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Abstract

Full Text
V.I1. YUDOVICH

PLANE NONSTATIONARY MOTIONS OF AN
IDEAL INCOMPRESSIBLE FLUID*

(Presented by Academician S. L. Sobolev, 27 VIII 1960)

The questions of existence and uniqueness of the solution of the Cauchy problem
and of a mixed problem for the equations of motion of an ideal incompressible
fluid have been investigated in (1?). However, in these works the existence of
a solution was proved only for a sufficiently small interval of time and in the
absence of vortical mass forces. The difficulty of solving the problem “in the
large” was pointed out, for example, in (*). In the present work, for the case of
two-dimensional flows, the existence of a unique solution of the above-mentioned
problems is established for all values of time ¢t > 0, and without any assumptions
on the smallness of the functions and parameters appearing in the conditions.

Thus, it is required to determine the velocity vector v(z,¢) and the pressure
p(z,t) (x = (x1,25) € Q) from the conditions:

v, + (v, V)v = —Vp + F(z,1); (1)
divv = 0; (2)

Up| g =V m| =0 (3)
v],_, = al2). (4)

Here 2 is the domain occupied by the fluid; S is its boundary with outward
normal n; F = (F}, F,) is a prescribed vector of mass forces; a is the initial
velocity, assumed given. If the domain €2 is unbounded, then the condition that
the velocity and pressure vanish at infinity is added.

Consider the case of a bounded domain €, since the general case is exhausted
by similar considerations. Suppose the following conditions are satisfied: 1) Q
is a bounded domain of the plane (x,,); its boundary S consists of closed,
twice continuously differentiable contours S, Sy, ..., S,,, where S;,9,, ..., .5, lie
inside the domain bounded by Sy; 2) F is a continuous vector and admits
continuous derivatives with respect to z,t, Fj, (i,k = 1,2); 3) a has bounded
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first generalized derivatives. We consider the case of a simply connected domain
(S = Sy). The changes in the proof entailed by dropping this condition are
indicated below.

Introduce the stream function ¥ (z,t) by the equalities

U1 ::¢%27 > ::__wzl' (5)

To determine ¥ we obtain the problem

Ay 41y, Apy =ty Apy = fla,t) (a); ¢[,=0 (b); ¥|_,=¢() ()
(6)

Here f = F,, — Fy, ; ¢ is the stream function of the vector a.

Introduce some function spaces: V is the closure of the set of twice boundedly
differentiable functions on Q x [0,77], equal to 0 on S, in the norm**

¢l = max|Apl;
e

V; is the space of functions of z, ¢ defined in the cylinder Q@ = Q% [0,T] (T >0
is some

* Reported at the All-Union Congress on Theoretical and Applied Mechanics,
Moscow, January 1960.

** By max we shall everywhere mean the essential maximum.

number), for almost all ¢, belonging as a function of = to the space V' with norm
llly, maxocier |¥]ly; Ly—with norm ng”’ik = fQ |o|F dx. The space C is the
closure of the set of smooth functions defined in Q7 and equal to 0 on .S, in the

norm [[¢or = max, (|, | + [y, [)-

Lemma 1. Every function ¢ € V possesses second generalized derivatives with
respect to x, 5, belonging to any L, (k > 1), and for large k the estimate holds

2
Y 900, Iz, < Chlely, (7)

7,j=1

where C' is a constant independent of ¢, k. The first derivatives of the function
o satisfy in Q a Hélder condition with any exponent 0 < A\ < 1.

The proof of inequality (7) uses some results on singular integrals in L, obtained

in (*). We note that from (7) follows the summability of the functions iz

for some o > 0.
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Define a generalized solution of problem (6) in Qp (T > 0 arbitrary) as a
function ¢(z,t) € V; satisfying the integral identity

/Qmmdx‘tT—/Qmpcbdij/OT/Q[—Azmt—m(@%w%—@IZ%)] drdt =

T
= / /f<I> dx dt for any function ®(z,t) smooth in Q. (8)
0 Jo

Lemma 2. Let f(z) be a solution of the boundary-value problem Af = g, +
922, 0|g = 0, where g, g, are smooth functions in 2. Then the estimate

Iz, e, + lea,lle, < Ci(B)(lgile, +19212,)
is valid, where C;* depends only on the domain, and for large k, C; (k) < Cyk
(C, does not depend on gy, gy, k).

Lemma 3. If ¢ is a generalized solution of problem (6), then it has generalized

derivatives ¢, ;, ¢, ;, and for any k

jnax, ¥zl <Cs.

For the proof we apply Lemmas 1 and 2 to problem (6), written in the form
Awt = f - (Ad}wzz)zl + (Awwzl)127 1/%‘5 =0.

Lemma 4. Problem (6) cannot have two generalized solutions in the sense of
(8).

Let 91,15 be generalized solutions and o = ¢; — 1),. From (8) we easily obtain

s[O3 02 dr = [ (02, =02 )4 Wiy, — v o0 ) =0
(9)
From Lemma 1 follows the estimate ail + ai < C? for z,t € Qp. From (9),
putting
22(t) = /(Voz)2 dz,
Q

we obtain

dz

z% < /Q(W}la:la:z' + ‘wl:@wz - 1/)1$1931|)<a:%1 + Ozﬁz) dr <

C
< CE')OZ <||1/}x13:2 ||L2/6 + legchZ - wlxlacl ||L2/5> 2276 < ?60422767 Z(t) < 04(06t>1/6-
(10)
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* C, everywhere below denotes a constant depending only on the domain.

Let 0 < t < 1/2C4. Then, putting e — 0 in (10), we find that z(t) = 0.
Repeating the preceding arguments, we find that z(¢) = 0 for ¢ € [1/2Cq, 1/C4],
[1/Cg, 3/2C], etc. Thus, z(t) = 0 for 0 < t < T and, consequently, 1, = 1),.
The lemma is proved.

