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Abstract

Full Text
MATHEMATICS
N. A. IVANOVA

ASYMPTOTICS OF THE GREEN S FUNC-
TION OF AN ORDINARY LINEAR DIFFER-
ENTIAL EQUATION WITH VARIABLE CO-
EFFICIENTS DEPENDING ON A SMALL PA-
RAMETER

(Presented by Academician S. L. Sobolev on 21 IV 1961)
Let

1 k
L.= Zasak+s(x)D§+s + Ly, Ly= Zaj(w)ng (1)

s=1 3=0

where D? denotes j-fold differentiation with respect to . The coefficients a,(r)
(0 < g < k+1) are assumed to be sufficiently smooth on the interval [z, z,], and
ay,;(x) and ay(x) are nowhere zero. Suppose that, for certain ki, ky (k; +ky =
k), the problem

Lou =0, Diu| =0 (0<i<k,—1 m=12) (2)

has only the zero solution. Suppose also that the following condition is fulfilled:

(R) The multiplicity of the roots of the algebraic equation

!
Qw) =) ay, (v)w* =0 (3)
s=0

does not depend on = € [z, z,].

In addition, let (3) have no roots on the imaginary axis. Then in the left
half-plane there is a certain number /; (counting multiplicities) of these roots:
wy(z), ..., w; (x), and in the right half-plane [, = -1y roots: w; 44 (z), ..., w;(z).

These conditions are obviously sufficient for, when € < ¢, the boundary-value
problem
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to likewise have only the zero solution.* Hence it follows that there exist corre-
sponding Green’ s functions G,(z,§) and G.(z,€), defined as solutions of the
following problems (in x):

£+0

LGy =0,  DiGo| =0, DGl

LT

=0, p1a5, (6); (4)

§&+0

L.G.=0, DG =0, D’;m+pG€|m =0, DG =0 (5

e e

£+0 e
D];+TGE‘£7O = 5r,1715 sakiz(f)’

where f(x)Etg denotes the jump f(£ +0) — f(£ —0). Here and below: 0 < ¢ <
k,—1, 0<j<k—1 0<p<l,—1, 0<r<IlI—1 m=12 Ase—0,
G cannot converge to G, uniformly with k -+ derivatives on the entire interval
[x1,25]). (However, we shall establish below that such convergence takes place
on any closed set containing none of the points x,, z,, .)

In the present note, the behavior of GG, for small € in neighborhoods of the points
%1, %9, is considered in detail; an approximate formula for G, is constructed
and a certain estimate of the remainder term is given.

* This was established by A. B. Shabat and also follows independently from
Lemma 1.

We shall give the definition due to M. I. Vishik and L. A. Lyusternik in (}). We
shall say that a g-times continuously differentiable function v_(z) is a function
of boundary-layer type of order s in a neighborhood of the point 2 = ¢ (s < ¢),
if, as ¢ — 0, v, together with ¢ derivatives tends uniformly to zero on every
closed set not containing the point c¢; while in the whole neighborhood of the
point ¢ the derivatives of v, up to order s — 1 tend to zero, the s-th derivative
is bounded, and the (s + 1)-st derivative tends to +oco. We shall prove that
G, — G, in neighborhoods of the points x4, x5, £ is a function of boundary-layer
type of orders kq, ko, k — 1, respectively.

Denote ay, ,(z)D¥" = L_; then L, = Ly + eL; + - + 'L;. Introduce t =
(z—c)e~!, where c is one of the three points: x;,x,,¢. Expanding the coefficients
of the equation by Taylor’ s formula and noting that D, = e~ 1D,, we have

L.=c* <M0—|—5M1 —|—-~-—|—6NMN—|—6N+1]\7N+1),
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My = apy()DF +apyy 1 () DTt v 4 ay (e) DF;

M, are linear differential operators with bounded coefficients, depending poly-
nomially on ¢ for s < N. We shall seek G, in the form:

- k k k—1
Ga(wv f) - ue,n('r7 5) —€ 1Ual,n +e 21}5,27n +e Us,n + Zns (6)
where z,, is the remainder term, which we shall estimate below. Here
usyn :u0+5u1+...’ Us,m,n :vm,o—’_EUm,l _|_’ ,Us,n :UO+51)1+...

