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Abstract
Full Text

MATHEMATICS
N. V. STEPANOV

THE GEOMETRY OF TWO ORDINARY DIF-
FERENTIAL EQUATIONS OF THE SECOND
ORDER
(Presented by Academician P. S. Aleksandrov, 27 IV 1961)

Differential equations as a subject of geometrical investigation have repeatedly
attracted the attention of geometers. In particular, questions connected with
the geometry of an ordinary differential equation of the second order were stud-
ied by Cartan (1) and Dubourdieu (2). A. M. Vasil’ev (3) indicated a way of
constructing the most general geometric theory of differential equations, con-
nected with the use of invariant differential-geometric methods of G. F. Laptev
(4), generalized to infinite Lie groups.

The aim of the present work is to find properties of the totality of integral curves
of two ordinary differential equations of the second order that are invariant with
respect to arbitrary analytic transformations of the plane. The basic method
of investigation is the canonization of the frame (5) attached to a manifold
immersed in the representation space of an infinite Lie group. The canonization
algorithm in this case does not differ from the usual one (see, for example, (6)).
It should be noted (in what follows this will not be stipulated) that all construc-
tions of the present work are of a strictly local character; all functions occurring
in the work are assumed to be analytic.

Consider a two-dimensional plane 𝑆, on which acts the infinite group 𝐺 of all
point analytic transformations. For the purposes of the problem it will also be
expedient to consider the representation of the group 𝐺 on the set of elements
of the form: a point plus two tangent directions issuing from this point. Let us
prescribe on 𝑆 a pair of ordinary differential equations of the second order (in
symmetric notation):

𝑦″ = 𝑓(𝑥, 𝑦, 𝑦′), (1)
𝑥″ = 𝜑(𝑥, 𝑦, 𝑥′). (2)

It turns out to be possible to attach to equations (1), (2), in a manner invariant
with respect to transformations of the group 𝐺, a system of differential forms
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𝜔1, 𝜔2, 𝜔1
2, 𝜔2

1, 𝜔1
1, 𝜔2

2, 𝜔1
21, 𝜔2

12, determined up to an arbitrary analytic trans-
formation of the parameters and satisfying the following structure equations:

𝐷𝜔1 = [𝜔1𝜔1
1] + [𝜔2𝜔1

2],
𝐷𝜔2 = [𝜔1𝜔2

1] + [𝜔2𝜔2
2],

𝐷𝜔1
2 = [𝜔1

2, 𝜔1
1 − 𝜔2

2] + [𝜔1
21𝜔1],

𝐷𝜔2
1 = [𝜔2

1, 𝜔2
2 − 𝜔1

1] + [𝜔2
12𝜔2],

𝐷𝜔1
1 = [𝜔2

1𝜔1
2] + [𝜔1

21𝜔2] + 2[𝜔2
12𝜔2] + 3𝛼[𝜔1𝜔1

2],
𝐷𝜔2

2 = [𝜔1
2𝜔2

1] + [𝜔2
12𝜔1] + 2[𝜔1

21𝜔1] + 3𝛽[𝜔2𝜔1
2],

𝐷𝜔1
21 = [𝜔2

2𝜔1
21] + [𝜔1

2𝜔2
12] + 3𝛼[𝜔2

1𝜔1
2] + 2𝛽[𝜔1

21𝜔1] +
+ 𝛼[𝜔2

12𝜔1] + 2𝛽1[𝜔1𝜔1
2] + 𝛼2[𝜔1𝜔2

1] + 2𝛾[𝜔2𝜔1],
𝐷𝜔2

12 = [𝜔1
1𝜔2

12] + [𝜔2
1𝜔1

21] + 3𝛽[𝜔1
2𝜔2

1] + 2𝛼[𝜔2
12𝜔2] +

+ 𝛽[𝜔1
21𝜔2] + 2𝛼2[𝜔2𝜔2

1] + 𝛽1[𝜔2𝜔1
2] + 2𝜀[𝜔1𝜔2],

(A)

where along a fixed integral curve of equation (1) (respectively (2)) the equalities

𝜔1 = 𝜔1
2 = 0, (3)

respectively,

𝜔2 = 𝜔2
1 = 0, (4)

will be identically satisfied; and when a point on 𝑆 is fixed—the equalities

𝜔1 = 𝜔2 = 0. (5)

As a consequence of (A), the systems (3), (4), and (5) are completely integrable.
The representation of the group 𝐺 mentioned above will be a representation in
the space of first integrals of the completely integrable system

𝜔1 = 𝜔2 = 𝜔1
2 = 𝜔2

1 = 0. (6)

From the differential relations following from (A), it follows that 𝛼 and 𝛽 are
relative invariants which vanish only simultaneously; moreover, when 𝛼 = 𝛽 = 0,
𝛼2 = 𝛽1 = 0.

