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Abstract
Full Text
MATHEMATICS

Yu. L. RABINOVICH and S. V. NESTEROV

GENERAL FORM OF LINEAR DIFFEREN-
TIAL EQUATIONS WHOSE ORDER IS RE-
DUCED BY MEANS OF THE OPERATOR OF
GENERALIZED DIFFERENTIATION 𝐷𝛼

(Presented by Academician I. G. Petrovskii, December 2, 1960)

1. Introduction. The operator 𝐷𝛼, i.e. the integral transformation with the
Euler–Cauchy kernel (𝑧−𝜁)−𝛼−1 (1), transforms a differential expression of order
𝑛 of the form

ℒ[𝑢] =
𝑛

∑
𝑘=0

𝑝𝑘(𝑧)𝑑 𝑛−𝑘𝑢
𝑑𝑧 𝑛−𝑘 , (1)

where 𝑝𝑘(𝑧) are polynomials of degrees 𝑚𝑘, into the expression

𝑇𝛼[𝑣] =
𝑙

∑
𝑘=0

𝑞𝑘(𝑧, 𝛼)𝑑 𝑙−𝑘𝑣
𝑑𝑧 𝑙−𝑘 , (2)

where

𝑙 = max(𝑚0, 𝑚1 + 1, 𝑚2 + 2, … , 𝑚𝑛 + 𝑛); (3)

𝑞𝑘(𝑧, 𝛼) =
min(𝑘,𝑛)

∑
ℎ=0

( 𝛼
𝑘 − ℎ) 𝑝(𝑘−ℎ)

ℎ (𝑧). (4)

Between the expressions ℒ and 𝑇𝛼 there is the relation

𝐷𝛼ℒ[𝑢] = 𝑇𝛼[𝐷𝛼+𝑛−𝑙𝑢] (2,3). (5)

Let

𝑚0 = 𝑛; 𝑚𝑘 ≤ 𝑛 − 𝑘 for 𝑘 = 1, 2, … , 𝑛. (6)
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Then

𝑙 = 𝑛. (7)

Putting

𝑝𝑛−𝑘(𝑧) =
𝑘

∑
ℎ=0

𝑝𝑛−𝑘,ℎ𝑧𝑘−ℎ, 𝑞𝑛−𝑘(𝑧, 𝛼) =
𝑘

∑
ℎ=0

Φ𝑘ℎ(𝛼)𝑧ℎ, (8)

we find

Φ𝑘0(𝛼) =
𝑛−𝑘
∑
ℎ1=0

𝑝𝑛−𝑘−ℎ1,𝑘 𝛼(𝛼 − 1) ⋯ (𝛼 − ℎ1 + 1); (9)

Φ𝑘ℎ(𝛼) = 1
ℎ!Δ

ℎΦ𝑘−ℎ,0(𝛼), (10)

where Δℎ is the finite difference of order ℎ.

Under conditions (6), 𝑧 = ∞ is a regular singular point of the equation

ℒ[𝑢] = 0 (11)

with characteristic exponents 𝜌1, 𝜌2, … , 𝜌𝑛, satisfying the determining equation

Φ00(𝜌) = 0. (12)

In the absence of logarithms, to the exponent 𝜌𝑘 there corresponds a canonical
solution 𝑢𝑘(𝑧) of equation (11) at 𝑧 = ∞, expanded in a neighborhood of 𝑧 = ∞
in the series

𝑢𝑘(𝑧) =
∞

∑
𝑚=0

𝐴𝑘𝑚𝑧𝜌𝑘−𝑚. (13)

The operator 𝐷𝛼
∞𝑧 is defined by the contour integral

𝐷𝛼
∞𝑧𝑓(𝑧) = Γ(𝛼 + 1)

2𝜋𝑖 (1 − 𝑒2(𝛼−𝛽)𝜋𝑖) ∫
𝐶

(𝜁 − 𝑧)−𝛼−1𝑓(𝜁) 𝑑𝜁, (14)

where 𝐶 = 𝜁0𝑧+𝜁0∞+𝜁0𝑧−𝜁0∞−𝜁0, with 𝜁0 an arbitrary regular point of the
integrand, the loops 𝜁0∞±𝜁0 enclosing all singular points, and 𝜁0𝑧±𝜁0 only the
singular point 𝜁 = 𝑧 of the integrand4. In this case
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𝐷𝛼
∞𝑧𝑧𝛽 = 𝑒±𝜋𝛼𝑖 Γ(𝛼 − 𝛽)

Γ(−𝛽) 𝑧𝛽−𝛼. (15)

To the canonical solutions (13) of equation (11) there correspond canonical
solutions of the equation 𝑇𝛼[𝑣] = 0 of the form

𝑣𝑘(𝑧, 𝛼) = 𝐷𝛼
∞𝑧𝑢𝑘(𝑧) = 𝑒±𝜋𝛼𝑖

∞
∑
𝑚=0

Γ(𝛼 − 𝜌𝑘 + 𝑚)
Γ(𝑚 − 𝜌𝑘) 𝐴𝑘𝑚𝑧𝜌𝑘−𝛼−𝑚. (16)

If 𝛼 = 𝜌𝑘 − ℎ, where ℎ = 0, 1, 2, …, then 𝑣𝑘 ≡ ∞, and

∗𝑣𝑘(𝑧) = lim
𝛼→𝜌𝑘−ℎ

𝑣𝑘(𝑧, 𝛼)
Γ(𝛼 − 𝜌𝑘) =

= 𝑒±𝜋(𝜌𝑘−ℎ)𝑖
ℎ

∑
𝑚=0

(−1)𝑚 ℎ(ℎ − 1) … (ℎ − 𝑚 + 1)
Γ(𝑚 − 𝜌𝑘) 𝐴𝑘𝑚𝑧ℎ−𝑚. (17)

