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Abstract
Full Text

S. V. USPENSKII

ON BOUNDARY PROPERTIES OF FUNCTIONS FROM
“WEIGHTED” CLASSES W}

(Presented by Academician S. L. Sobolev, 25 I 1961)

In the present paper we determine necessary and sufficient conditions satisfied
by a function on the boundary of a domain if each of its first derivatives is
summable in the domain with a certain weight degenerating on the boundary,
in general different for each derivative.

Definition. Let R"! be the (n — 1)-dimensional space of points (zy, ..., 7, 1),
and let Ry be the half-space (z,, > 0, z(zy,...,z,_;) € R"'). We shall say
that a function f belongs to the class Wéﬁp

(I<p<oo, a=(ay,..,q,), —l<ao,<p—1, i=1,..,n),

if the function f has all first generalized Sobolev derivatives (1) and

of
ox;

K3

P
dRy < oo. (1)

s = [ Isarg+ [ > at
“r JRp =1

Following L. N. Slobodetskii (%), we shall also introduce the classes Wi, (1<
P <00, T=(Ty,ee,Tpy_q1), T = (T1,ersTp_1), 0 <r; <1). We shall consider
that f e W7 if fe L,(R" ") and

p

n—1 o]
Iy, = [fIPdR" 1+ Bind 1" ) pnt gy < o0 (2)
lr'-P 1 1 h1+pri )
' Rn— 0 Rn—

i=1

where

Ai,hf = f(xh ceey Ly eee 7In—1) - f(zla sy Ly + hv axn—l)'

We shall also say that the function f assumes the value ¢ on R (F|pn1 = )
if, after a possible modification of F' on a set of n-dimensional measure zero,

lim |F — [P dR™! = 0. (3)

Ty -0 Rn—1
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The following two theorems generalize the corresponding results of A. A.
Vasharin () and P. 1. Lizorkin (%).

Theorem 1 (direct). Let f € Wép Then

_ B _ b 1— ) _ o
fRn—l _@ewj,pﬂ Bz_ p—Oén—f'Oéi (Z_]-v 1 1)7
lelys < el il ()

where the constant ¢ does not depend on f.

.
Theorem 2 (converse). Let ¢ € Wﬁp; let «,, be arbitrary in the interval
(—1,p—1), and let

p—oa, —1
Bi

Then there exists an infinitely differentiable function f, defined on R, such
that

o =0, —p+ (t=1,...,n—1).

Mo =0 Wy, <clilys | %)
where the constant ¢ does not depend on .
We give brief proofs of the theorems.

Proof of Theorem 1. The existence of boundary values ¢ and their member-
ship in LP(R"_l) follow from the corresponding results of L. D. Kudryavtsev

(®)-
We prove (4). Let

p—1—a«

ﬂi: -

p_an—’_ai.

We have

n—1 po0 |A |p
_ %h(p n—1
o, =3_ [ [ e amtan <

=P =1

p
OF gpnt ans

[f(zq,y ey @y sy 1, BY) — f@g, oo @y ey @1
h1+pB;

r
dR™ 1 dh+

1 ) ;
—&—cnz e |f(zq, sz +hy ooz 1, RY) — f2q, ooy gy oy g, R
n h1+pB;

Til OO/ |f(-T1,...,ZL',L-+h,...,$n,1,h%> _f(xlv"wxi+h7~~7xn7170>‘p an71 dh S
0 JRn-1

R1+pB;
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Of(x, )

Z;

P
+ h? ’ 1 h=t PP dR" 1 dh =

n—1 0 h7Yi P
<SS of(a,u)
—'Jo Jre || ox,,

(substitution v = h7)

of (z,v)

€Ty

n—1 poo v P
= / / (/ M du) 4 P/
i=1 70 Rn=1 | \Y0 axn

(Hardy’ s inequality (%))

SCQZ/ / (mﬁlpﬁi/'ﬁ, ﬁ
i=1J0 JRn-1

or
n oo
= Cy E / / x%”
i=1 Y0 Rn-t

Proof of Theorem 2. Let «,, be arbitrary fixed from the interval (—1,p — 1).
Put

p
1 v P8/ R gk <

of
ox;

p
+ m;pfpﬁi)/'vrl

p
) dR"\dz, =

n

af
ox,,
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ox

p
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+xn
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Y > 0.
pB;

Construct the function

n—1 i
T’ n—1

f:k/ o) [T —2 g1,
Rn-1 ()izl (t,— ;)2 + 2"

where

-1

n—1 1
k= / S dRn!
Rn—l i=1 1 + ui

We shall show that the function f satisfies the conditions of the theorem. It is
easy to see that f|zn1 = . We also have, denoting by II" the product II with
one factor omitted,

of . . n—1n—1 ) )i b x;YZJ dRT —
87 - 90( ) 5 27, 87 9 2. -
Tn Rn-1 i (t—x)? e 0Ty (t;—x;)? + 7

n—1n—1 2 92 1 1/2 o )
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U=Ty,
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n—1 00 ‘Ah¢|p
J n—1
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]:1 0 R™ 1

Estimates for the derivatives 0f/0x; (i = 1,...,n — 1) are obtained similarly.

Theorems 1 and 2 also carry over to bounded domains with sufficiently smooth
boundaries.
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