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Abstract
Full Text

MATHEMATICS
Yu. V. KASHIRSKII

ON THE QUESTION OF THE LOCATION OF
THE ZEROS OF DIRICHLET 𝐿-SERIES
(Presented by Academician I. M. Vinogradov on 11 X 1960)

The present work is devoted to estimating sums of characters

∣
𝑇 +𝑁
∑

𝑘=𝑇 +1
𝜒𝐷(𝑘)∣

(where 𝜒𝐷(𝑘) is a primitive character modulo 𝐷) and to their application to
estimating the growth and the location of the zeros of 𝐿-series in the critical strip.
The results of the present investigation develop the works of A. G. Postnikov
(1) and S. M. Rozin (2).
§ 1. Estimate of the sum of characters.

Theorem 1. Let

𝑆 =
𝑇 +𝑁
∑

𝑘=𝑇 +1
𝜒𝐷(𝑘),

where 𝜒𝐷(𝑘) is a primitive character modulo

𝐷 = 𝑝𝛼1
1 ⋯ 𝑝𝛼𝑙

𝑙

with min(𝑝1, … , 𝑝𝑙) > 2, and let 𝛼𝜈 = min(𝛼1, … , 𝛼𝑙) be such that

(𝛼𝜈/ log3 𝛼𝜈)1/4 ≥ 13 (𝛼𝜈 > 108, log 𝛼𝜈 ≥ 18.8),

and

𝑙
∏
𝑖=1

𝑝3𝛼𝑖(log3 𝛼𝜈/𝛼𝜈)1/4

𝑖 < 𝑁.

Then the estimate
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|𝑆| < 𝑁
𝑙

∏
𝑖=1

𝑝− 𝛼𝑖
𝛼𝜈 (𝛼𝜈 log 𝛼𝜈)1/4

𝑖 .

is valid.

Proof. Choose 𝑟 from the equality

𝑟 = [ 𝛼𝜈
(𝛼𝜈 log 𝛼𝜈)3/4 − (𝛼𝜈 log 𝛼𝜈)1/4 ] .

It is clear that

𝑟 > 𝛼𝜈
(𝛼𝜈 log 𝛼𝜈)3/4 − (𝛼𝜈 log 𝛼𝜈)1/4 − 1 > [ 𝛼𝜈

log3 𝛼𝜈
]

1/4

− 1 ≥ 12.

Let

𝑠𝑖 = [𝛼𝑖 + 𝛿
𝑟 ] + 1,

where 𝛿 = −1, if 𝛼𝑖 ≠ 𝛼𝑝𝑓
𝑖 − 𝜈, (𝛼, 𝑝𝑖) = 1, 𝑓 = 1, 2, …, 0 ≤ 𝜈 ≤ 𝑓 − 1, and

𝛿 = 𝜈, if 𝛼𝑖 = 𝛼𝑝𝑓
𝑖 − 𝜈. Then

𝑠𝑖 = 𝛼𝑖 − 1
𝑟 + 𝑠1𝑖

𝑟 , 𝑠1𝑖 = 𝑑 + 𝛿 + 1 (1 ≤ 𝑑 ≤ 𝑟).

Denote by 𝑁1 such a number that

𝑁 =
𝑙

∏
𝑖=1

𝑝 2𝑠𝑖−𝑠1𝑖
𝑖 𝑁1 + 𝑅.

𝑠𝑖 −𝑠1𝑖 = 𝛼𝑖 −1−𝑠𝑖(𝑟−1) = 𝛼𝑖 −1−[𝛼𝑖 + 𝛿
𝑟 ] (𝑟−1)−(𝑟−1) ≥ 𝛼𝑖

𝑟 −𝜈 −𝑟 ≥ 0,

since

𝑟 < 2𝛼𝜈
(𝛼𝜈 log 𝛼𝜈)1/4 < 2𝛼3/4

𝜈 ; 𝜈 ≤ 𝑓 ≤ log𝑝𝑖
𝛼𝑖 < log3 𝛼𝑖,

𝑅 ≤
𝑙

∏
𝑖=1

𝑝 2𝑠𝑖−𝑠1𝑖
𝑖 ≤

𝑙
∏
𝑖=1

𝑝 2𝑠𝑖−1
𝑖 .
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Then

∣
𝑇 +𝑁
∑

𝑘=𝑇 +1
𝜒𝐷(𝑘)∣ ≤ 𝑁1|𝑆1| +

𝑙
∏
𝑖=1

𝑝 2𝑠𝑖−1
𝑖 .

