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Abstract
Full Text

MATHEMATICS

V. G. LEMLEIN

SPACES WITH CENTRO-PROJECTIVE CONNEC-
TION (F;k,l“ n) AS MANIFOLDS IMMERSED IN THE
REPRESENTATION SPACE OF THE PROLONGED
PSEUDOGROUP OF ANALYTIC TRANSFORMA-
TIONS

(Presented by Academician P. S. Aleksandrov, 15 IT 1961)

In this article an invariant construction is given of a space with centro-projective
connection ('}, I',,,) from a differential neighborhood of the third order, start-

ing from the system of exterior differential equations of E. Cartan for the pro-
longed pseudogroup of analytic transformations (?):

Duw' = [wlw], Duwt = [wiwh,] + [wh,w™], o
. ) _ 1
Durjy, = [wiiwp,] = (Wil — [ @i] + [ e™]

All forms occurring here are symmetric in any pair of their lower indices. The
foundations of the algebraic method used, based on the theory of successive pro-
longations and of enclosures of some geometric objects by others, were developed

by G. F. Laptev and A. M. Vasiliev and set forth in the papers (3, 1).

The local coordinates of the initial manifold {V"} are given by the first inte-
grals of the completely mtegrable Pfaff system w" = 0, and the pseudogroup of
their analytic transformations x* = z* ( %) is defined by the equations Q¢ = w'.
Here and in what follows, capital letters denote forms obtained from the forms
denoted by the corresponding lowercase letters by simply replacing the trans-
formed variables by the transformed ones.

Contracting in relations (1) the forms w and w’;, over the upper and lower
indices, we obtain

Dwé = [wgmwm]’ Dwék‘ - [wglwém} + [wék'mwm]‘ (2)
Introducing now, alongside the forms of affine connection,
OFf =Wk + Tk wm, (3)

the forms
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(f)llk = wfk + (n+ 1T, 0™, (4)

we shall have

Dof —[@wn] = [05,w™], (5)
where
ﬁ?m =S drfm - ]-—‘ngn - Ffmwz + Fgmwf + wfm - Fgl]‘—‘fmo‘)ZV
Dl — [0, ] = (n 4+ 1)[0,,w™], (6)
_ j j L i a L. i
D = dl'y,,, — Lyjwom — Ty + IV w W — Dim T’

(n+1) km = aj (n+1)

Let us consider the (n 4+ n? + n®)-dimensional representation space of such a
prolongation of the pseudogroup of analytic transformations which shows how
the object of centro-projective connection transforms. The points of such a
space (2%, Fék, T',,,) are given by the first integrals of a completely -

of the integrable Pfaff system w’ = 0, ﬁ;k =0, ¥;,, =0, and the pseudogroup
transforming them:

, ) , )
. o y ox" 9z ok _. oz" 9%zt
b =a" (2Y), I, = . e . i

J oxt OxI" Oxk oxt 0xI’ Ox

—1/(n+1) —1/(n+1)

r 02l 0a™ r 0? lndetHﬁx’“,/ax’“ B 8lndetH81”“,/8x’“ -
T T dxldxm dk tm

is determined by the equations Q' = o', ©% =¥, O, =V,

m*

A space with centro-projective connection (Fj-k, I'y,,) from a differential neigh-
borhood of third order is now defined as an n-dimensional surface

Fé‘k = ;k(xm)v Ly =Tp(2™), (7)

immersed in the (n+n?+n?)-dimensional space under consideration. Instead of
specifying an n-dimensional surface by equations (7), one may evidently simply
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specify the forms 793‘;; and v; in the form of linear combinations of the forms
w™:

= A; em@" Uiy = Njg ™. (8)

Substituting (3) and (4) into the first equations of the systems (1) and (2), and
(8) into (5) and (6), we obtain the structure equations of the space under study
in the form

Duw' = [W*@t]) — RE | [whw™], Dul = [@ w™] + (n+ 1)Ry,, [wFw™],  (9)
where
i 1
Ry, = Q(ka —Ik)s Ry, = Q(ka —L)s (10)
D = (@] — SR ), (1)

D&}y = [6]"G},] — 5+ DR, oy [ w™]
R; km — A] A; mk>’ Ri,km = Ai,km - Ai,mk‘ (12)

The quantities (10) and (12) satisfy, for w’ = 0, the equations

a1
dem lewk Rkl m + ( + 1) ka il 0;
dR} ., — R} kl(:) R;’,lm — R} 1) L+ R] fm@ =0, (14)

- 1 ~
dR; km*Ri,klwvln*Rum — Ry, z+( +1)Rﬁ km ng 0,

which form completely integrable systems and, consequently, are geometric ob-
jects.

