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Abstract
Full Text
MATHEMATICS

V. P. PALAMODOV

THE STRUCTURE OF POLYNOMIAL IDE-
ALS AND THEIR QUOTIENT SPACES IN
SPACES OF INFINITELY DIFFERENTIABLE
FUNCTIONS
(Presented by Academician S. L. Sobolev on 22 VII 1961)

In the study of solutions of partial differential equations with constant coeffi-
cients in the whole space, the following problems occupy a central place:

1. For which spaces Φ of ordinary or generalized functions does the equation

𝑝(𝐷)𝑢 = 𝑤, 𝐷 = (𝑖 𝜕
𝜕𝑥1

, … , 𝑖 𝜕
𝜕𝑥𝑛

) (1)

have a solution 𝑢 ∈ Φ for every 𝑤 ∈ Φ?

2. What is the general form of the solutions of (1) with 𝑤 = 0 in the space
Φ?

Here 𝑝 = 𝑝(𝑠) is a polynomial or polynomial matrix in the variables 𝑠 =
(𝑠1, … , 𝑠𝑛).
The solution of these problems depends essentially on whether the space Φ
contains functions growing like 𝑒𝑐𝑥, or not. We shall restrict ourselves to the case
when Φ is a space of slowly increasing functions or functionals, i.e. increasing
at infinity no faster than certain powers of |𝑥|. Such spaces, in particular, are
the spaces 𝑆𝛽′ and ℰ𝛽 (see (1,2)).
L. Hörmander in (3) and S. Łojasiewicz in (4) solved problem 1 for some spaces
Φ of this kind. Little is known about the solution of problem 2 (see (5,6)).
Apply the Fourier transform to the space Φ and to equation (1). The space dual
to Φ will be denoted by Φ̃. Equation (1) passes into the equation

𝑝(𝑠)𝑢̃ = 𝑤, 𝑤 ∈ Φ̃. (2)

The solvability of this equation in Φ̃, as is well known, is equivalent to the
closedness of the ideal 𝑝Φ̃′ in the space Φ̃′. If 𝑤 = 0, then also 𝑤 = 0; in this
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case every solution of (2) is a continuous functional on Φ̃′/𝑝Φ̃′, and conversely.
Thus problem 2 reduces to describing the space conjugate to Φ̃′/𝑝Φ̃′.

We now note that the space Φ̃′ is a certain space of infinitely differentiable
functions on 𝑅𝑛 satisfying specified restrictions on growth at infinity (together
with all their derivatives), but without restrictions on the growth of derivatives
depending on their order. This property is easily verified for the particular cases
Φ = 𝑆𝛽′ , ℰ𝛽. Indeed (see (1,2)):

𝑆𝛽 = 𝑆𝛽, ̃ℰ𝛽 = ℰ𝛽.

It is natural to formulate a somewhat more general problem.

Let ℰ be some complete space of infinitely differentiable functions of the type
described above. It is required to describe the polynomial

the ideal 𝑝ℰ and the quotient space ℰ/𝑝ℰ with respect to this ideal. By the
ideal 𝑝ℰ we mean the ideal in the space ℰ generated by the polynomials 𝑝 =
(𝑝1, … , 𝑝𝜎). (The case 𝜎 = 1 corresponds to one equation (1), the case 𝜎 > 1 to
a system of equations.)

To describe the solutions of these problems, we shall carry out some preliminary
constructions.

By the local ideal 𝐼𝑠 at a point 𝑠, generated by the polynomials 𝑝 in the space
𝔐 of formal power series, we shall mean the space of series of the form

𝑝1(𝑠 + 𝜉)𝜓1[𝜉] + ⋯ + 𝑝𝜎(𝑠 + 𝜉)𝜓𝜎[𝜉],

where 𝜓1, … , 𝜓𝜎 belong to 𝔐, and the polynomials 𝑝𝜏(𝑠 + 𝜉), 𝜏 = 1, … , 𝜎, are
considered by us as power series ∑ 1

𝑗! 𝐷𝑗𝑝𝜏(𝑠)𝜉𝑗.

Let 𝑝 be some polynomial, and let 𝑁𝜈 be the set of its real roots of multiplicity
not less than 𝜈, i.e. the set of real solutions of the system

𝐷𝑗𝑝(𝑠) = 0, |𝑗| ≤ 𝜈 − 1.

