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Abstract
Full Text
MATHEMATICS

V. KUZ’MINOV

AN EXAMPLE OF A DIMENSIONALLY DE-
FICIENT COMPACTUM
(Presented by Academician P. S. Aleksandrov on 16 VI 1961)

In this note, for each prime number 𝑞 a three-dimensional compactum 𝑃3(𝑞) is
constructed, for which dim(𝑃3(𝑞) × 𝑃3(𝑝)) = 4 when 𝑝 ≠ 𝑞 and dim(𝑃3(𝑞) ×
𝑃3(𝑞)) = 6. In a certain sense this compactum generalizes the compactum 𝑃2(𝑞)
of L. S. Pontryagin (1,3).
Definitions. Let a three-dimensional simplicial complex 𝐾 be given in the
Euclidean space 𝑅7. A polyhedron 𝑇 is called a tube in the complex 𝐾 if the
following conditions are satisfied: a) there exists a homeomorphism Φ mapping
the product 𝐸 × 𝐼 of the disk 𝐸 of radius 1 and the segment 𝐼 = [0, 1] onto
the polyhedron 𝑇 ; b) the polyhedron 𝑇 lies in 𝐾 and does not intersect the
one-dimensional skeleton of the complex 𝐾; c) if the intersection of 𝑇 and
a two-dimensional simplex 𝑡 of the complex 𝐾 is nonempty, then there exist
numbers 𝑠𝑖, 𝑖 = 1, … , 𝑛, such that 0 ≤ 𝑠𝑖 ≤ 1 and

𝑇 ∩ 𝑡 = ⋃
𝑖

Φ(𝐸 × 𝑠𝑖).

The sets Φ(𝐸 × 0) and Φ(𝐸 × 1) will be called the bases of the tube 𝑇 . By
definition, the tubes 𝑇1, … , 𝑇𝑞 have a common base if there exist numbers
𝜀1, … , 𝜀𝑞, equal to 0 or 1, such that the homeomorphisms 𝜑𝑖(𝑥) = Φ𝑖(𝑥, 𝜀𝑖) of
the disk 𝐸 coincide. We shall say that the tubes 𝑇1, … , 𝑇𝑞 connect the two-
dimensional complexes 𝐿1 and 𝐿2 if these tubes have two common bases,
one of which lies in 𝐿1 and the other in 𝐿2.

The compactum 𝑃3(𝑞) will be obtained as the inverse limit of the spectrum of
polyhedra {𝐾𝑛, 𝔇𝑛+1

𝑛 }.

Construction of the complexes 𝐾𝑛 and the projections 𝔇𝑛+1
𝑛 . Let 𝐾0 be

some triangulation of a three-dimensional simplex. Find pairwise disjoint tubes
𝑇1, … , 𝑇𝑠1

, whose bases lie on the boundary of the simplex 𝐾0, such that every
two-dimensional complex of the complex 𝐾0 intersects at least one of the tubes
𝑇1, … , 𝑇𝑠1

. Let 𝐴 be the open disk of radius 1/2, concentric with the disk 𝐸,
and let 𝑆 be its boundary. The homeomorphisms Φ𝑖 could have been chosen so
that the sets Φ𝑖(𝐴 × 𝐼) are bodies of open subcomplexes of some subdivision of
the complex 𝐾0.
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Define a mapping (identification) of the complex

𝐾0 ∖ ⋃
𝑖

Φ𝑖(𝐴 × 𝐼)

in the following way:

I. 𝐹1(𝑥) = 𝐹1(𝑦) if and only if 𝑥 = Φ𝑖(𝑎 × 𝑡), 𝑦 = Φ𝑖(𝑏 × 𝑡), where the points 𝑎
and 𝑏 belong to 𝑆 and can be obtained from one another by a rotation of the
circle 𝑆 through an angle that is a multiple of 2𝜋/𝑞. The subdivision of the
complex 𝐾0 could have been chosen so that the identification 𝐹1 of the complex

𝐾0 ∖ ⋃
𝑖

Φ𝑖(𝐴 × 𝐼)

was a simplicial mapping onto some complex 𝐾′
1, which we shall assume embed-

ded in Euclidean space.