Here

|𝑆1| = max
𝑄

∣
∣∣
∣

𝑄+𝑇 +∏𝑖=1
𝑙𝑝2𝑠𝑖−𝑠1𝑖

𝑖

∑
𝑘=𝑄+𝑇 +1

𝜒𝐷(𝑘)
∣
∣∣
∣
.

But

∑ 𝜒𝐷(𝑘) = ∑ 𝜒𝑝𝛼1
1

(𝑘) … 𝜒𝑝𝛼𝑙
𝑙

(𝑘) = ∑ exp {2𝜋𝑖
𝑙

∑
𝑖=1

𝑚𝑖 ind𝑔𝑖
𝑘

𝜑(𝑝𝛼𝑖
𝑖 ) } ,

where 𝑔𝑖 is a primitive root modulo 𝑝𝛼𝑖
𝑖 , and (𝑚𝑖, 𝑝𝑖) = 1.

Let, for 𝑄 = 𝑄1, the maximum of the sum be attained

𝑆1 =
∏𝑖=1

𝑙𝑝2𝑠𝑖−𝑠1𝑖
𝑖

∑
𝑘=1

exp {2𝜋𝑖
𝑙

∑
𝑖=1

𝑚𝑖 ind𝑔𝑖
(𝑘 + 𝑇 + 𝑄1)

𝜑(𝑝𝛼𝑖
𝑖 ) } .

We make the substitution 𝑘 = 𝑥1 + ∏𝑙
𝑖=1 𝑝𝑠𝑖

𝑖 𝑥2.

|𝑆1| ≤
∏𝑖=1

𝑙𝑝𝑠𝑖
𝑖

∑
𝑥1=1

∣
∣∣
∣

∏𝑖=1
𝑙𝑝𝑠−𝑠1𝑖

𝑖

∑
𝑥2=0

exp
⎧{
⎨{⎩

2𝜋𝑖
𝑙

∑
𝑖=1

𝑚𝑖 ind𝑔𝑖
(𝑥1 + 𝑇 + 𝑄1 + ∏𝑙

𝑖=1 𝑝𝑠𝑖
𝑖 𝑥2)

𝜑(𝑝𝛼𝑖
𝑖 )

⎫}
⎬}⎭

∣
∣∣
∣
.

But it is known (1) that if (𝑎, 𝑝) = 1, and 𝑎𝑎′ ≡ 1 (mod 𝑝𝜈), then

ind𝑔(𝑎 + 𝑝𝜇𝑢) ≡ ind𝑔 𝑎 + 𝜆(𝑝 − 1)𝑓(𝑎′𝑢) (mod 𝜑(𝑝𝑛)),

where

𝑓(𝑢) ≡ 𝑢 − 𝑝𝜇𝑢2

2 + … + (−1)𝑠𝑝𝜇𝑠𝑢𝑠+1

𝑠 + 1 (mod 𝑝𝑛−1), 𝑠 = [𝑛 + 𝛿
𝜇 ]

(𝛿 was defined above).
Then
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|𝑆1| ≤
∏ 𝑝𝑠𝑖

𝑖

∑
𝑥1=1

∣
∏ 𝑝𝑠𝑖−𝑠1𝑖

𝑖

∑
𝑥2=0

exp {2𝜋𝑖 (
𝑙

∑
𝑖=1

𝑚𝑖 ind𝑔𝑖
(𝑥1 + 𝑄 + 𝑇 )

