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Abstract
Full Text
MATHEMATICS
V. G. MIKHAL’CHUK

AN EXISTENCE THEOREM FOR RATIONAL
FUNCTIONS ON RIEMANN SURFACES
(Presented by Academician I. N. Vekua, January 2, 1961)

1. In order that on a closed Riemann surface 𝑅 of genus 𝑔 there exist a
rational analytic function with poles of the first order at prescribed points
𝑝𝜇 (𝜇 = 1, 2, … , 𝑛), respectively with principal parts 𝑎𝜇/𝑧, it is necessary
and sufficient that the equality

𝑛
∑
𝜇=1

𝑎𝜇𝜑(𝑝𝜇) = 0, (1)

hold, where 𝜑(𝑝) is an arbitrary covariant of the first kind on 𝑅.

This assertion may be derived from the following relation (see (1), p. 204):

∫
𝐽

𝑓(𝑧) 𝑑𝑤 = −
𝑔

∑
𝜈=1

𝐴′
𝜈𝐵𝜈 = 2𝜋𝑖

𝑛
∑
𝜇=1

𝑎𝜇𝜑(𝑝𝜇), (2)

where 𝐽 is a system of canonical cuts 𝐾1, 𝐾2, … , 𝐾2𝑔 of the surface 𝑅; 𝑑𝑤
is an Abelian differential of the first kind with periods 𝐴′

𝜈, 𝐵′
𝜈 along 𝐾2𝜈−1,

respectively 𝐾2𝜈; 𝑑𝑓(𝑧) is a complexly normalized Abelian differential of the
second kind with principal parts −𝑎𝜇/𝑧2 at the points 𝑝𝜇 (𝜇 = 1, 2, … , 𝑛) and
with periods 𝐴𝜈, 𝐵𝜈 along 𝐾2𝜈−1, respectively 𝐾2𝜈, with 𝐴𝜈 = 0 (the condition
of complex normalization). Here 𝑧 denotes a local parameter of the surface 𝑅.

The aim of what follows is to generalize the indicated assertion to the case of
quasianalytic functions.

2. By a quasianalytic function 𝑓(𝑧) we mean a continuously differentiable
solution of an equation of the form

𝑤 ̄𝑧 = 𝐵(𝑧)𝑤𝑧, |𝐵(𝑧)| < 1. (3)

Let 𝑑𝑓(𝑧) be a complexly normalized quasianalytic differential (it can be made
such analogously to the case of an analytic differential), belonging to equation
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(3), with poles of the second order at the points 𝑝𝜇 (𝜇 = 1, 2, … , 𝑛) and, respec-
tively, with principal parts 𝛼𝜇𝑑𝑍𝑥𝜇

(𝑧, 𝑧𝜇) + 𝑖𝛽𝜇𝑑𝑍1
𝑥𝜇

(𝑧, 𝑧𝜇), where 𝛼𝜇, 𝛽𝜇 are
real coefficients (see (2), p. 30). Further, let 𝑑𝑤 = 𝑑𝑢 + 𝑖 𝑑𝑣 be an arbitrary
quasianalytic differential of the first kind, and let 𝑑𝑤𝑘 (𝑘 = 1, 2, … , 2𝑔) be a
basis of differentials of the first kind belonging to the equation

𝑤′
̄𝑧 = −𝐵(𝑧) 𝑤′𝑧. (4)

Let us note that the basis of quasianalytic differentials is a 2𝑔-dimensional real
space, i.e., it has 2𝑔 linearly independent components with respect to real coeffi-
cients and is not reduced to a 𝑔-dimensional complex space, since a differential
belonging to equation (4), multiplied by a complex number, will not belong to
this equation.

Let us now consider the integral

𝐻 = ∫
𝐽

𝑓(𝑧) 𝑑𝑤 + 𝑓(𝑧) 𝑑𝑤.

Preserving the notation for the periods of the preceding paragraph for the dif-
ferentials 𝑑𝑓(𝑧) and 𝑑𝑤, we obtain

𝐻 = −2 Re
𝑔

∑
𝜈=1

𝐴′
𝜈𝐵𝜈. (5)

The integrand of the integral 𝐻 is a complete differential; therefore its residues
can be computed (see (2), p. 30)

𝐻 = − ∫
𝐽

𝑤 𝑑𝑓 + 𝑤 𝑑𝑓 = 4𝜋
𝑛

∑
𝜇=1

[𝛼𝜇
𝜕𝑣(𝑝𝜇)

𝜕𝑥 + 𝛽𝜇
𝜕𝑢(𝑝𝜇)