Construct the mapping

II. 𝔇1
0 ∶ 𝐾′

1 → 𝐾0.

Let 𝔇1
0 (𝑥) = 𝐹 −1

1 (𝑥), if 𝑥 ∈ ⋃𝑖 𝐹1(𝑇𝑖),

𝔇1
0 (𝐹1(Φ𝑖(𝑎 × 𝑡))) = Φ𝑖(𝑏 × 𝑡),

where 𝑏 is the point dividing the radius of the disk 𝐸, passing through ⋯

point 𝑎, in the same relation in which the point 𝑎 divides the segment of this
radius lying in the ring 𝐸 ∖ 𝐴. Choose a sufficiently fine subdivision 𝐾′

1 of the
complex 𝐾1 so that the diameters of the images of the simplices of the complex
𝐾1 under the mapping 𝔇1

0 are less than 1/2. Denote by 𝑄𝑖, 𝑖 = 1, … , 𝑠1, the
subcomplexes 𝐹1(Φ𝑖(𝑆 × 𝐼)), and by 𝑁𝑗 the subcomplexes 𝐹1(𝑡𝑗), 𝑗 = 1, … , 𝑟1,
where 𝑡𝑗 is an arbitrary closed simplex of a triangulation 𝐾0.

To construct the complex 𝐾2, find in the complex 𝐾1 a system of tubes

𝑇𝑠1+1, … , 𝑇𝑠2
,

satisfying the following conditions:

1. The base of each tube lies either on a two-dimensional simplex that is a
face of only one three-dimensional simplex, or on a simplex from ⋃𝑖 𝑄𝑖.
In the latter case there will be 𝑞 tubes having this base in common.

2. Two tubes may intersect only in common bases.

3. Each two-dimensional simplex of the complex 𝐾1 intersects at least one
of the tubes 𝑇𝑠1+1, … , 𝑇𝑠2

.
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4. Any two two-dimensional simplices lying in the subcomplex
𝑠1

⋃
𝑖=1

𝑄𝑖 ∩ 𝑁𝑗

are joined by 𝑞 tubes in the subcomplex 𝑁𝑗.

If the system of tubes satisfies these conditions, then the subcomplex
𝑠2

⋃
𝑠1+1

Φ𝑖(𝐴 × 𝐼)

of some subdivision of the complex 𝐾1 will be open. The identification I, applied
to the complex 𝐾1, defines a simplicial mapping 𝐹2 of the complex

𝐾1 ∖
𝑠2

⋃
𝑠1+1

Φ𝑖(𝐴 × 𝐼)

onto a certain complex 𝐾′
2, which we shall assume embedded in Euclidean space

𝑅7. Formulae II define a mapping

𝔇2
1 ∶ 𝐾′

2 → 𝐾1.

Choose such a subdivision 𝐾2 of the complex 𝐾′
2 that the diameters of the

images of the three-dimensional simplices of the complex 𝐾2 under the mappings
𝔇2

1 and 𝔇2
0 = 𝔇1𝔇2

1 are less than 1/22.

III. Let
𝑄𝑖 = 𝐹2(𝑄𝑖)

for 𝑖 ≤ 𝑠1, and
𝑄𝑖 = 𝐹2(Φ𝑖(𝑆 × 𝐼))

for 𝑠1 + 1 ≤ 𝑖 ≤ 𝑠2. Let 𝑁𝑗 = 𝐹2(𝑁𝑗) for 𝑗 ≤ 𝑟1, and 𝑁𝑗 = 𝐹2(𝑡𝑗) for
𝑟1 + 1 ≤ 𝑗 ≤ 𝑟2 (𝑡𝑗 is an arbitrary closed three-dimensional simplex of the
complex 𝐾1).

