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1. In the present work we consider the question of nonnegative solutions of
the equation

rt —s? = f(z,y,2z,p,¢)(1+p* +¢*)%, (1)

where 0 < « < 1, satisfying the condition

Z(:c,y)’F = 0. (2)

The problem is considered in a bounded convex domain €2, whose boundary
I' has curvature bounded below by a positive number. With respect to
flx,y,2,p,q) it is assumed that it is continuous in the aggregate of variables
{z,y} € Q, 2 > 0, —00 < p,q < o0, nonnegative, and, for values of z from
any finite interval, uniformly bounded above with respect to the remaining
variables. The nonnegativity of f(z,y, z,p, ¢) means that equation (1) is elliptic
and that the solutions of problem (1)—(2) (if they exist) are convex functions.

Each convex function z(z,y) generates, by means of its supporting planes z —
2(xg,y) = p(r — x¢) + q(y — yy), a mapping of points {zy,y,} € Q into the
plane of the variables {p,¢}. This mapping is called the normal mapping (1).
The normal mapping is multivalued at edge and conical points of the function
z(x,y); the normal mapping generates mappings of sets.

By a solution of problem (1)—(2) we shall understand a nonnegative convex func-
tion with absolutely continuous area of the normal image, satisfying equation
(1) almost everywhere and vanishing on T'.

2. Let us first consider the problem

rt—s* =g, y)1+p* +¢)*  2z,y)|. =0 (3)
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It turns out (see (1); for the case o = 0 this result was obtained by A. V.
Pogorelov (?)) that problem (3) in the indicated class has a unique solution, if
o(x,y) is summable. Let z(z,y) = A p(z,y).

Theorem 1. The operator A, maps every uniformly bounded family of non-
negative functions into a set compact in the sense of uniform convergence. The
operator A, maps every uniformly bounded and pointwise convergent sequence
of functions into a uniformly convergent sequence.

This theorem is proved by the method developed in (%).

Theorem 2. A. The operators A, are monotone in the sense that from 0 <
o(z,y) < Y(z,y) there follows the inequality A p(z,y) < A v(x,y).

B. For 0 < a < 1, for every nonnegative function ¢(x,y) the inequalities hold

AuDo(@,y)] = N5 Ayp(z,y) (0 A< 1), (4)

C. If ay < as, then for every nonnegative p(x,y) the inequality Aalgp(x,y) <
A,,p(z,y) holds.

D. The following estimates are valid

rmﬂu—amﬂ@+uﬁz—L if0<a<l,

0< Agp(z,y) <
roV eH‘PHTg7 if a =1;

[(1—a)|p|rd+1]Te —1, f0<a<l,
P’ +¢ < ,
elels — 1, ifoo=1,
where p and ¢ are the angular coefficients of any supporting plane to the graph

of the function A, p(x,y); 1/r, is a lower estimate of the specific curvature of
I.

3. Consider the operator

0 0

Theorem 3. The operator B leaves invariant the cone of nonnegative convex
functions satisfying condition (2), and is completely continuous on this cone (in
the sense of the uniform metric).

It is not hard to see that the fixed points of the operator B coincide with the
solutions of the boundary-value problem (1)—(2). This makes it possible, in
proving existence theorems, to apply various general fixed-point principles in a

cone (4°).
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4. Theorem 4. Suppose that the condition

a;(1+2%)7, if0<a<l,

6
a,ln' f(2+2), ifa=1, ©

fx,y,2,p,q) < {

is satisfied, where v < 1 —«, € > 0, a; > 0. Then the boundary-value problem
(1)—(2) has at least one solution.

If f(x,y,0,0,0) = 0, then the boundary-value problem has the trivial zero solu-
tion. The question arises of conditions for the existence of nontrivial solutions.

Theorem 5. Suppose that condition (6) is satisfied and suppose there exists
dy > 0 such that

f(xuyuzupuq) Za22278 (0§Z§607 —OO<p,q<OO)7 (7)

where ay > 0, € > 0. Then the boundary-value problem (1)—(2) has at least
one solution distinct from the identically zero one.