2. In the present paper we investigate the properties of those expressions ℒ[𝑢]
whose order is lowered by means of the operator 𝐷𝛼. If, under conditions
(6), the relations

𝑞𝑛(𝑧, 𝛼) ≡ 0, 𝑞𝑛−1(𝑧, 𝛼) ≡ 0, … , 𝑞𝑛−𝜇+1(𝑧, 𝛼) ≡ 0 (18)

hold for any 𝑧 and fixed 𝛼 = 𝛼1, then, putting

Λ[𝑤] =
𝑛−𝜇
∑
𝑘=0

𝑞𝑘(𝑧, 𝛼1) 𝑑 𝑛−𝜇−𝑘𝑤
𝑑𝑧 𝑛−𝜇−𝑘 , (19)

we obtain

𝐷𝛼1ℒ[𝑢] = Λ[𝐷𝛼1+𝜇𝑢]. (20)

In this case the operator 𝐷𝛼1 transforms the expression of 𝑛-th order ℒ[𝑢] into
the expression of (𝑛 − 𝜇)-th order Λ[𝑤], where 𝑤 = 𝐷𝛼1+𝜇𝑢.

Theorem. Let there be given natural numbers 𝑛 and 𝜇 < 𝑛, polynomials
𝑝0(𝑧), 𝑝1(𝑧), … , 𝑝𝑛−𝜇(𝑧) of degrees 𝑛, 𝑛 − 1, … , 𝜇, and a complex number 𝜔1

Then equations (18) for 𝑎 = 𝑎1 uniquely determine the polynomials
𝑝𝑛−𝜇+1(𝑧), … , 𝑝𝑛(𝑧). The corresponding expression ℒ[𝑢] satisfies relation
(20), i.e., the operator 𝐷𝛼1 lowers the order of ℒ[𝑢] by 𝜇 units. Equations (18)
for 𝑎 = 𝑎1 are equivalent to the equations
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Φ00(𝛼1) = 0; Φ00(𝛼1 + 1) = 0; … ; Φ00(𝛼1 + 𝜇 − 2) = 0; (21)

Φ00(𝛼1 + 𝜇 − 1) = 0;

Φ10(𝛼1) = 0; Φ10(𝛼1 + 1) = 0; … ; Φ10(𝛼1 + 𝜇 − 2) = 0;

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

Φ𝜇−2,0(𝛼1) = 0; Φ𝜇−2,0(𝛼1 + 1) = 0; (22)

Φ𝜇−1,0(𝛼1) = 0.

Equations (21) mean that the order 𝛼1 of the operator 𝐷𝛼1 , as well as the
numbers 𝛼1 + 1, … , 𝛼1 + 𝜇 − 1, are characteristic exponents of equation (11) at
𝑧 = ∞. Suppose that, for any natural number ℎ,

Φ00(𝛼1 − ℎ) ≠ 0. (23)

Then from conditions (22) it follows that to the exponents 𝜌𝑘 = 𝛼1 + 𝑘 − 1
(𝑘 = 1, 2, … , 𝜇) there belong 𝜇 linearly independent logarithm-free solutions
𝑢𝑘(𝑧) of equation (11) of the form (13).

3. Since for 1 ≤ 𝑘 ≤ 𝜇, 𝜌𝑘 − 𝛼1 = 𝑘 − 1, the solutions 𝑣1(𝑧, 𝛼1), … , 𝑣𝜇(𝑧, 𝛼1)
of the equation 𝑇𝛼1

[𝑣] = 0 lose their meaning and must be replaced by the
solutions

𝑣∗
𝑘(𝑧) = lim

𝛼→𝛼1

𝑣𝑘(𝑧, 𝛼)
Γ(𝛼 − 𝛼1 − 𝑘 + 1) ,

where 𝑣∗
𝑘(𝑧) is a polynomial of degree 𝑘−1. If the differences 𝜌𝜇+1−𝛼1, … , 𝜌𝑛−𝛼1

are not integers, then the functions

𝑤𝜇+1 = 𝐷𝛼1+𝜇
∞𝑧 𝑢𝜇+1(𝑧), … , 𝑤𝑛(𝑧) = 𝐷𝛼1+𝜇

∞𝑧 𝑢𝑛(𝑧) (24)

form a fundamental system of the equation

Λ[𝑤] = 0. (25)

On the other hand, for 1 ≤ 𝑘 ≤ 𝜇,
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lim
𝛼→𝛼1

𝜇−1
∑
𝑗=0

𝑞𝑛−𝑗(𝑧, 𝛼) 𝑑𝑗𝑣𝑘(𝑧, 𝛼)
𝑑𝑧𝑗 = 𝑄𝑘(𝑧),

where 𝑄𝑘(𝑧) is a polynomial of degree 𝑘−1, so that the functions 𝑤𝑘 = 𝐷𝛼1+𝜇
∞𝑧 𝑢𝑘

for 𝑘 ≤ 𝜇 satisfy the equations Λ[𝑤𝑘] = −𝑄𝑘, whence it follows that all 𝑛
functions 𝑤𝑖 = 𝐷𝛼1+𝜇

∞𝑧 𝑢𝑖(𝑧) (𝑖 = 1, 2, … , 𝑛) form a fundamental system of the
equation

𝑑𝜇

𝑑𝑧𝜇 Λ[𝑤] = 0. (26)

The fundamental system of the equation

𝐷𝛼ℒ[𝑢] = 0 (27)

consists of the functions

1, 𝑧, 𝑧2, … , 𝑧𝜇−1, 𝐷𝛼1∞𝑧𝑢𝜇+1(𝑧), … , 𝐷𝛼1∞𝑧𝑢𝑛(𝑧).

Moscow State University
named after M. V. Lomonosov
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