𝜑(𝑝𝛼𝑖
𝑖 ) +

+
𝑙

∑
𝑖=1

𝑚𝑖𝜆𝑖 (𝑐𝑖𝑥2 − … + (−1)𝑟−1

𝑟 𝑥 𝑟−1
1 (𝑐𝑖𝑥2)𝑟𝑝𝑠𝑖(𝑟−1)

𝑖 )
𝑝𝛼𝑖−1

𝑖

⎞⎟⎟
⎠

⎫}
⎬}⎭

∣ ,

where 𝑐𝑖 = ∏𝑙
𝑗=1 𝑝𝑠𝑗

𝑗 , 𝑖 ≠ 𝑗,

|𝑆1| ≤
𝑙

∏
𝑖=1

𝑝𝑠𝑖
𝑖 |𝑆2|,

|𝑆2| =
∣
∣∣
∣

∏𝑖=1
𝑙𝑝𝑠𝑖−𝑠1𝑖

𝑖

∑
𝑥2=0

exp {2𝜋𝑖
𝑙

∑
𝑖=1

𝑎𝑖1𝑥2 − 𝑝𝑠1𝑖
𝑖 𝑎𝑖2𝑥2

2
1
2 + … + (−1)𝑟−1

𝑟 𝑝𝑠𝑖(𝑟−1)
𝑖 𝑎𝑖𝑟𝑥𝑟

2
𝑝𝑠𝑖(𝑟−1)+𝑠𝑖−𝑠1𝑖

𝑖
}

∣
∣∣
∣
,

where (𝑎𝑖𝑗, 𝑝𝑖) = 1, 𝑗 = 1, … , 𝑙; 𝑖 = 1, … , 𝑙.
Consider the coefficient of 𝑥𝑟

2. It is equal to

(−1)𝑟−1

𝑟
𝑙

∑
𝑖=1

𝑎𝑖𝑟
𝑝𝑠𝑖−𝑠1𝑖

𝑖
= (−1)𝑟−1𝐴𝑟

𝑟 ∏𝑙
𝑖=1 𝑝𝑠𝑖−𝑠1𝑖

𝑖
, (𝐴𝑟, 𝑝𝑖) = 1, 𝑖 = 1, … , 𝑙;

𝑟
𝑙

∏
𝑖=1

𝑝𝑠𝑖−𝑠1𝑖
𝑖 < (

𝑙
∏
𝑖=1

𝑝𝑠𝑖−𝑠1𝑖
𝑖 )

𝑟−1

.

Consequently, 𝑆2 can be estimated by the estimate of I. M. Vinogradov (3)

|𝑆2| ≤ 𝑟3𝑟 log 𝑟
𝑙

∏
𝑖=1

𝑝(𝑠𝑖−𝑠1𝑖)(1− 1
9𝑟2 log 𝑟 )

𝑖 = 𝑒3𝑟 log2 𝑟
𝑙

∏
𝑖=1

𝑝(𝑠𝑖−𝑠1𝑖)(1− 1
9𝑟2 log 𝑟 )

𝑖 .

Then

|𝑆| ≪
𝑙

∏
𝑖=1

𝑝2𝑠𝑖−1
𝑖 + 𝑁𝑒3𝑟 log2 𝑟

𝑙
∏
𝑖=1

𝑝−(𝑠𝑖−𝑠1𝑖)
𝑖

1
𝑞𝑟2 log 𝑟 ,

𝑙
∏
𝑖=1

𝑝2𝑠𝑖−1
𝑖 < 1

3
𝑙

∏
𝑖=1

𝑝2𝑠𝑖
𝑖 < 1

3
𝑙

∏
𝑖=1

𝑝− 𝛼𝑖
𝛼𝜈

4√𝛼𝜈 log 𝛼𝜈
𝑖 𝑁,
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since

2𝑠𝑖 ≤ 2 (𝛼𝑖 + 𝛿
𝑟 + 1) ≤ 2

⎧{
⎨{⎩

𝛼𝑖 + 𝛿
𝛼𝜈

(𝛼𝜈 log 𝛼𝜈)3/4 − (𝛼𝜈 log 𝛼𝜈)1/4 − 1
+ 1

⎫}
⎬}⎭

≪ 3 { 𝛼𝑖
𝛼𝜈

((𝛼𝜈 log 𝛼𝜈)3/4 − (𝛼𝜈 log 𝛼𝜈)1/4 + 1)} ≤ 𝛼𝑖
𝛼𝜈

(3(𝛼𝜈 log 𝛼𝜈)3/4 − (𝛼𝜈 log 𝛼𝜈)1/4) .

