly. At the same time, the method of
L. V. Kantorovich may prove more effective in those cases when equation (21)
is easily solvable.
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