Suppose that the complexes 𝐾𝑖, the mappings 𝔇𝑖
𝑖−1 for 𝑖 ≤ 𝑛, and the subcom-

plexes 𝑄𝑘 and 𝑁𝑙 for 𝑘 ≤ 𝑠𝑛 and 𝑙 ≤ 𝑟𝑛 have already been constructed. Find in
the complex 𝐾𝑛 a system of tubes

𝑇𝑠𝑛+1, … , 𝑇𝑠𝑛+1
,

satisfying conditions 1–3 and the following condition:

4′. For 𝑠𝑖 < 𝑗 ≤ 𝑠𝑖+1, any two two-dimensional simplices of the complex

𝑁𝑗 ∩
𝑠𝑛

⋃
𝑘=𝑠𝑖+1

𝑃𝑘

sovietrxiv.org/items/ru-196101.27424 Machine Translation

https://sovietrxiv.org/items/ru-196101.27424


are joined by 𝑞 tubes in the complex 𝑁𝑗. Just as in I and II, we define a mapping
𝐹𝑛+1 of the complex

𝐾𝑛 ∖
𝑠𝑛+1

⋃
𝑠𝑛+1

Φ𝑖(𝐴 × 𝐼)

onto a complex 𝐾′
𝑛+1, and a mapping

𝔇𝑛+1
𝑛 ∶ 𝐾′

𝑛+1 → 𝐾𝑛.

Let 𝐾𝑛+1 be a subdivision of the complex 𝐾′
𝑛+1 for which the diameters of the

images of the three-dimensional simplices under the mappings

𝔇𝑛+1
𝑖 = 𝔇 𝑖+1

𝑖 … 𝔇𝑛+1
𝑛

are less than 1/2𝑛+1. As in III, we define the system of subcomplexes 𝑄𝑖, 𝑁𝑗
for 𝑖 ≤ 𝑠𝑛+1, 𝑗 ≤ 𝑟𝑛+1.

We denote by 𝑃3(𝑞) the inverse-limit space of the spectrum

{𝐾𝑛, 𝔇𝑛+1
𝑛 }.

Remark. The construction of the compactum 𝑃3(𝑞) is not unique, so that we
have constructed not a single compactum, but a class of compacta 𝑃3(𝑞). The
compacta 𝔇−1

𝑛 𝑁𝑗 also belong to the class of compacta 𝑃3(𝑞).
Computation of the cohomological dimensions of the compacta 𝑃3(𝑞). The
coefficient domains are as follows: 𝑍 is the group of integers; 𝑍𝑝 is the group
of residues modulo 𝑝; 𝑄 is the group of rational numbers; 𝑄𝑝 is the group of
rational numbers of the form 𝑎/𝑝𝛼, reduced modulo 1; 𝑅𝑝 is the group of rational
numbers whose denominator is not divisible by 𝑝.

Let 𝑃 = 𝑃3(𝑞), ̇𝑃 = 𝜔̃−1
0 (𝐾̇0), and 𝐾̇𝑛 = (𝜔̃𝑛

0 )−1𝐾̇0, where 𝐾̇0 is the boundary
of the simplex 𝐾. It is easy to see that 𝐻3(𝑃 , ̇𝑃 ; 𝑍) ≈ 𝑍𝑞. Hence (2), dim 𝑃 =
𝑐𝑑𝑍𝑃 = 3. To compute the Čech homology group 𝐻2(𝑃 , ̇𝑃 ; 𝐺), the following
lemma is needed.

Lemma. Any two-dimensional cycle 𝑧 of the complex (𝐾𝑛, 𝐾̇𝑛) is homologous
in (𝐾𝑛, 𝐾̇𝑛) to a cycle lying on the subcomplex

𝑀𝑛 =
𝑠𝑛

⋃
𝑖=1

𝑄𝑖.