Let 𝛼 = 𝛽 = 0. In this case the following facts hold:

1) On the plane 𝑆 a certain projective connection arises.

2) Equations (1) and (2) take the form:

sovietrxiv.org/items/ru-196101.26130 Machine Translation

https://sovietrxiv.org/items/ru-196101.26130


𝑦″ = 𝐴(𝑦′)3 + 𝐵(𝑦′)2 + 𝐶𝑦′ + 𝐷, (7)

𝑥″ = −𝐷(𝑥′)3 − 𝐶(𝑥′)2 − 𝐵𝑥′ − 𝐴, (8)

where 𝐴, 𝐵, 𝐶, 𝐷 are arbitrary functions of 𝑥 and 𝑦. It is easy to see that (7) and
(8) are different forms of writing one and the same equation, and, consequently,
their integral curves coincide.

3) If 𝛼 = 𝛽 = 𝛾 = 𝜀 = 0, then a projective geometry arises on the plane 𝑆; the
family of integral curves is equivalent to a rectilinear net—the set of lines of
the projective plane. In the general case, when 𝛼 ≠ 0, 𝛽 ≠ 0, introducing
invariant dependences between the secondary parameters, one can express
the forms 𝜔1

1, 𝜔2
2, 𝜔1

21, 𝜔2
12 through the principal forms 𝜔1, 𝜔2, 𝜔1

2, 𝜔2
1, which

in this case will satisfy the following structural equations:

𝐷𝜔1 = [𝜔2𝜔1
2] + 2[𝜔2

1𝜔1] + 𝛽4[𝜔1
2𝜔1],

𝐷𝜔2 = [𝜔1𝜔2
1] + 2[𝜔1

2𝜔2] + 𝛼3[𝜔2
1𝜔2],

𝐷𝜔1
2 = (𝛼3 − 2)[𝜔1

2𝜔2
1] + 𝛼2[𝜔1

2𝜔2] + 1
3 (𝛽1 + 𝛽24)[𝜔1

2𝜔1]
+ 2

3 (𝛼2 − 𝛼13)[𝜔1𝜔2
1] + 2

3 (2𝛼12 − 𝛽22)[𝜔2𝜔1],
𝐷𝜔2

1 = (𝛽4 − 2)[𝜔2
1𝜔1

2] + 𝛽1[𝜔2
1𝜔1] + 1

3 (𝛼2 + 𝛼13)[𝜔2
1𝜔2]

+ 2
3 (𝛽1 + 𝛽24)[𝜔2𝜔1

2] + 2
3 (2𝛽21 − 𝛼11)[𝜔1𝜔2].

(B)

Let us note that all coefficients in (B) are absolute invariants.

We write the principal forms 𝜔1, 𝜔2, 𝜔1
2, 𝜔2

1 in the form

𝜔1 = 𝜉(𝑑𝑦 − 𝑦′ 𝑑𝑥), 𝜔1
2 = 𝜌{𝑑𝑦 − 𝑦′ 𝑑𝑥 + 𝜆[𝑑𝑦′ − 𝑓(𝑥, 𝑦, 𝑦′) 𝑑𝑥]},

𝜔2 = 𝜂(𝑑𝑥 − 𝑥′ 𝑑𝑦), 𝜔2
1 = 𝜎{𝑑𝑥 − 𝑥′ 𝑑𝑦 + 𝜇[𝑑𝑥′ − 𝜑(𝑥, 𝑦, 𝑥′) 𝑑𝑦]}, (9)

where 𝜉, 𝜂, 𝜌, 𝜎, 𝜆, 𝜇 are functions of the principal parameters 𝑥, 𝑦, 𝑥′, 𝑦′.