For the proof of this theorem one applies the principle of existence of a nonzero
fixed point for operators that are contractions of a cone (°).

Uniqueness of the nontrivial solution has so far been proved for the case when
0<a<1and

f(@,y,2,p,9) = f(x,y,2). (8)

Theorem 6. Suppose f(z,y,2) is nondecreasing in z; f(z,y,2) > 0 for z > 0
and almost all points {z,y} € Q. Suppose

where v, < 2(1 — «). Then the boundary-value problem (1)—(2) can have more
than one nonnegative solution distinct from the identically zero solution.

In the proof of this theorem the u,-concavity (4) of the operator B is used, where
ug(z,y) is the function whose graph is a cone with vertex over some interior point
of the domain €2, whose directrix is the contour I'.

It is interesting to note that the uniqueness of the nontrivial solution in the
conditions of Theorem 6 is obtained under assumptions for which there is no
maximum principle.

5. In Theorems 4—6 it was assumed that f(z,y, z,p,q), as a function of the
variable z, grows essentially more slowly than z2. We give a criterion for
the existence of a nontrivial solution that covers the case of arbitrarily
“strong” nonlinearities in z.
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Theorem 7. Suppose there exist 6, > 0 and My > 0 such that

fx,y,2,p,q) <azz™ ({z,y} € Q 0< 2 <0y, —0o<p,g<oo);  (10)

f(xayvzvpvq>2a4z’h ({xvy}€Q7 ZZM(N —OO<p7q<OO), (]‘1)
where vy, > 2, ag,a, > 0. Then the boundary-value problem (1)—(2) has, besides
the trivial zero solution, at least one more solution.

Under the conditions of this theorem the operator B is an expansion of the cone
(5),

6. In the case when the function f(x,y, z,p, ¢), as a function of the variable z,
has alternating intervals of rapid growth and intervals of slow growth, the
boundary-value problem (1)—(2) has, generally speaking, many solutions.
We indicate one particular theorem for the case 0 < a < 1.

Theorem 8. Suppose there exists a sequence R, — oo such that

f(x,y,2,p,q) > az"r (6R, <2< R,),

where v; > 2 and § > 0 is a sufficiently small number. Suppose, further, that
there exists a sequence R} — oo such that

fx,y,2,p,q) <a,(1+2*)2 (0<z< Ry,

where v, < 1 — «, and the numbers a,, satisfy the inequalities

_1
ro\/[ﬂ —a)a,(L+ R2)erg + 1] =1 < Ry,

where 1/ry is a lower estimate for the specific curvature of the contour I'. Then
the boundary-value problem (1)—(2) has a countable number of distinct solutions
z,,, whose mazima increase without bound as n — oco.

n’

7. In ©) theorems are established from which it follows that the operator

AZ[E(.’E, Y, 2, Dy Q)r + 2F(CL‘7y, z7p,q)s + G(x,y, 2, D, Q)t]

is completely continuous on the cone K of convex functions and leaves this cone
invariant if
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&+
OS_E (E,y,Z,p,q&Q—QF %%%%qg —G$7y72,p7q QS—a
( & -2k Ko = G S i) + Qala)

where Q1<p> > 07 QQ(Q> > 07 and

o0 o0
dp / dp
< 00, < 00.
/oo Q1(p) o @2(p)
This makes it possible to extend the theorems formulated above to the case of
equations

rt —s2

————— = FE(z,y,2,p,¢)r + 2F (x,y, 2,p,q)s+
ETEwIr (z,9,2,p,9) (z,9,2,p,9)

+G (2,9, 2,0, )t + (2,9, 2,p,9)

with a quasilinear part.

The formulated theorems also admit a generalization to the case of equations

rt — 52

R(p,q)

= f(z,y,2,p,9),

where R(p,q) is distinct from (1+ p? +¢?)® (0 < a < 1).
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