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Abstract
Full Text

MATHEMATICS
Yu. V. KASHIRSKII

ON THE QUESTION OF THE LOCATION OF
THE ZEROS OF DIRICHLET L-SERIES

(Presented by Academician I. M. Vinogradov on 11 X 1960)

The present work is devoted to estimating sums of characters

T+N

Z xp(k)

k=T+1

(where xp(k) is a primitive character modulo D) and to their application to
estimating the growth and the location of the zeros of L-series in the critical strip.
The results of the present investigation develop the works of A. G. Postnikov
(1) and S. M. Rozin (?).

§ 1. Estimate of the sum of characters.

Theorem 1. Let
T+N
S: Z XD(k>v

k=T+1

where x (k) is a primitive character modulo

a

D = p(l’vl Py

with min(py,...,p;) > 2, and let «, = min(«y, ..., ;) be such that

(a,/log® )1/ > 13 (a, > 108, loga, > 18.8),

and

i
i=1

L 3 1/4
[ o8 /o™ < .

Then the estimate
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% (a, loga, ) V/4

l
S| < N]]p:
=1

is valid.

Proof. Choose r from the equality

al/
= (e |

It is clear that

1/4
(0% (6%
> z —1> 4 —1>12.
" (@, loga, )~ (a, loga, )73 {10g3(1y] -

Let

4+

87,:|:a2+ :|+1a
'

where 6 = —1, if a;; # ozplf—l/, (,p;)) =1, f=1,2,..,0<v < f—1, and
6 =v,if ai:apzf—l/. Then

Denote by N; such a number that

l
N =[N, + R
=1

ai—|—5}

$;—8y; =, —1—s,(r—1) zai—l—{ (r—=1)—(r—1) > %—I/—T‘ >0,

since

20@ 3/4
< 2a))7; r< f< 1ogpi a,; <log, a,

< . —
" (o, loga, )17

l
R S prsifs“ S prsifl.
] =1
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Then

T+N l
2s;,—1
Z Xp(k) §N1|S’1|—|—le- T
k=T+1 i=1
Here
Q+T+]],_,'pi%i 1
|5,] = max > Xp(k)|-
Q k=Q+T+1
But

' m,ind, k
ZXD(k)=pr§1(k)---xp7z(k)=Zexp{2m'z = }

— o)

where g; is a primitive root modulo p}*, and (m,,p;) = 1.
Let, for @ = @, the maximum of the sum be attained

HiZILP?Srbfli . .
m,ind, (k+ T +
S, = Z exp{Zﬂ'iz ol Ql)} .

k=1 i=1 @(piai)

We make the substitution k = z; + Hi:l JOE

1 s; 1 s—sq14 )
i it |y 2 L m,; indg,i (xl +T+Q, + le‘:1 pf‘m)
[S;] < g E exp | 2mi g &
z;=1 z,=0 i=1 e(p;*)

But it is known (1) that if (a,p) = 1, and aa’ =1 (mod p), then

indg(a + ptu) = ind, a + Ap—1)f(a’u) (mod ¢(p™)),

where

Lo, 2 715/,1,ss+1 K

flu)=u 5 s+ 1 .

(0 was defined above).
Then
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[ [[Tp;i " —om;indg (¢, +Q+T)
Sil< D | D ewqmi| ) )

(o
z,=1| 2,=0 i=1 o(p;*)

L <Ciz2 et (_1)7'71xffl(cizrz)rp‘?"(r_lv

+3° i -

=1 1

— )
a;—1

l s . .
J
where ¢, = | |j:1 p;’, i +7,

!
53] < pri|52|a

=1

l s;—81,
iy 2" 7" ! s 921 D si(r=1) g
S| = o a;1Ty — P, ‘ai2x2§ + ...+ po p;’ ;Lo
S| = exp q 2mi :

si(r=1)+s;—sy;

To=0 i=1 i

where (a;;,p;) =1, j=1,....5i=1,...,1
Consider the coefficient of 2%. It is equal to
Qe _ (_1)T71Ar

(1)t ¢ ‘
— = A,p)=1 i=1,..,1
5,—51; 1 PP ( riDi ) ) ' by
r “— p; 1 Tnizl pfl S1i

. ! r—1
S;i—S1; S;—81;
r[[pi < (Hpi ) :

=1

i=1
Consequently, S, can be estimated by the estimate of I. M. Vinogradov (%)

L !
‘SQ| < T3rlogr Hpisq‘,*Su)(l*m) _ €3rlog2r Hp(.sifs”)(lfm) .