Proof. Suppose the lemma has been proved for the complexes 𝐾𝑖 with 𝑖 ≤ 𝑛.
We prove it for the complex 𝐾𝑛+1. Let

𝐿 =
𝑠𝑛+1

⋃
𝑖=𝑠𝑛+1

Φ𝑖(𝐴 × 𝐼),
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𝐿 be the closure of 𝐿, and 𝐿̇ the boundary of 𝐿. Represent the cycle 𝑧 as a sum
of chains

𝑧 = 𝑧1 + 𝑧2,
where 𝑧1 lies in 𝐾𝑛+1 ∖ 𝐹𝑛+1(𝐿̇) and 𝑧2 in 𝐹𝑛+1(𝐿̇). Since the mapping 𝐹𝑛+1
onto 𝐾𝑛 ∖ 𝐿 was a homeomorphism, there is a chain 𝑥1 in 𝐾𝑛 ∖ 𝐿 for which
𝐹𝑛+1(𝑥1) = 𝑧1. Then

𝐹Δ𝑥1 = Δ𝐹𝑥1 = −Δ𝑧2.
It is not difficult to see that any one-dimensional cycle 𝑧 in 𝐿̇ such that 𝐹𝑛+1(𝑧) ∼
0 in 𝐹𝑛+1(𝐿̇) is itself homologous to zero in 𝐿̇. Thus there exists a chain 𝑦1 in
𝐿̇ for which

Δ𝑥1 = Δ𝑦1.
The cycle 𝑥1 − 𝑦1 is homologous in 𝐾𝑛 to some cycle 𝑦2 from 𝑀𝑛, i.e. there
exists a chain 𝑋3 for which

Δ𝑋3 = 𝑥1 − 𝑦1 − 𝑦2.

Represent the chain 𝑋3 as a sum of chains:

𝑋3 = 𝑋3
1 + 𝑋3

2 ,

where 𝑋3
1 lies on 𝐾𝑛 ∖ 𝐿 and 𝑋3

2 on 𝐿. The chain

Δ𝑋3
2 + 𝑦1 + 𝑦2

lies in 𝑀𝑛 ∪ 𝐿, and

𝐹𝑥1 − 𝐹Δ𝑋3
1 = 𝐹(Δ𝑋3

2 + 𝑦1 + 𝑦2).

Therefore
𝑧 − (𝑧2 + 𝐹(Δ𝑋3

2 + 𝑦1 + 𝑦2)) = Δ𝐹𝑋3
1 .

This is the homology we need. The lemma is proved.

We now prove that
𝐻2(𝑃 , ̇𝑃 ; 𝐺) = 0

if the group 𝐺 admits unique division by 𝑞. Indeed,

𝐻2(𝑃 , ̇𝑃 ; 𝐺) ≈ lim
⟶

{𝐻2(𝐾𝑛, 𝐾̇𝑛; 𝐺); (𝜔̃ 𝑛+1
𝑛 )∗}.

Let
𝛼 = {𝑎𝑛} ∈ lim

⟶
{𝐻2(𝐾𝑛, 𝐾̇𝑛; 𝐺); (𝜔̃ 𝑛+1

𝑛 )∗}.

The element 𝑎𝑛+1 contains a cycle 𝑧𝑛+1 lying on the subcomplex 𝑀𝑛+1. This
cycle takes equal values on all simplices of the subcomplex

𝑠𝑛

⋃
𝑖=1

𝑄𝑖.
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Indeed, any two simplices 𝜏𝑖 and 𝜏𝑗 of this subcomplex in 𝐾𝑛+1 are joined by
𝑞 tubes 𝑄𝑙1

, … , 𝑄𝑙𝑘
, 𝑠𝑛 < 𝑙𝑚 ≤ 𝑠𝑛+1. Computing the value of the boundary of

the cycle 𝑧𝑛+1 on the common bases of these tubes, we obtain

𝑞 ⋅ 𝑧𝑛+1(𝜏𝑖) =
𝑞

∑
𝑚=1

𝑧𝑛+1(𝑄𝑙𝑚
) = 𝑞𝑧𝑛+1(𝜏𝑗)

(the cycle 𝑧𝑛+1 takes equal values on all simplices of the subcomplex 𝑄𝑙𝑚
). But

the cycle 𝜔̃ 𝑛+1
𝑛 𝑧𝑛+1 is homologous to a cycle 𝑧𝑛 taking, on the simplices of 𝑄𝑖

for 𝑖 ≤ 𝑠𝑛, the same values as the cycle 𝑧𝑛+1 (hence values equal to one another).
Therefore the cycle

𝜔̃ 𝑛+1
𝑛 (𝑧𝑛+1) ∼ 0

in 𝐾𝑛, 𝑎𝑛 = 0, and 𝛼 = 0.