Externally differentiating (9) and comparing the results with (B), we obtain:

𝜉 = − 1
3 (𝑓𝑦′𝑦′ + 4𝑘𝑥′𝑓𝑦′ + 6𝑘2(𝑥′)2𝑓 + 6𝑘2𝑦′𝜑 + 2𝑘𝜑𝑥′) ,

𝜂 = − 1
3 (𝜑𝑥′𝑥′ + 4𝑘𝑦′𝜑𝑥′ + 6𝑘2(𝑦′)2𝜑 + 6𝑘2𝑥′𝑓 + 2𝑘𝑓𝑦′) ,

𝛼3 = 𝜉
𝜂 (𝜂𝑥′

𝜂𝑘 − 𝑦′) , 𝛽4 = 𝜂
𝜉 (𝜉𝑦′

𝜉𝑘 − 𝑥′) (𝑘 = 1
1 − 𝑥′𝑦′ ) ,
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𝛽1 = −2𝜂1
𝜂 −𝑘

𝜉 [𝑘 (𝑓𝑥′2 + 𝑦′𝜑 − 𝑥′𝜂𝜉2
𝑘𝜉 ) − 1

𝜉 (𝜉𝑥𝑥′ + 𝜉𝑦 + 2𝑘𝜂𝜑 + 𝜉𝑦′𝑓𝑥′ − 𝜉𝑦′𝜉2𝜂
𝑘2𝜉 )] ,

𝛼2 = −2𝜉2
𝜉 −𝑘

𝜂 [𝑘 (𝜑𝑦′2 + 𝑥′𝑓 − 𝑦′𝜉𝜂1
𝑘𝜂 ) − 1

𝜂 (𝜂𝑥 + 𝜂𝑦𝑦′ + 𝜂𝑥′𝜑𝑦′ + 2𝑘𝜉𝑓 − 𝜂𝑥′𝜂1𝜉
𝑘2𝜂 )] ,

2/3 (𝛼13 + 𝛼2) = −𝜉2𝑥′

𝑘𝜂 + 𝜉2
𝑘𝜂𝜉 (2𝑘𝜂 + 𝑘𝜉𝑦′ − 𝜉𝜂𝑥′

𝜂 ) ,

2/3 (𝛽24 + 𝛽1) = −𝜂1𝑦′

𝑘𝜉 + 𝜂1
𝑘𝜂𝜉 (2𝑘𝜉 + 𝑘𝜂𝑥′ − 𝜂𝜉𝑦′

𝜉 ) , (10)

1/3 (2𝛼12 − 𝛽22) = 𝑘
2𝜂𝜉 (𝜉2𝑥 + 𝜉2𝑦𝑦′ + 𝜉2𝑥′𝜑𝑦′ + 𝜉2𝑦′𝑓 − 𝜉2𝑥′𝜂1𝜉

𝑘2𝜂 ) − 𝜉2
2

𝜉2 −

− 𝑘𝜉2
2𝜂𝜉 [𝑘 (𝜑𝑦′2 + 𝑓𝑥′ − 𝑦′𝜉𝜂1

𝑘𝜂 ) − 1
𝜂 (𝜂𝑥 + 𝜂𝑦𝑦′ + 𝜂𝑥′𝜑𝑦′ + 2𝑘𝜉𝑓 − 𝜂𝑥′𝜂1𝜉

𝑘2𝜂 )] ,

1/3 (2𝛽21 − 𝛼11) = 𝑘
2𝜂𝜉 (𝜂1𝑥𝑥′ + 𝜂1𝑦 + 𝜂1𝑦′𝑓𝑥′ − 𝜂1𝑦′𝜉2𝜂

𝑘2𝜉 ) − 𝜂2
1

𝜂2

−𝑘𝜂1
2𝜉𝜂 [𝑘 (𝑓𝑥′2 + 𝜑𝑦′ − 𝑥′𝜂𝜉2

𝑘𝜉 ) − 1
𝜉 (𝜉𝑥𝑥′ + 𝜉𝑦 + 2𝑘𝜂𝜑 + 𝜉𝑦′𝑓𝑥′ − 𝜉𝑦′𝜉2𝜂

𝑘2𝜉 )] ,

where, for brevity, it is denoted:

𝜂1 = 𝑘
3𝜉 [2 (𝜉𝑥 + 𝜉𝑦𝑦′ + 2𝑘𝜂𝜑𝑦′ + 𝜉𝑦′𝑓) − (𝜂𝑥𝑥′ + 𝜂𝑦 + 𝜂𝑥′𝜑 + 2𝑘𝜉𝑓𝑥′)] ,

𝜉2 = 𝑘
3𝜂 [2 (𝜂𝑥𝑥′ + 𝜂𝑦 + 𝜂𝑥′𝜑 + 2𝑘𝜉𝑓𝑥′) − (𝜉𝑥 + 𝜉𝑦𝑦′ + 2𝑘𝜂𝜑𝑦′ + 𝜉𝑦′𝑓)] . (11)

