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Abstract
Full Text
CYBERNETICS AND CONTROL THEORY
Yu. I. ZHURAVLEV

ALGORITHMS FOR SIMPLIFYING DIS-
JUNCTIVE NORMAL FORMS OF FINITE
INDEX
(Presented by Academician S. L. Sobolev on 4 IV 1961)

In the present note we use the concepts and notation introduced in (2,3 ). In-
stead of the notation 𝜑[𝑆(𝔄(𝑖), 𝔑)] we introduce the more natural notation
𝜑[𝔄(𝑖), 𝑆(𝔄(𝑖), 𝔑)].
It is known (3) that in the class of algorithms of finite index there is no algo-
rithm which, for all functions 𝑓 of the algebra of logic, from a reduced DNF 𝔑𝑓
makes it possible to construct a DNF (𝔑𝑓)Σ𝑀 . At the same time, algorithms of
finite index make it possible in a number of cases to carry out considerable sim-
plifications of a reduced DNF. In the present note we study algorithms of finite
index that make it possible to carry out the greatest possible simplifications of
a DNF.

Application of such algorithms to a reduced DNF 𝔑𝑓 makes it possible to con-
struct DNFs

(𝔑𝑓)1, … , (𝔑𝑓)𝑘, … ⊇ (𝔑𝑓)1 ⊇ ⋯ ⊇ (𝔑𝑓)𝑘 ⊇ ⋯ ,

possessing the principal properties of a reduced DNF:

1) to each function 𝑓 of the algebra of logic there corresponds a unique DNF
(𝔑𝑓)𝑖, 𝑖 = 1, 2, … , 𝑘, … ;

2) (𝔑𝑓)Σ𝑀 ⊆ (𝔑𝑓)𝑖, 𝑖 = 1, 2, … , 𝑘, … ;
3) it also turns out that, by applying algorithms of index 𝑘 to the reduced

DNF 𝔑𝑓 , one cannot obtain a DNF simpler than (𝔑𝑓)𝑘.

Let 𝔑𝑓 be a reduced DNF of the function 𝑓 , composed of unmarked conjunctions;
𝔑𝑓(𝐴), 𝔑𝑓(𝐵) are the images of 𝔑𝑓 under algorithms 𝐴 and 𝐵, respectively.
We shall say that the inequality 𝐴 ⩾ 𝐵 holds if, for all 𝑓 , the relation 𝔑𝑓(𝐴) ⊇
𝔑𝑓(𝐵) is fulfilled.

An algorithm 𝐴 of index 𝑘 is called 𝑘-majorant if, for every algorithm 𝐵 of index
𝑘, the relation 𝐴 ⩾ 𝐵 holds.

If all algorithms generated by a function 𝜑 are 𝑘-majorant, then the function 𝜑
will also be called 𝑘-majorant.
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We note that if an algorithm 𝐴 is generated by a monotone function 𝜑 and is
𝑘-majorant, then the function 𝜑 is 𝑘-majorant.

We proceed to the construction of 𝑘-majorant functions 𝜑𝑘[𝔄(𝑖), 𝑆(𝔄(𝑖), 𝔑)] (𝑘 =
1, 2, … , 𝑚, …). In the constructions we use functions 𝑓(𝑥1 … 𝑥𝑛), defined on a
nonempty subset of the set 𝐸𝑛 of all vertices of the 𝑛-dimensional unit cube and
taking the values 0 and 1 (1) (not everywhere defined functions of the algebra
of logic).

Let a nonempty set 𝔐 of functions of the algebra of logic and not everywhere
defined functions of the algebra of logic be given. A conjunction 𝔄 has property
(0) relative to 𝔐 if in 𝔐 there exist functions 𝑓1 and 𝑓2 such that

𝔄 ∈ (𝔑𝑓1
)Σ𝑀 , 𝔄 ∉ (𝔑𝑓2

)Σ𝑀 .

A conjunction 𝔄 has property (1) relative to 𝔐 if: 1) for all 𝑓 from 𝔐 we have

𝔄 ∈ (𝔑𝑓)Σ𝑀 ;

2) in 𝔐 there exist functions 𝑓1 and 𝑓2 such that

𝔄 ∈ (𝔑𝑓1
)∩𝑀 , 𝔄 ∉ (𝔑𝑓2

)∩𝑀 .

A conjunction 𝔄 has property (2) relative to 𝔐 if, for all 𝑓 from 𝔐, we have

𝔄 ∉ (𝔑𝑓)Σ𝑀 .