𝜕𝑥 ] . (6)

Theorem 1. In order that on the closed Riemann surface 𝑅 there exist a
single-valued quasianalytic function of equation (3) with poles of the first order
at the points 𝑝𝜇 (𝜇 = 1, 2, … , 𝑛), respectively with principal parts 𝛼𝜇𝑍𝑥𝜇

+i𝛽𝜇𝑍1
𝑥𝜇

(𝜇 = 1, 2, … , 𝑛), it is necessary and sufficient that the inequality

𝑛
∑
𝜇=1

[𝛼𝜇
𝜕𝑣(𝑝𝜇)

𝜕𝑥 + 𝛽𝜇
𝜕𝑢(𝑝𝜇)

𝜕𝑥 ] = 0, (7)

hold, where

𝑑𝑤 = 𝜕(𝑢 + 𝑖𝑣)
𝜕𝑥 𝑑𝑥 + 𝜕(𝑢 + 𝑖𝑣)

𝜕𝑦 𝑑𝑦
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is an arbitrary quasianalytic differential of the first kind, belonging to equation
(4) on the surface 𝑅.

Proof. Necessity follows from comparing formulas (5) and (6).

Sufficiency. Let 𝑑𝑓(𝑧) be a complex-normalized quasianalytic differential of
the second kind belonging to equation (3), with poles at the points 𝑝𝜇 (𝜇 =
1, 2, … , 𝑛) and with principal parts respectively equal to 𝛼𝜇𝑑𝑍𝑥𝜇

+ i𝛽𝜇𝑑𝑍1
𝑥𝜇

.
Suppose that condition (7) is satisfied. Then, from comparing formulas (5) and
(6), we obtain

Re
𝑔

∑
𝜈=1

𝐴′
𝜈𝐵𝜈 = 0. (8)

Condition (8) is true for any quasianalytic differential of the first kind be-
longing to equation (4); hence it holds also for the basis differentials 𝑑𝑤𝑘
(𝑘 = 1, 2, … , 2𝑔), belonging to the same equation, i.e.,

Re
𝑔

∑
𝜈=1

𝐵𝜈𝐴𝑘𝜈 = 0 (𝑘 = 1, 2, … , 2𝑔),

where 𝐴𝑘𝑣 is the period of the differentials 𝑑𝑤𝑘 with respect to the paths 𝐾2𝑣−1.
If

𝐵𝑣 = 𝑏(1)
𝑣 + 𝑖𝑏(2)

𝑣 , 𝐴𝑘𝑣 = 𝑎(1)
𝑘𝑣 + 𝑖𝑎(2)

𝑘𝑣 ,

then the last system can be written in the form

𝑔
∑
𝑣=1

[𝑎(1)
𝑣 𝑏(1)

𝑘𝑣 − 𝑏(2)
𝑣 𝑎(2)

𝑘𝑣 ] = 0 (𝑘 = 1, 2, … , 2𝑔). (9)

The determinant of the system (9) can differ only in sign from the determinant
of the system

𝑎(1)
𝑘 =

2𝑔
∑
𝑣=1

𝑐𝑣𝑎(1)
𝑣𝑘 ,

𝑎(2)
𝑘 =

2𝑔
∑
𝑣=1

𝑐𝑣𝑎(2)
𝑣𝑘 (𝑘 = 1, 2, … , 𝑔), (10)

where 𝑐𝑣 are real coefficients determining a certain differential
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𝑑𝑤 =
2𝑔

∑
𝑣=1

𝑐𝑣𝑑𝑤𝑣 (11)

with periods 𝑎(1)
𝑘 + 𝑖𝑎(2)

𝑘 with respect to the paths 𝐾2𝑘−1. But the determinant
of the system (10) is different from zero by virtue of the uniqueness of the
determination of the differential 𝑑𝑤 by arbitrarily prescribed periods 𝑎(1)

𝑘 +𝑖𝑎(2)
𝑘 .

Consequently, the determinant of the system (9) is different from zero, and
therefore the system has only the trivial solution 𝐵𝑣 = 0. Hence the function
𝑓(𝑧) is single-valued on 𝑅.