Formulas (10), (11) will be the solution of the problem in general form, since they
make it possible, for the given functions 𝑓 and 𝜑, to find directly by computation
the invariants of the structural equations (B).
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In conclusion, let us consider one of the simplest special cases, which we single
out as follows: let us require that the greatest possible number of invariants
vanish, and that the remaining ones become constants, with symmetry neces-
sarily preserved. Such a system of invariants turns out to be possible, and the
corresponding structural formulas, after simplification, take the form:

𝐷𝜔1 = [𝜔2𝜔1
2] + 2[𝜔2

1𝜔1] + [𝜔1
2𝜔1],

𝐷𝜔2 = [𝜔1𝜔2
1] + 2[𝜔1

2𝜔2] + [𝜔2
1𝜔2], (C)

𝐷𝜔2
1 = [𝜔1

2𝜔2] + 3[𝜔2
1𝜔1] + [𝜔2

1𝜔2] + 2[𝜔2𝜔2
1] + 2[𝜔2𝜔1],

𝐷𝜔1
2 = [𝜔2

1𝜔1] + 3[𝜔1
2𝜔2] + [𝜔1

2𝜔1] + 2[𝜔1𝜔2
1] + 2[𝜔1𝜔2].

It is easily verified that (C) are the structural equations of a four-parameter Lie
group, isomorphic and similar to a subgroup of the affine group of the plane:

𝑢̃ = 𝑐1
2 [(1 − 𝑐1 − 𝑐2)𝑢 + (1 + 𝑐1 − 𝑐2)𝑣 + 𝑐3] ,

̃𝑣 = 𝑐1
2 [(1 + 𝑐1 + 𝑐2)𝑢 + (1 − 𝑐1 + 𝑐2)𝑣 + 𝑐4] .

Equations (1) and (2) will take the following form in these coordinates:

𝑢″ = 3
4(1 + 𝑢′)3, (12)

𝑣″ = 3
4(1 + 𝑣′)3. (13)

On the right-hand sides of (12) and (13) there stand polynomials of the third
degree in the first derivatives. Since this form of a differential equation of the
second order is invariant under arbitrary analytic transformations of the plane,
it may be asserted that, in the case under consideration, the right-hand sides of
(1) and (2) are polynomials of the third degree in the first derivatives.

A deeper investigation makes it possible to establish that the correspondence
between the plane 𝑆 and the plane with an affine subgroup can be realized in
infinitely many ways. We give an example.

It follows from (C) that the parameters may be chosen so that
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𝜔1 + 𝜔2 − 𝜔2
1 − 𝜔1

2 = −𝑑 ln 𝑡,

𝑝(𝜔1 + 𝜔2) + 𝑞(𝜔2
1 + 𝜔1

2) + 𝑟(2𝜔2 + 𝜔2
1) = 𝑡 𝑑𝑤,

𝜔2 = (−𝑞
𝑟 𝑡 − 𝑤

𝑟 𝑡2) 𝑑𝑢 + 𝑡2 𝑑𝑣, 𝜔1 + 𝜔2 = 𝑡 𝑑𝑢,

where 𝑝, 𝑞, 𝑟 are arbitrary constants, 𝑟 ≠ 0. The plane 𝑢, 𝑣 is transformed affinely,
since integration of the corresponding equations gives

𝑢̃ = 𝑐1𝑢 + 𝑐2, ̃𝑣 = 𝑐1𝑐3
𝑟 𝑢 + 𝑐2

1𝑣 + 𝑐4.

Equations (1) and (2), for this choice of the parameters, take the form:

𝑣″ = 𝑝 + 𝑞
𝑟 , 𝑣″ = 𝑝 + 𝑞

𝑟 + 3.

For 𝑝 + 𝑞 = −3𝑟 or 𝑝 = −𝑞, the corresponding family of integral curves will
be mapped onto a set of straight lines in the plane 𝑢, 𝑣. Consequently, in the
case under consideration, each of the families of integral curves separately is
equivalent to a rectilinear net. In all other cases the families of integral curves
are mapped into families of parabolas. It is interesting to note that the planes
𝑢, 𝑣 corresponding to different 𝑝, 𝑞, 𝑟 turn out to be birationally equivalent, since
they pass into one another under transformations of the form

𝑢̄ = 𝑢, ̄𝑣 = 𝑣 + 𝐿𝑢2,

where 𝐿 is a constant.

Velikie Luki State
Pedagogical Institute

Received
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