Now let us estimate the second term. It is easy to see that

𝑙
∏
𝑖=1

𝑝−4𝑟 log2 𝑟 𝛼𝑖
𝛼𝜈

𝑖 <
𝑙

∏
𝑖=1

𝑝− 4√𝛼𝜈 log 𝛼𝜈
𝛼𝑖
𝛼𝜈 −1

𝑖 ≪ 1
3

𝑙
∏
𝑖=1

𝑝− 𝛼𝑖
𝛼𝜈

4√𝛼𝜈 log 𝛼𝜈
𝑖 .

Estimating (1) by means of this inequality, we obtain

|𝑆| ≤ 1
3

𝑙
∏
𝑖=1

𝑝− 𝛼𝑖
𝛼𝜈

4√𝛼𝜈 log 𝛼𝜈
𝑖 𝑁 + 1

3
𝑙

∏
𝑖=1

𝑝− 𝛼𝑖
𝛼𝜈

4√𝛼𝜈 log 𝛼𝜈
𝑖 < 𝑁

𝑙
∏
𝑖=1

𝑝− 𝛼𝑖
𝛼𝜈

4√𝛼𝜈 log 𝛼𝜈
𝑖 ,

which was required to be proved.

§ 2. Growth and zeros of 𝐿-functions.

Theorem 2. Let 𝑄 > 3 be a constant;

log 𝐷 ≤ ( 𝛼𝜈
log3 𝛼𝜈

)
𝑄+1

4

; 𝐷 = 𝑝𝛼1
1 ⋯ 𝑝𝛼𝑙

𝑙 ; 𝑠 = 𝜎+𝑖𝑡; |𝑠| < 𝐶1; 𝜎 ≥ 1− 1
(log 𝐷) 𝑄

𝑄+1
,

and let 𝜒𝐷(𝑘) be a primitive character modulo 𝐷. Then

|𝐿(𝑠, 𝜒)| < 𝐶(log 𝐷) 𝑄
𝑄+1 .

Lemma. If

∣
𝑘

∑
𝑥=1

𝜒𝐷(𝑥)∣ ≪
⎧{
⎨{⎩

𝑘, for 𝑘 ≤ 𝐷𝜔,

𝑘
𝑙

∏
𝑖=1

𝑝𝛽𝑖
𝑖 , for 𝑘 > 𝐷𝜔,

𝜎 ≥ 1 − 𝛾, |𝑠| < 𝐶1,

and the conditions
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1) 𝜔𝛾 ≤ 𝐶0/ log 𝐷;
2) 𝛼𝑖𝛾 ≤ 𝛽𝑖, 𝑖 = 1, 2, … , 𝑙,

are satisfied, then

|𝐿(𝑠, 𝜒)| < 𝐶2/𝛾.

Proof of the lemma. It is easy to see that

𝑁
∑
𝑘=1

𝑎𝑘𝑏𝑘 =
𝑁−1
∑
𝑘=1

𝑆𝑘(𝑏𝑘 − 𝑏𝑘+1), where 𝑆𝑘 =
𝑘

∑
𝜈=1

𝑎𝜈, 𝑆0 = 𝑆𝑁 = 0.