A conjunction 𝔄 has ⋯

has property (3) with respect to 𝔑, if for all 𝑓 from 𝔑 the relations 𝔄 ∈ (𝔑𝑓)Σ𝑀 ,
𝔄 ∉ (𝔑𝑓)∩𝑀 are satisfied. The conjunction 𝔄(𝑖) has property (4) with respect
to 𝔑, if for all 𝑓 from 𝔑 the relation 𝔄 ∈ (𝔑𝑓)∩𝑀 is satisfied.

Definition. We shall call a conjunction 𝔄(𝑓), 𝑗 ∈ {0, 1, 2, 3, 4}, and a function
𝑓 consistent if one of the conditions 1)—5) is fulfilled: 1) 𝑗 = 0; 2) 𝑗 = 1,
𝔄 ∈ (𝔑𝑓)Σ𝑀 ; 3) 𝑗 = 2, 𝔄 ∉ (𝔑𝑓)Σ𝑀 ; 4) 𝑗 = 3, 𝔄 ∈ (𝔑𝑓)Σ𝑀 , 𝔄 ∉ (𝔑𝑓)∩𝑀 ;
5) 𝑗 = 4, 𝔄 ∈ (𝔑𝑓)∩𝑀 . A set of conjunctions {𝔄(𝑗1)

1 , 𝔄(𝑗2)
2 , … , 𝔄(𝑗𝑙)

𝑙 } and 𝑓 are
consistent if all 𝔄(𝑗𝑖)

𝑖 (𝑖 = 1, 2, … , 𝑙) are consistent.

Let 𝔑𝑓 be a reduced d.n.f. of a Boolean-algebra function 𝑓(𝑥1, … , … , 𝑥𝑛), 𝔄(𝑗) ∈
𝔑𝑓 , and

𝑆𝑘(𝔄(𝑗), 𝔑𝑓) = {𝔄(𝑗), 𝔅(𝑗)
1 , … , 𝔅(𝑗)

𝑙 }
be the principal neighborhood of order 𝑘 of the conjunction 𝔄(𝑗) in the d.n.f.
𝔑𝑓 (𝑆0(𝔄(𝑗), 𝔑𝑓) = {𝔄(𝑗)}).
Denote by 𝐾𝑛(𝔄(𝑗), 𝑆𝑘, 𝔑𝑓) the set of Boolean-algebra functions 𝜓𝑖(𝑥1, … , 𝑥𝑛)
such that: 1) 𝑀[𝑆𝑘(𝔄(𝑗), 𝔑𝜓𝑖

)] = 𝑀[𝑆𝑘(𝔄(𝑗), 𝔑𝑓)]; 2) 𝜓𝑖 and 𝑆𝑘(𝔄(𝑗), 𝔑𝑓) are
consistent. The conjunction 𝔄(𝑗) has, with respect to 𝐾𝑛(𝔄(𝑗), 𝑆𝑘, 𝔑𝑓), one of
the properties (0), (1), (2), (3), (4).
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We define the functions 𝜑𝑘(𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔑𝑓)), 𝑘 = 1, 2, … , 𝑚, …, as follows:

𝔄(𝑗) has, with respect to 𝐾𝑛(𝔄(𝑗), 𝑆𝑘, 𝔑𝑓), property (𝑖), 𝑖 ∈ {0, 1, 2, 3, 4};

𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔑𝑓)] = (𝑖). (1)

Theorem 1. The functions 𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔑𝑓)] are monotone (𝑘 =
1, 2, … , … , 𝑚, …).
It follows from Theorem 1 that all algorithms generated by the function 𝜑𝑘
are equivalent. We shall therefore speak of a single algorithm generated by the
function 𝜑𝑘, and denote it by 𝐴𝑘.

Theorem 2. The functions 𝜑𝑘 and, consequently, the algorithms 𝐴𝑘 are 𝑘-
majorant.

Applying to 𝔑𝑓 the algorithms generated by the functions 𝜑1, 𝜑2, … , 𝜑𝑚, …, we
obtain d.n.f.’s (𝔑𝑓)1, … , (𝔑𝑓)𝑚, …, possessing properties (1), (2), (3).

Let us also note that, for any 𝑚 > 0, there is a function 𝑓(𝑥1, … , … , 𝑥𝑛(𝑚)) such
that 𝑀[(𝔑𝑓)𝑚 ∖ (𝔄𝑓)𝑚−1] is nonempty.

The computation of 𝜑𝑘, based on definition (1), is connected with great difficul-
ties. Below we shall construct functions Φ𝑘, 𝑘 = 1, 2, … , 𝑚, …, which generate
algorithms weaker than 𝜑𝑘, but more simply computable.

Let 𝔄(𝑗) ∈ 𝔑𝑓 and

𝑆𝑘(𝔄(𝑗), 𝔑𝑓) = {𝔄(𝑗), 𝔅(𝑖1)
2 , … , 𝔅(𝑖𝑙)

𝑙 }, 𝑆𝑘−1(𝔄(𝑗), 𝔑𝑓) = {𝔄(𝑗), 𝔄(𝑖1)
1 , … , 𝔄(𝑖𝑝)

𝑝 }.