(the sums in powers of ¢ are finite; the number of terms in each will be specified
later). We shall show that uy, = Gg; v,, s, v, as functions of z, are functions of
boundary-layer type of zero order in neighborhoods of the points z,,, £, respec-
tively, and

Ups = U s(t:6) (E=(z—2,)eh)  vy=v,(t8) (t=(@—¢&e ).

Further we proceed formally, following the method developed in (). Substitute
(6) into (5). When substituting (6) into the first of conditions (5), we set equal
to zero the operator L_ applied to each of the first four terms in the sum (6).
Then we obtain:

Lsus,n - (LO + 5L1 + )(uO +eup + ) = 0; (7)
Lsgkmve,m,n = skmik(MO + 5M1 + "')(Um,o + €Um 1 + ) =0; (8)
L.ebt, , = e (Mo +eM; +-)(vy + evy + ) = 0. 9)

Substituting (6) into the boundary conditions, we take into account that v,, ,
and v,, are functions of boundary-layer type in neighborhoods of the points z,,
and &, respectively. Then we have:

Dl (ug + euy + )’w + Ek”‘_in‘;(Um,o +EV, g T "')|O =05 (10)
ngﬂa(uO +euy + )|x + gprfnﬁp(vmo +ev, 1 + ...)’0 =0; (11)
i 0 k1 ).
D3 (ug + euy +"’)|§_0+5 Di(vg +evy + )| =0 (12)
. G0 e +0 o
D" (ug + euy + "')‘570 +e D (vg vy + )|y = Oriae T agy(6)- (13)

Equating the terms with identical powers of e in the purely formal
equalities (7)—(13), we obtain a recurrent system for the functions
Vo, Ug, Ul,Ov V2,05 -0+ 3 Vg, Ug, Ul,sv 1)275,

1

Equating in (9) the terms with e, and in (13) the terms with e 1", we obtain:

+0

Myvy =0, Df+rvo|_0 = 0 11054(8)- (14)
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Further, to simplify the exposition, we assume that the roots of equation (3) are
simple—

although the main theorem is also valid in the general case. We seek v, in the
form:

b
v = Zcq@) expw, (&)t (t > 0);

Iy
Vo= Cauy, (E)expuwy, ()t (t<0). (15)
q=1

The ¢, are determined from a system of linear equations with determinant W #
0. Equating in (7), (10), (12) the terms with €°, we obtain:

+0
-0

&+0 N

Co= (16)

— i — J k—1
Louy =0, Dxuo‘m =0, Dl —0; -1 D; V|

It is easy to see that —Df‘lvotg = a;;!(£); comparing (4) and (16), we find
that uy = Gy. Equating in (8) the terms with é*™% and in (11) those with
€7P, we have the system (solvable as in (1)):

Mgv,, =0,  Dy"™Py ~00,, DE™ P (17)

m,O’O =
If vy, ug, vy s V2,05 e s V15 Us 1,V 5-1,V2 51 (5 > 1) have already been found,
then the equations for determining v, u,, v, 4, vy s are obtained as follows. The

system for v, is found by equating the terms with e 1*% in (9) and the terms
with e7177¢ in (13):

s—1
_ Etr, |10 _ ktr +0
Myv, = — g M,_ v, D; US‘—O =-—-D? us_r_1|_0. (18)
q=0

The system for u, is obtained from (7), (10), and (12) by equating the terms
with €°:

s—1
; ; i +0 ; +0
— 7 _ 7 J — J
LOus - E :Ls—quq7 Dlub’x - _Dtvs—km-‘ri\O? Dwus’70 - _Dtvs—k+j’70'
q:O m
(19)

The systems for v,, . are obtained from (8) and (11), when we equate the terms
with e*m=F+s and e7P*5, respectively:
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=-—DEkmtry | . (20)