Theorem. Let 𝑐𝑑𝐺𝑋 be the cohomological dimension of a compactum 𝑋 over
the coefficient domain 𝐺. Then

𝑐𝑑𝑍𝑃3(𝑞) = 𝑐𝑑𝑅𝑞
𝑃3(𝑞) = 𝑐𝑑𝑍𝑞

𝑃3(𝑞) = 3,

𝑐𝑑𝑄𝑞
𝑃3(𝑞) = 2, 𝑐𝑑𝑍𝑝

𝑃3(𝑞) = 𝑐𝑑𝑅𝑝
𝑃3(𝑞) = 𝑐𝑑𝑄𝑃 3(𝑞) = 1 for 𝑝 ≠ 𝑞.

We shall prove only that 𝑐𝑑𝑍𝑝
𝑃3(𝑞) = 1 (the remaining assertions are proved

analogously).

Let 𝑐𝑑𝑍𝑝
𝑃3(𝑞) = 𝑙, 𝑙 > 1. Then the compactum 𝑃3(𝑞) contains an 𝑙-dimensional

subcompactum 𝐹 , each point 𝑥 of which has the following property: there is a
neighborhood 𝑈 of the point 𝑥 such that for any neighborhood 𝑥 ∈ 𝑉 ⊂ 𝑈
the group 𝐻 𝑙( ̄𝑉 , ̇𝑉 ; 𝑍𝑝) is nontrivial (7). Let 𝐾2

𝑛 be the two-dimensional skele-
ton of the complex 𝐾𝑛. The subspace ⋃∞

𝑖=0 𝜔−1
𝑖 𝐾2

𝑖 of the compactum 𝑃3(𝑞) is
the sum of a countable number of compacta homeomorphic to L. S. Pontryagin’
s compactum 𝑃2(𝑞). Since cd𝑍𝑝

𝑃2(𝑞) = 1, by the sum theorem for cohomo-
logical dimension (6) the compactum 𝐹 contains a point 𝑥 not belonging to
⋃∞

𝑖=0 𝜔−1
𝑖 𝐾2

𝑖 .

For any neighborhood 𝑈 of the point 𝑥 there exist a number 𝑛 and an open
three-dimensional simplex 𝑡 of the complex 𝐾𝑛 such that 𝑥 ∈ 𝜔−1

𝑛 𝑡 ⊂ 𝑈 . It is
not difficult to prove that the closure of the neighborhood 𝜔−1

𝑛 𝑡 coincides with
𝜔−1

𝑛 ( ̄𝑡), and its boundary with 𝜔−1
𝑛 ( ̇𝑡). But the compactum 𝜔−1

𝑛 ( ̄𝑡) belongs to the
class of compacta 𝑃3(𝑞). Thus 𝐻𝑖(𝜔−1

𝑛 ( ̄𝑡), 𝜔−1
𝑛 ( ̇𝑡); 𝑍𝑝) = 0 for 𝑖 = 2, 3. Therefore

𝑙 < 2 and cd𝑍𝑝
𝑃3(𝑞) = 1. The theorem is proved.

From Bokshtein’s formulas (4,5), expressing the dimension of a product of
compacta in terms of the cohomological dimensions of the factors computed by
us, it follows that dim(𝑃3(𝑞) × 𝑃3(𝑝)) = 4 for 𝑝 ≠ 𝑞 and dim(𝑃3(𝑞) × 𝑃3(𝑞)) = 6.

In conclusion I express my sincere gratitude to V. G. Boltyanskii for valuable ad-
vice and comments and to Yu. M. Smirnov for constant support and assistance
in editing this note.
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