To prove existence, we shall show that a generalized solution satisfies a certain
operator equation. For functions ¢ € C’ define the operator A by the equality

T

T
tT—/Q A<P<I>dx+/0 /Q [—A(Aw)q%—A(Aw)(@wl%—@12%1)] dxdt:/o /Qfédxdt,
(11)

where @ is any smooth function defined on Q. Comparing (11) with (8), we
conclude that every generalized solution of problem (6)

/ (AY)® dz

Q

b = Ad. (12)

Lemma 5. The operator A maps C’ into the sphere of the space V;

T
14%]y, <R =lel, +/ max | f(z, 7)| dr. (13)
0

and is completely continuous in C’.

From (13) it is easy to derive that every sphere of radius > R; in the space C’
is mapped by the operator A into its compact part. By Schauder’ s principle
(5) we obtain that equation (12) has at least one solution v, with ¢ € V; and
[#], < R. We note that, in order to obtain the estimate (13) in the case of
sufficient smoothness of v, ¢’ = A, one must put in (11) ® = (Ay’)?*~! and
let & — oco. In the general case the proof is carried out by approximating the
function ¢ € C” by smooth functions.

Lemma 6. The pressure p(x,t), defined by equalities (1), (5), (6), is a bounded
function; Vp € L, for any k > 1.

The pair v(z,t) = (¢,,, ¢, ), p(x,t) will be called a generalized solution
of problem (1)—(4).

Let us pass to the case of a multiply connected domain. Define the functions
Yp(x) (x € Q) by the conditions Ay, = 0; Yrlg = p; k7 = 1,2,...,n, where
0y, is the Kronecker symbol. Denote u; = (Q?Jm,—w,ml). Again introduce
the stream function ¢ by equality (5). 1 satisfies equation (6 ) and the initial
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condition (6 ). Instead of (6 ) we obtain the boundary condition 1|g = 0;
Yls, = M\(t) (k=1,2,....n), where \,(?) are unknown functions. Put

¢=1/10+Z/\k(t)¢k§ <P=<Po+z>\k-o¢k,
k=1 k=1

where Ay = ¢|g, . Then v is the solution of the problem

A¢0t + waz Aw0$1 - w0z1A¢0w2 + Z )‘k (wkxt? A¢Ox1 - ¢kx1Asz2) = f7
k=1

Yols = 0; Yoli=o = ¥o- (14)

The requirement of uniqueness of p(x,t) leads to n conditions

Z)\;c(t)/ukur dx—z )\k(t)/uerot vy ur—&—/{vm—voxrot vy—F}u, dx = 0;
k=1 Q k=1

Q Q

Vo = <w0z27 _¢Ox1); >‘r<0> = )\TO (7‘ =12.. ,’I’L). (15)

The generalized solution of problem (15) for fixed A, is determined analo-
gously to the preceding one (in (11) one must replace ¢ by 1, and ¥y, by
Vo, + ZZ:1 A¥rz,). Arguing as before, we determine ¢, as an operator of
(A1y Agy -y A, ), after which we determine A, from (15). In doing this, besides
an estimate of type (13), the energy equation is used in an essential way:

1d

The pressure is determined with the aid of (1). We obtain a generalized solution
with the same differential properties as in the case of a simply connected domain.

Theorem 1. Suppose that conditions (1), (2), (3) are satisfied. Then problem
(1)—(4) has, and moreover has a unique, generalized solution v(x,t), p(z,¥)
(x € Q, 0 <t < oo). Moreover: 1) v,p are continuous in z,t and satisfy the
Hélder condition with any 0 < A < 1in §; 2) max, 4o, [rot v] < C7(T); 3)
the quantities [v;, |1, [Vilz,, [VplL, are continuous in ¢; 4) equations (1), (2)
are satisfied for all values of ¢ almost everywhere in Q; 5) conditions (3), (4) are
fulfilled in the classical sense.

It is further possible to study the differential properties of the generalized so-
lution obtained and to establish that it admits any number of derivatives with
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respect to x,t, continuous in the closed domain Qp, if F, S, a are sufficiently
smooth. Namely, the following is true:

Theorem 2. Suppose: 1) the boundary S is continuously differentiable r 4 1
times; 2) F has r-th generalized derivatives® with respect to x,t, and their norms
in L, (k > 2) are bounded in ¢; 3) a € W,ir). Then v,p have r-th generalized
derivatives with respect to z;,t, and their norms in L, are bounded in ¢.

In particular, for r = 2, k > 2 we obtain a classical solution of problem (1)—(4).
The proof of this theorem uses the following fact:

Lemma 7. Let the boundary S be three times continuously differentiable, v
be the solution of the boundary-value problem

A = g(x); Ylg = 0.

Then g € WV (r > 2) and the estimate max, . |g(z)| < Cg is known. Then
the inequality

max [, ,, | < Coln [Crg + Cry (g, 1, + g2, 1,)]

is valid.

Remarks. 1. The requirements on the differential properties of F,a in The-
orems 1 and 2 can be somewhat weakened. 2. The method makes it possible
to consider the case when v, |¢ = . 3. With the aid of the a priori estimates
obtained, one can, by known schemes, justify the convergence of the Galerkin
method and of finite-difference methods for the approximate computation of
generalized solutions. 4. Equations analogous to (1)—(4), (6), occurring in cer-
tain questions of magnetohydrodynamics and the theory of diffusion in a fluid,
can be investigated in the same way as was done above.

The author expresses his gratitude to the participants of the seminar on nonlin-
ear mechanics at Rostov-on-Don State University for their attention.
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