We obtain the following chain of varieties nested one in another:

𝑅𝑛 = 𝑁0 ⊃ 𝑁1 ⊃ ⋯ ⊃ 𝑁𝑚 ⊃ 𝑁𝑚+1 = ∅,

where 𝑚 is the order of 𝑝. We construct such chains for each polynomial in the
set 𝑝 = (𝑝1, … , 𝑝𝜎) and for each polynomial that is the least common multiple
of some group of polynomials of this set. From each chain choose one variety
and form their intersection, which we denote by 𝑁𝜈; 𝜈 is a vector-index whose
components are the indices of the corresponding intersected varieties. The in-
dices 𝜈 are naturally ordered: 𝜈 ≤ 𝜈′, if all components of 𝜈 do not exceed the
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corresponding components of 𝜈′. In this case 𝑁𝜈 ⊃ 𝑁𝜈′ . By 𝑁𝜈+1 we denote the
union of all varieties 𝑁𝜈′ for which 𝜈 ≤ 𝜈′, 𝜈 ≠ 𝜈′. Each point 𝑠 ∈ 𝑅𝑛 belongs
to some set of the form 𝑁𝜈 ∖ 𝑁𝜈+1. Let 𝑁 be the largest index, i.e. for all 𝜈,
𝜈 ≤ 𝑁 .

By 𝑁 we shall denote the set of common zeros of the polynomials 𝑝1, … , 𝑝𝜎.

Lemma 1. At each point 𝑠 ∈ 𝑅𝑛 there exists a countable system of operators
𝒟𝛼(𝑠, 𝐷) with polynomial coefficients on each set 𝑁𝜈 ∖ 𝑁𝜈+1, and a countable
system of operators 𝐺𝑖

𝜏(𝑠, 𝐷), 1 ≤ 𝜏 ≤ 𝜎, whose coefficients on each set 𝑁𝜈 ∖
𝑁𝜈+1 are rational functions whose denominators do not vanish, possessing the
following properties:

1. If 𝜓 belongs to 𝔐, then the fulfillment of all equalities 𝒟𝛼(𝑠, 𝐷)𝜓 = 0 is
equivalent to 𝜓 belonging to 𝐼𝑠.

2. If 𝜓 belongs to the ideal 𝐼𝑠, then

𝜓[𝜉] = ∑
𝜏

𝑝𝜏(𝑠 + 𝜉) ∑
𝑖

𝜉𝑖𝐺𝑖
𝜏(𝑠, 𝐷)𝜓.

The operators 𝒟𝛼 and 𝐺𝑖
𝜏 are not determined uniquely by this lemma; however,

we can choose them so that the following two lemmas hold.

Lemma 2. There exist such functions 𝜒𝑖𝛼(𝑠), rational on each set 𝑁𝜈 ∖ 𝑁𝜈+1
with denominators not vanishing there, that for any infinitely differentiable
function 𝜓, points 𝑠 ∈ 𝑁𝜈 ∖ 𝑁𝜈+1, 𝑠 + 𝜉 ∈ 𝑅𝑛, integer 𝑘 ≥ 0, and index 𝛼, the
inequality holds

∣𝒟𝛼(𝑠 + 𝜉, 𝐷𝑠)𝜓(𝑠 + 𝜉) − 𝒟𝛼(𝑠 + 𝜉, 𝐷𝜉) ∑
|𝛽|<|𝑖|≤𝑘

𝜉𝑖𝜒𝑖𝛽(𝑠)𝒟𝛽(𝑠, 𝐷𝑠)𝜓(𝑠)∣ ≤

≤ 𝐶𝑘|𝜉|𝑘+1−|𝛼| sup
|𝑖|≤𝑘+1

sup
|𝑠′−𝑠|≤|𝜉|

|𝐷𝑖𝜓(𝑠′)|𝜌−𝑏𝑘(𝑠, 𝑁𝜈+1), |𝛼| = deg 𝒟𝛼. (3)

Outside the manifold 𝑁 , where all operators 𝒟𝛼 are zero, this inequality is
trivial; inside 𝑁 it is substantive and is an analogue of Taylor’s formula, in
which the role of the operators 𝐷𝑖 is played by the operators 𝒟𝛼. In particular,
if all polynomials 𝑝 are identically zero, the system of operators 𝒟𝛼 coincides
with the system of operators 𝐷𝑖, and (3) is Taylor’s formula itself.