The first equations of the systems (10) and (12), by virtue of (13) and (14), define
the torsion and curvature tensors of the space of affine connection specified by
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the first equations of the system (8). The structure equations of this space are
determined by the first equations of the systems (9) and (11). We note that
when R = 0and R, =0, the second equations of (10) and (12) give, as is
directly seen from the systems (13) and (14), tensors. The geometric objects (10)
and (12) are called, respectively, the complete torsion object and the complete
curvature object. Under a change of coordinates these objects are transformed
according to the laws

1/(n+1)
g 0x" 0x7 o p_ 0dh 0am dlndet |0z /07|
K T Pxi Ori’ Oxk Jk’ K'm' = 5ok §pm/ km !
y 833 ox? 0xk ox™

5’ K'm/ 3331 oz’ dxk dr™m J»km’

Ri/, Km! =

ozt dx* 9x™ dlndet |9z /x| "/ (n+D)
— = | Rigm + R! :
ozV ok dxm’ o ! i, km

The points of the local centro-projective spaces {P™} (4) are specified by geo-
metric objects (u?) (punctors), determined by the completely integrable system

V' = dut + uldl — nt l)ululwml =0, w = 0.

Integrating the system Q' = w’, ©% = 1, we obtain the transformation law for
(u;) in finite form

v (92" )9z’ )

1 dlndet|dz /ozT|, & ’
D) ok u® +1

The points of the space {Q"}, dual to {P™} (6), are specified by geometric
objects (u;) (copunctors), determined by the completely integrable system

1 ,
¥; = du; — @ — ———@™m. =0, W' =0.
(n+1)

Integrating the system ¢ = w?, ©, = 9J,, we obtain the transformation law for
(u;) in finite form

oz’ 1 Olndet |ox” J o™ H
i Pt i (n+1) ox?
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We now introduce the connection f;k into the local centro-projective spaces
{P™}. Externally differentiating the forms

. ) o 1 .
P =du’ + ulw? — et 1)ululwzl,

whose first integrals determine a point in {P™}, and using formulas (11) with
w' = 0, we obtain

DY = [0, (15)
where
; ~ 1 7 ~m 7 5m
VU] = Q) — it 1)uk(5kwml + 070, ). (16)

Next, externally differentiating the forms (16) and again using (11) with w? = 0,
we have

DYj = [97*9,] + [9],,9™], (17)
where
[ — 1 1,Ma 1 ~Ma
7“9lm = (n + 1) (5lwam + 6mwal>' (18)

From (16), (18) it is easy to obtain ¥¢ = &% —u*@?,, ¥, = &%, ; consequently,

1
(n+1)

V= (6i92,, + 65,99). (19)

m "~ al

Introducing now in {P™} the forms of an affine connection

Ok = ok + Tk o,

m
we shall have
DIk — [379%] = [k, 0™], (20)
where
ok = dft, —Phgl, T

S R L LS VA LR

jmYi im"7j
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The equations defining in the space {P"} the object of affine connection f‘ﬁn
are written in the form

dFE, —FEGh Tk 59+ T 5% 4 0k, =0

imYi im”j

and, consequently, by virtue of (19), coincide with the equations

b eRRS ek Fi e 7 1
d'}/i]fn - Vi];‘ﬂ”]" - rleinﬁi] + ’Yz%nﬂ]k + (n + 1)

(67t + O 0};) = 0,
which are satisfied by the object (°,7)

;;/i]:n = _5ka - 57]315'1" (21)

T m

where

1 o,
|: rermd — ik :| ufF — Te.
2= at™ bk _ ai
i (n+1) (n—1) (n+1) ’ (22)
I +1

¢ 1 Ok ok
7Fal“b _ J Ju”
Ln+n2“JM <n—n]“ (n+1)
1 l l
O =5 (R + Rigl -

Thus, the object (21) may be taken in {P™} as an object of affine connec-
tion. This connection transforms the space {P™} into a symmetric projective-
Euclidean space (%).

Substituting 9; = 15} — 5., 9™ into (15) and Lp;k = (aﬁk/aum —%j‘jn’?;k)ﬁm into
(20), we obtain the structure equations of this space in the form

~

i 9 i 91,94 1=, m
Dy = [19[191]’ Dﬁj = [7931'191] 9 Rj,kmwkﬂ ],
where the components
~ oL oL
Bjtm = Ju — gum T Imitak — iy Vam (23)

form the curvature tensor. Substituting (22) into (21), and (21) into (23), we
obtain

~. 1 ~ o
B = 70 (0iR; — 01 Rsy)

sovietrxiv.org/items/ru-196101.26182 Machine Translation


https://sovietrxiv.org/items/ru-196101.26182

where

1 o 1 o )
Te ]_'\b o Kkl 1—n [(Fa'rb _ Zk‘) ut —
’R’kl _ (1_n) (n 4 1)2 ak™ bl (n _ 1) _( ) (n + 1)2 ai™ bk (n _ 1)
’ 1 0,5 g 2 .
——Terb — Y w — — = Taqi 4] 1 aTb _
(n+1)2° ¢ b (n—1) (n+1) @ (nH)QFM-Fbj

Since, by virtue of (24), Rkvl|u:o = 0y,, and consequently

R]?,k"fﬂ|u:0 = (1 o n) (517;0-771] - 51zno-kj) )

then for the tensor of equiprojective curvature (7)

Th =Rh +

h h
k,ji k,ji 070, —0; Ujk>7

1
m@

whose vanishing is a necessary and sufficient condition that the space under
consideration be an equiaffine projective-Euclidean space, we obtain

R

h _ ph
Th.. =R k,ﬂ\uzo.
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