Choose 𝑎𝑘 = 𝜒𝐷(𝑘), 𝑏𝑘 = 1/𝑘𝑠, 𝑁 = 𝜆𝐷 (𝜆 an integer). Then

∣
𝜆𝐷
∑
𝑘=1

𝜒𝐷(𝑘)
𝑘𝑠 ∣ = ∣

𝜆𝐷−1
∑
𝑘=1

𝑆𝑘 ( 1
𝑘𝑠 − 1

(𝑘 + 1)𝑠 )∣ < 𝑐1
𝜆𝐷
∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 ;

𝜆𝐷
∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 =

𝐷
∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 +

𝜆−1
∑
𝑘1=1

𝐷
∑
𝑘2=1

|𝑆𝑘2
|

(𝑘1𝐷 + 𝑘2)2−𝛾 <

<
𝐷

∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 +

𝐷
∑
𝑘2=1

|𝑆𝑘2
|

𝐷2−𝛾 (
𝜆−1
∑
𝑘1=1

1
𝑘2−𝛾

1
) < 𝑐3

𝐷
∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 .

Hence

∣
𝜆𝐷
∑
𝑘=1

𝜒𝐷(𝑘)
𝑘𝑠 ∣ < 𝑐4

𝐷
∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 .

Let 𝜆 be taken so large that

∣
∞

∑
𝑘=𝜆𝐷+1

𝜒𝐷(𝑘)
𝑘𝑠 ∣ < 1.

In this case

|𝐿(𝑠, 𝜒)| < 𝑐5
𝐷

∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 .

But
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𝐷
∑
𝑘=1

|𝑆𝑘|
𝑘2−𝛾 ≤

𝐷𝜔

∑
𝑘=1

1
𝑘1−𝛾 +

𝑙
∏
𝑖=1

𝑝−𝛽𝑖
𝑖

𝐷
∑

𝑘>𝐷𝜔

1
𝑘1−𝛾 ≤ 𝑐6

𝐷𝜔𝛾 + 𝐷𝛾 ∏𝑙
𝑖=1 𝑝−𝛽𝑖

𝑖
𝛾 .

Consequently,

|𝐿(𝑠, 𝜒)| < 𝑐7
𝐷𝜔𝛾 + 𝐷𝛾 ∏𝑙

𝑖=1 𝑝−𝛽𝑖
𝑖

𝛾 ,

and, taking into account the conditions of the lemma, we obtain

|𝐿(𝑠, 𝜒)| < 𝑐2/𝛾.

Proof of the theorem. For the proof it is enough to show that, if

𝛾 = (log 𝐷)− 𝑄
𝑄+1 , log 𝐷 ≤ (𝛼𝜈/ log3 𝛼𝜈)

𝑄+1
4 ,

then the conditions of the lemma are satisfied, i.e. 𝜔𝛾 ≤ 𝑐0/ log 𝐷 and 𝛼𝑖𝛾 ≤ 𝛽𝑖,
𝑖 = 1, … , 𝑙. But, applying Theorem 1, we have 𝜔 = 3(log3 𝛼𝜈/𝛼𝜈)1/4, 𝛽𝑖 =𝛼𝑖
𝛼𝜈

(𝛼𝜈 log 𝛼𝜈)1/4.

The conditions of the lemma take the form:

a) 3(log3 𝛼𝜈/𝛼𝜈)1/4(log 𝐷)𝑄+1 ≤ 𝑐0;

b) 𝛼3/4
𝜈 /(log 𝛼𝜈)1/4 < (log 𝐷) 𝑄

𝑄+1 .

Then a) follows from the fact that log 𝐷 ≤ (𝛼𝜈/ log3 𝛼𝜈)1/4, while b) is obvious
for 𝑄 > 3. Thus the theorem is proved.

Theorem 3. If 𝜒𝐷(𝑘) is a primitive character modulo 𝐷 and

log 𝐷 ≤ (𝛼𝜈/ log3 𝛼𝜈)
𝑄+1

4 , 𝑄 > 3 is a constant, (𝛼𝜈/ log3 𝛼𝜈)1/4 ≥ 13,

then 𝐿(𝑠, 𝜒) has no zeros in the region

𝜎 > 1 − 𝑐
log

𝑄
𝑄+1 𝐷 ⋅ log log 𝐷

.

The proof is not given here, since it is entirely analogous to the proof of the
theorem for 𝐷 = 𝑝𝑛 (see (1), Theorem 3).
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