Lemma 3. For any infinitely differentiable function 𝜓, points 𝑠, 𝑠 + 𝜉 ∈
𝑁𝜈 ∖ 𝑁𝜈+1, an integer 𝑘 ≥ 0, and indices 𝑖 and 𝜏 , the inequality holds

∣𝐺𝑖
𝜏(𝑠 + 𝜉, 𝐷)𝜓(𝑠 + 𝜉) − 1

𝑖!𝐷
𝑖
𝜉 ∑

|𝑗|≤𝑘
𝜉𝑗𝐺𝑗

𝜏(𝑠, 𝐷)𝜓(𝑠)∣
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≪ 𝐶𝑘|𝜉|𝑘+1−|𝑖| sup
|𝑗|≤𝑘+1

sup
|𝑠′−𝑠|≤|𝜉|

|𝐷𝑗𝜓(𝑠′)| 𝜌−ℎ𝑘(𝑠, 𝑁𝜈+1).

Thus, on each identity 𝑁𝜈 ∖ 𝑁𝜈+1, the quantities 𝐺𝑖
𝜏𝜓 may be regarded as

derivatives of a certain infinitely differentiable function.

Using these lemmas, Whitney’s extension theorem (see (7,3)) and the Seiden-
berg–Tarski principle (see (8)), we obtain solutions to our problems.

Theorem 1. The ideal 𝔭ℰ is the intersection of its local ideals, i.e. in order
that a function 𝜓 belong to 𝔭ℰ:

𝜓 = ∑
𝜏

𝑝𝜏(𝑠)𝜑𝜏(𝑠), 𝜑𝜏(𝑠) ∈ ℰ, (4)

it is necessary and sufficient that at each point 𝑠 its formal Taylor series admit
the expansion

∑ 1
𝑖!𝐷

𝑖𝜓(𝑠)𝜉𝑖 = ∑
𝜏

𝑝𝜏(𝑠 + 𝜉)𝜑𝜏,𝑠[𝜉], 𝜑𝜏,𝑠[𝜉] ∈ 𝔐.

From this, in particular, follows the closedness of the ideal 𝔭ℰ. For some spaces
ℰ, the assertion of the theorem in the case 𝜎 = 1, thanks to one theorem of
Whitney (9), follows from (3,4). For arbitrary 𝜎, this theorem was proved for
some spaces by Malgrange (10).
Let us note one more consequence.

Corollary. If a function 𝜓 ∈ ℰ is divisible in this space by polynomials 𝑝 and
𝑞, then it is divisible also by their least common multiple. More generally, if
𝜓 belongs to the ideal generated by the polynomials 𝑝1, … , 𝑝𝜎 and to the ideal
generated by the polynomials 𝑞1, … , 𝑞𝑡, then it belongs to the ideal generated
by the least common multiples of all possible pairs 𝑝𝑖, 𝑞𝑖.

Theorem 1 asserts that in order for 𝜓 to belong to 𝔭ℰ, it is necessary and
sufficient that all functions 𝒟𝛼(𝑠, 𝐷)𝜓(𝑠) vanish identically; therefore, if we
factor an arbitrary function 𝜓 ∈ ℰ by the ideal 𝔭ℰ, it is natural to expect that
from it only the set of functions 𝒟𝛼(𝑠, 𝐷)𝜓(𝑠) will “remain.”We shall now
construct the space of such “remainders.”

Definition. The space ℰ𝔭 is the space of elements Ψ of the following kind: Ψ
is a collection of functions 𝜓𝛼(𝑠), numbered at each point 𝑠 by the same indices
as the operators 𝒟𝛼(𝑠, 𝐷), continuous on each set 𝑁𝜈 ∖ 𝑁𝜈+1 and satisfying the
following conditions:

1. Each function |𝜓𝛼(𝑠)| is majorized by some function of the space ℰ.

2. For any points 𝑠, 𝑠+𝜉 ∈ 𝑁𝜈 ∖𝑁𝜈+1 and integer 𝑘 ≥ 0, the inequality holds

∣𝜓𝛼(𝑠 + 𝜉) − 𝒟𝛼(𝑠 + 𝜉, 𝐷𝜉) ∑
|𝛽|≤|𝑖|≤𝑘

𝜉𝑖𝜘𝑖𝛽(𝑠)𝜓𝛽(𝑠)∣ ≤
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≤ 𝐶𝑘|𝜉|𝑘+1−|𝛼| sup
|𝛼|≤𝑘+1

sup
|𝑠′−𝑠|≤|𝜉|

|𝜓𝛼(𝑠′)|𝜌−𝑏𝑘(𝑠, 𝑁𝜈+1).