7
i=1 i=1

Then

1
q'r2 logr’

l l
|S| < prsq‘,*l + ]\/'637'10g2 r Hp;(Si*Su)
=1 i=1
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since

45
+1)g2 &+ +1

v

(au IOg au>3/4 - (au 10g au)1/4 —1

< 3{ ((a, logar,)¥* — (a, log oy, ) /4 + 1)} L (3(e, loga, ) — (o, log av, ) 1/4)
al/

Q‘Q

v

Now let us estimate the second term. It is easy to see that

l

! —4r log rot — Yo, loga, 2i o %L a, loga,,
P, v <I]pi B H P, :
=1 i=1

Estimating (1) by means of this inequality, we obtain
. . ! .
ﬁ « loga 72—14\/al,logay 7:—1 Ya,loga,
5| < sz ‘ N+ H ‘ <N]I»:™

which was required to be proved.
§ 2. Growth and zeros of L-functions.

Theorem 2. Let (Q > 3 be a constant;

Q+1

4
log D < O;” i D=pitp'ly s=o+it; |s|<Cy; o> 1—
log” o,

and let x (k) be a primitive character modulo D. Then

|L(s,x)| < C(log D).

Lemma. If

k, for kK < D%,

< ! oc>1—7, |s|<Cy,
kJHpiB"', for k > D¥,
i=1

ZXD(x)

=1

and the conditions
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1) wy < Cy/logD;
2) ay<B, i=12.,1,

are satisfied, then

[L(s,x)| < Co/.

Proof of the lemma. It is easy to see that

N N-1 k
D agk =Y Splby —byyy),  where Sy =Y a,, S;=Sy=0.
k=1 k=1 v=1

Choose a;, = xp(k), b, = 1/k*, N = AD (X an integer). Then

2 1Sl
< cl Z k27'y;
k=1

k=1 ke k=1
DR QNI ol o
i e P (k1D + ky)2—7

Hence

§ Xp(k) i |5l
ks 4 k2=
k=1 k=1

In this case

I -~ 154
| (57X)| < CSZ k2"
k=1

But

sovietrxiv.org/items/ru-196101.30019 Machine Translation


https://sovietrxiv.org/items/ru-196101.30019

Consequently,

D+ DV[T_, p;”
‘L(S7X>‘ <C7 v =1 )

and, taking into account the conditions of the lemma, we obtain

[L(s, )| < o/
Proof of the theorem. For the proof it is enough to show that, if

Q+1
4

= (log D)~ Q+1 logD < (oa,,/ log” a,,) ,

then the conditions of the lemma are satisfied, i.e. wy < ¢y/log D and oy < 5;,
i = 1,...,1. But, applying Theorem 1, we have w = 3(log3 a, /a4 B =

% (o, log a, )4,

v

The conditions of the lemma take the form:
a) 3(log” @, /a, )4 (log D)+ < ¢y
b) a§/4/(logay)1/4 < (logD)%.

Then a) follows from the fact that log D < (,,/log” a,)¥/4, while b) is obvious
for @ > 3. Thus the theorem is proved.

Theorem 3. If x (k) is a primitive character modulo D and

Q+1
1

logD < (ay/ log” al,) , Q@ > 3 is a constant, (a,/log® o, )1/* > 13,

then L(s, x) has no zeros in the region

c

log% D -log logD.

o>1—

The proof is not given here, since it is entirely analogous to the proof of the
theorem for D = p™ (see (1), Theorem 3).
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