3|0 x

s—1
o km+p
MOUm,s = — g Ms_qvmq7 Dy v
q=0

m

Here, for compactness of notation, it is denoted that L, = 0 (g > U); v, = 0,
u, =0, v, , =0 (¢ <0). Simple inductive considerations show the possibility
of successive solution of the system (18)—(20). In this case u,(x,&) has k +
[ continuous derivatives (z # £) and does not depend on €. The functions
Vg, V1 5, Vg ¢ have the form:

Iy

U2,s = Z Q2,s,l1+q(t) €xXp wll-&-q(‘r2)t7 = (‘T - 1‘2)671 < Oa (22)
q=1

Iy

ve =) Qi gt expuwy (Ot t=(z—¢§e ! <0 (24)
g=1

where Q; ¢ ;s Q2 5 4» Qs g stlﬁq are polynomials in t with coefficients depending
on ¢ and independent of ¢.

Let us now set the n-th approximation to G, equal to

— k k k—1
n ua,n +e 11}5,1,n +e QUE,Q,n +e UE,n?

G
where

— n - n+k—k,,
Uen = GO+5u1 +eedetu,, Veommn = U'm,0+6vm,1 +ete "Urmn,n+k—k,,

= e n+1
vem =" + SO + +e Unt1-

To estimate the remainder z, = G, — G,,, we determine with what accuracy G,,
satisfies conditions (5). It is easily calculated that

L.z, = O(e"1), Dézn|w = O0(e"t), D,’Z"‘+pzn’z = O(g"t1P),
Diz, ') =0, Dk [ = 0@, (25)

Next, the estimate of z,, is carried out with the aid of the lemma:
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Lemma 1. If € < ¢, there exists, and is unique, the solution of the problem

1 k,,+p _
_ 7 _ _ D
L.u=h, DEu’ﬂ = dmi, D,m u‘x =¢ dm,km+p’
g, 16=10 ktr, (8510 o
Da; ’E = d D$ U|§:70 =& dkH»’r‘?

where h is continuous for x # £. Moreover, if for arbitrary ¢ > 0 we define
F,=Aa:jz—z,|<di{o: 2, <z <a}, Fe={a:fo—f{ <dt{z: 2, <z <l

H={z:2; <z <z} \ (FHUFRUF),

k+1 2 Ky —1 p=k+l—k,,
il =3 sup D3ul+ 3 (Z sup [Diul + Y- e sup D5y ') ;

s—0 %€ i—0 TEF,, p=0 zeF,,
k-1 T+l
+Z sup |Dlu| + ZE sup | D), (26)
=0 reFE —0 xeF£

then the estimate holds:

2 k +l7n k+1—1
nu|5,5<K( w11+ 3 z LS w),
TE[zy,7,] s=0

where K is bounded for § > §;, >0, |£ —z,,| >ny >0, € < &.

In the proof of the lemma one uses theorem (?) on the form of a fundamental
system of solutions of the equation L z = 0.

From (26), on the basis of Lemma 1, it follows that
I2,]le,5 = O(e™).
Thus we arrive at the theorem:

Theorem. If the Green’s function G(z, §) exists and condition (R) is satisfied,
then for e < g, there also exists G, (z, ), and the following representation holds:

n+ky n+k, n+1
G. —G0+26u + ek 25111 + g2 st2s+ak 1251} +z,. (27)
s=1 s=0 s=0 s=0

Here ug, vy 4, vy 4, v, are determined from the system (14), (16), (17), (19)—(21).
The functions u,(x, &) have k 4 I derivatives with respect to z for z # £ and do
not depend on €. vy 4, vy ¢, v, are functions of boundary-layer type of zero order
in neighborhoods of the points x;, x4, £, respectively, and have the form (21)—
(24). |z,]. 5 < Ce™*!, where | |, s is defined by expression (26); C' is bounded
ifd6>9,>0, |E—x,,|>n >0, € <e,.

In particular, it follows from the theorem that, as ¢ — 0, G, converges to G
uniformly together with k 4 [ derivatives on any closed set not containing the

sovietrxiv.org/items/ru-196101.28775 Machine Translation


https://sovietrxiv.org/items/ru-196101.28775

points x,,x,, &, and together with k& = min(k,, k,) derivatives on the interval
[1, m,).
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