3. Consider the operator 𝑅𝑘
𝜈 , defined by induction by the equalities:

𝑅𝑘
𝑁𝜓𝛼 = 𝜓𝛼,

𝑅𝑘
𝜈𝜓𝛼(𝑠) = 𝑅𝑟(𝑘)

𝜈′ 𝜓𝛼(𝑠)−

− ℎ𝜈′(𝑠)𝒟𝛼(𝑠, 𝐷𝜉) ∑(𝑠 − 𝑠′)𝑖𝜘𝑖𝛽(𝑠′)𝑅𝑟(𝑘)
𝜈′ 𝜓𝛽(𝑠′), 𝜈 ≤ 𝑁.

Here 𝑠′ is the point of the manifold 𝑁𝜈+1 nearest to 𝑠; 𝜈′ is the index of the man-
ifold 𝑁𝜈′ to which 𝑠′ belongs; ℎ𝜈(𝑠) is an infinitely differentiable function equal
to 1 inside the 1/2-neighborhood of 𝑁𝜈 and to zero outside the 1-neighborhood
of this manifold; 𝑟(𝑘) is a certain fixed function of 𝑘, depending only on the
polynomials p.

The following relations hold:

𝑅𝑘
𝜈𝜓𝛼(𝑠) = 𝑂(𝜌 𝑘−|𝛼|(𝑠, 𝑁𝜈+1))

and, moreover, the functions

|𝑅𝑘
𝜈𝜓𝛼(𝑠)|\𝜌 𝑘−|𝛼|(𝑠, 𝑁𝜈+1)

are majorized by functions of the space ℰ.

The topology in the space ℰ𝑝 is chosen to be the weakest topology under which
it is complete.

Theorem 2. The mapping 𝜓 → Ψ = {𝒟𝛼𝜓} establishes a topological isomor-
phism of the spaces ℰ/pℰ and ℰ𝑝. •
Corollary. The general form of the solutions 𝑢 of equation (1) with 𝜔 = 0 in
the space Φ of slowly increasing functions or functionals is given by the formula

(𝑢̃, 𝜑) = ∑
𝜈≤𝑁, |𝛼|≤𝑞

∫
𝑁𝜈/𝑁𝜈+1

𝒟𝛼𝜑 𝑑𝜇𝜈,𝛼(𝑠)+

+ ∑
𝜈≤𝑁, |𝛼|≤𝑞

∫
𝑁𝜈/𝑁𝜈+1

𝑅𝑞
𝜈𝒟𝛼𝜑 𝑑𝜆𝜈,𝛼(𝑠),

where 𝑑𝜇𝜈,𝛼, 𝑑𝜆𝜈,𝛼 are arbitrary measures in 𝑅𝑛 that are continuous functionals
in Φ′, and 𝑞 ≥ 0 is an arbitrary integer.

Moscow State University
named after M. V. Lomonosov

Received
8 VII 1961

sovietrxiv.org/items/ru-196101.28076 Machine Translation

https://sovietrxiv.org/items/ru-196101.28076


CITED LITERATURE
1. I. M. Gelfand, G. E. Shilov, Spaces of basic and generalized functions,

Moscow, 1958.

2. V. P. Palamodov, DAN, 140, No. 5 (1961).

3. L. Hörmander, Matematika, 3, 5, 117 (1959).

4. S. Lojasiewesz, Studia Math., 18, No. 1, 87 (1959).

5. L. Schwartz, Théorie des distributions, Paris, 1950—1951.

6. G. E. Shilov, Izv. vyssh. uchebn. zaved., 4 (23) (1961).

7. H. Whitney, Trans. Am. Math. Soc., 36, 63 (1934).

8. A. Seidenberg, Ann. Math., Ser. 2, 60, 365 (1954).

9. H. Whitney, Am. J. Math., 70, 3, 635 (1948).

10. B. Malgrange, Seminaire Bourbaki, No. 203, 1959/60.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.28076 Machine Translation

https://sovietrxiv.org/items/ru-196101.28076

	Abstract
	Full Text
	THE STRUCTURE OF POLYNOMIAL IDEALS AND THEIR QUOTIENT SPACES IN SPACES OF INFINITELY DIFFERENTIABLE FUNCTIONS
	CITED LITERATURE