We denote:

𝑀𝑘(𝔄(𝑗), 𝔑𝑓) =
𝑙

⋃
𝑖=1

𝑁𝔅𝑖
∪ 𝑁𝔄,

𝑀𝑘−1(𝔄(𝑗), 𝔑𝑓) =
𝑝

⋃
𝑖=1

𝑁𝔄𝑖
∪ 𝑁𝔄, 𝑀𝑘−1,𝑘 = 𝑀𝑘 ∖ 𝑀𝑘−1.

We shall denote the set of all subsets of 𝑀𝑘−1,𝑘 by 𝑀𝑘−1,𝑘; the set of all vertices
of the 𝑛-dimensional unit cube by 𝐸𝑛. To each element 𝑚𝛼 of 𝑀𝑘−1,𝑘 we assign
a not everywhere defined Boolean-algebra function-

vertices of logic:

𝑓(𝑥1 … 𝑥𝑛) =
⎧{
⎨{⎩

1, if (𝑥1 … 𝑥𝑛) ∈ [𝑀𝑘(𝔄(𝑗), 𝔄𝑙) ∖ 𝔐𝑎],
0, if (𝑥1 … 𝑥𝑛) ∈ [𝐸𝑛 ∖ 𝑀𝑘(𝔄(𝑗), 𝔄𝑙)],
undefined, if (𝑥1 … 𝑥𝑛) ∈ 𝔐𝑎.
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We shall denote the set of functions thus obtained by {𝐹𝑀𝑘
}. From {𝐹𝑀𝑘

}
we single out all functions with which the conjunctions 𝔄(𝑗), 𝔅(𝑖1)

1 , … , 𝔅(𝑖𝑙)
𝑙 are

compatible. We shall denote the set of such functions by {𝐹𝑆𝑀𝑘
}.

Define the function 𝜑𝑘 as follows:
𝔄(𝑗) has, relative to {𝐹𝑆𝑀𝑘

}, property (𝑖) (𝑖 ∈ {0, 1, 2, 3, 4}).

𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔄𝑙)] = (𝑖). (11)

Theorem 3. The functions 𝜑𝑘, 𝑘 = 1, 2, … , 𝑚, … , are monotone.

Using definition (11), it is not difficult to construct an algorithm for computing
𝜑𝑘.

In the set 𝑀𝑘 select all points at distance not greater than 1* from 𝑀𝑘−1,𝑘.
Denote the resulting set by 𝑀0

𝑘−1,𝑘 ∪ 𝑀1
𝑘−1,𝑘.

Theorem 4. If the neighborhood 𝑆𝑘(𝔄(𝑗), 𝔄(𝑥1 … 𝑥𝑛)) is such that the set
𝑀0

𝑘−1,𝑘 ∪𝑀1
𝑘−1,𝑘 is contained in the set of vertices of a face of dimension 𝑚, and

𝑚 ≤ 𝑛 − 2, then

𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔄(𝑥1 … 𝑥𝑛))] = 𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔄(𝑥1 … 𝑥𝑛))].

We shall call the neighborhood 𝑆𝑘(𝔄(𝑗), 𝔄(𝑥1 … 𝑥𝑛)) nondegenerate for
(𝔄(𝑗), 𝔄) if in 𝑆𝑘(𝔄(𝑗), 𝔄) there is no conjunction 𝔅(𝑖) such that 𝑁𝔅 ⊆ 𝑀𝑘−1,𝑘.

Theorem 5. If 𝑆𝑘(𝔄(𝑗), 𝔄) is nondegenerate for (𝔄(𝑗), 𝔄(𝑥1 … 𝑥𝑛)), and the set
𝑀0

𝑘−1,𝑘 ∪ 𝑀1
𝑘−1,𝑘 is contained in the set of vertices of a face of dimension not

greater than 𝑛 − 1, then

𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔄)] = 𝜑𝑘[𝔄(𝑗), 𝑆𝑘(𝔄(𝑗), 𝔄)].

Theorems 4 and 5 indicate conditions under which 𝜑𝑘 and 𝜑𝑘 coincide on the
given neighborhood 𝑆𝑘(𝔄(𝑗), 𝔄). Under these conditions, the computation of 𝜑𝑘
may be carried out on the basis of definition (11).
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∗ 𝜌(𝛼, 𝛽) =
𝑛

∑
𝑖=1

|𝛼𝑖 − 𝛽𝑖| (𝛼 = 𝛼1 … 𝛼𝑛), 𝛽 = (𝛽1 … 𝛽𝑛).

Note: Figure translations are in progress. See original paper for figures.
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