3. The assertion given in no. 1 concerning the existence on the surface 𝑅 of
a rational analytic function with poles of the first order can be generalized
also to the case of poles of higher orders. If the function 𝑓(𝑧) has at the
points 𝑝𝜇 (𝜇 = 1, 2, … , 𝑛) poles of order 𝑚𝜇 with principal parts

𝑎(𝜇)
𝑚𝜇

𝑧𝑚𝜇
+

𝑎(𝜇)
𝑚𝜇−1

𝑧𝑚𝜇−1 + ⋯ + 𝑎(𝜇)
1
𝑧 ,

then instead of condition (1) we shall have

𝑛
∑
𝜇=1

[ 𝑎(𝜇)
𝑚𝜇

(𝑚𝜇 − 1)!
𝑑𝑚𝜇−1

𝑑𝑧𝑚𝜇−1 𝜑(𝑝𝜇) + ⋯ + 𝑎(𝜇)
2
1!

𝑑
𝑑𝑧 𝜑(𝑝𝜇) + 𝑎(𝜇)

1 𝜑(𝑝𝜇)] = 0. (12)

This is not difficult to verify by computing the residues of the expression 𝑓(𝑧) 𝑑𝑤.
It should be noted that the quantities 𝑎(𝜇)

𝑚𝜇 , 𝑎(𝜇)
𝑚𝜇−1, … , 𝑎(𝜇)

1 depend in a definite
way on the choice of the local parameter; however, each bracketed expression in
relation (12) is invariant with respect to the choice of the local parameter.

An analogous generalization also holds for quasianalytic functions, namely, the
following theorem holds:

Theorem 2. In order that on a closed Riemann surface 𝑅 there exist a rational
quasianalytic function satisfying

⋯of (3) with poles at the points 𝑝𝜇 (𝜇 = 1, 2, … , 𝑛) of order 𝑚𝜇, and in them
with principal parts

𝑚𝜇

∑
𝑗=1

[𝛼(𝜇)
𝑗 𝑍𝑥𝑗

𝜇
(𝑧, 𝑧𝜇) + 𝑖𝛽(𝜇)

𝑗 𝑍𝑦𝑗
𝜇
(𝑧, 𝑧𝜇)] ,

it is necessary and sufficient that the equality
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𝑛
∑
𝜇=1

{
𝑚𝜇

∑
𝑗=1

[
𝛼(𝜇)

𝑗
(𝑗 − 1)!

𝜕𝑗−1𝑣(𝑝𝜇)
𝜕𝑥𝑗−1 +

𝛽(𝜇)
𝑗

(𝑗 − 1)!
𝜕𝑗−1𝑢(𝑝𝜇)

𝜕𝑥𝑗−1 ]} = 0, (13)

where 𝑑𝑤 = 𝑑𝑢 + 𝑖 𝑑𝑣 is an arbitrary quasianalytic differential of the first kind
belonging to equation (4) on the surface 𝑅.

For the proof of Theorem 2 one should require the existence, in a neighborhood
of the points 𝑝𝜇, of derivatives of the functions 𝐵̇(𝑧) (see equation (3)) of order
(𝑚𝜇 − 1).

4. Theorems 1 and 2 hold for solutions of a more general elliptic system of
differential equations, namely

𝑣𝑦 = 𝑎𝑢𝑥 + 𝑏𝑢𝑦,

𝑣𝑥 = 𝑐𝑢𝑥 + 𝑑𝑢𝑦,

which in complex form may be written as follows:

𝑤 ̄𝑧 = 𝐴1(𝑧)𝑤𝑧 + 𝐵1(𝑧)𝑤̄ ̄𝑧, (14)

where

𝐴1 = − 𝑝1(𝑝2 − 1)
(𝑝𝑝1 + 1)(𝑝 + 𝑝1)𝑒2𝑖𝜃, 𝐵1 = 𝑝(𝑝2

1 − 1)
(𝑝𝑝1 + 1)(𝑝 + 𝑝1)𝑒2𝑖𝜃1 ,

𝑝, 𝜃; 𝑝1, 𝜃1 are the characteristics of the quasiconformal mapping 𝑤 = 𝐹(𝑧)
(see (2)). This follows from the following considerations. If on the Riemann
surface 𝑅 a solution of differential equation (14) is given, then by choosing a
new local parameter 𝜁 = 𝜑(𝑧), which in each parametric circle |𝑧| < 1 satisfies
the equation

𝜑 ̄𝑧 = 𝐴(𝑧)𝜑𝑧, 𝐴 = −𝑝 − 1
𝑝 + 1𝑒2𝑖𝜃,

one passes to the function 𝑤 = 𝑓(𝜁), which is a solution of equation (3) with
respect to the local parameter 𝜁 on the surface 𝑅1, obtained from 𝑅 by changing
the local parameters.
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Note: Figure translations are in progress. See original paper for figures.
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