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In the study of various questions connected with differential operators with
constant coefficients, the usual method consists in applying the Fourier trans-
form and considering the corresponding operators in the dual space. One of the
spaces of this type most frequently encountered in applications is the space H
of entire analytic functions u(§) = u(&q, ..., ¢&,,) of first order of growth of fixed
type, quadratically summable in the real domain. If R, is the real space of the
variables & = (§,...,&,) and M C R, is an arbitrary set of positive measure,

then the expression
1/2
Julyy = ( [ e dg)
M

defines in the space A a norm weaker than the usual norm

1/2
|u||=(/R u(§)|2d£> .

In the present note we establish a certain class of sets M that determine, in
the above sense, a topology of the space H equivalent to the usual topology
of a Hilbert space. The results obtained naturally generalize to a considerably
broader class of dual spaces, but we shall not dwell here on these generalizations.

n

Basic notation. We shall denote by Q a bounded domain in the space R™* and
by H(Q) the totality of all square-summable functions u(x) in Q. The Fourier
transforms of functions u(z) € H() constitute the space H, i.e. a(§) € H if
and only if

1
2

a(e) = ( )n/Q /Q w(@)e @O dz, u(x) € H(Q). (1)

In the space J{ the topology is given in the natural way:

1/2
|a<e>||=< [Q ﬁ(€)|2d£> | 2)
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By E we shall denote the unit sphere in the space #. If A is any set in R,,,
then p(A) is the measure of this set.

1. As indicated above, any set M C R, of positive measure permits one to
define a special norm in the space ', namely:

1/2
(@l = ( | fateras) 3)
M
We shall be interested in those sets M for which

[@(©)lar = COOa@),  C(M) = const > 0. (4)

* As usual, R" denotes the n-dimensional space of real variables z = (2!, ..., 2").

Let 9 = R, \ M. It is obvious that (4) is satisfied if and only if there exists a
constant 0 < § < 1 such that

la(€)llan < dlu(é)] ()

for all u(§) € K. We denote the exact lower bound of such § by v(9). It is
easy to see that

Am) = sup ( /m 2(e)? dg) - (6)

Definition. A set M C R,, is called a determining set if v(9) < 1.
Theorem 1. Every set M C R, of finite measure is determining.

Proof. We first prove the theorem for a bounded set 9. Let M = R, \ M.
Suppose that the theorem is false. Then there exists a sequence {4,,(£)}5° € F
such that ||a,,(§)| — 0 as n — co. We now note that the unit sphere E, by
Montel” s theorem, is compact in the space D of analytic functions with respect
to the topology of this space. Therefore from the sequence {4,,(£)}° one can
extract a subsequence of analytic functions {a, (£)}72, converging uniformly
on every compact set. From the fact that |4, (£)|y;, — 0, it follows that the
sequence {1, (§)}7° converges uniformly to zero in the region between the ball
containing the set 9t and a larger ball; but then, by the maximum principle, it
converges uniformly to 0 also on the set M. On the other hand, |4, (§)lon — 1
as k — oo. The contradiction proves the theorem.

To pass to the case of an unbounded set 9, it suffices to use a lemma which
itself turns out to be important in applications.

Lemma 1. If A C R,, is an arbitrary set of finite measure, then

V(A) < p(A)p(€).
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We now finish the proof of Theorem 1. Let the set 9t be unbounded, but
w(9M) < oo. If the theorem is false, then there exists a sequence of functions
{1,,(§)}5° € E such that, as n — oo, |4, ({)|ow — 1. Split the set M into
two parts I = My U M, so that p(M,) < 1/u(Q), while M, lies in some
circle. Then from the sequence {@,,(£)} one can extract a subsequence {u,, ()}
such that [, (§)[sn, — 0 and, consequently, [, (§)]ay, — 1. This, however,
contradicts the fact that, according to Lemma 1, v(91,;) < 1. Thus the proof of
Theorem 1 is completely finished.

Theorem 2. In the space R,, any set M of the form M = R, | X B is
determining, where B is a determining set on the line.

The proof of the theorem follows immediately from Theorem 1. Let, for example,
B be a determining set on the axis &;. Let u(£;,&") € K, where

& = (&, -+, &,). Then, for a fixed value of £, according to Theorem 1,

/ a6y, €2 e, < (¢) / e, Ode, e <1, ()
B Ry

and it remains to note that, since $ 3 4(&;, ), for fixed &', is again the Fourier
transform of a function quadratically integrable in a bounded domain, the quan-
tity v(¢’) does not depend on &', i.e. v(§') = v < 1. Integrating (7) with respect
to &, we find

/ ()2 de < / (€ 2 de. (®)
m R,

Thus the assertion of the theorem is proved.

2. In the preceding item we introduced the function v(9%), defined on the
collection of all measurable sets 9t C R,,. The properties of this function,
generally speaking, depend on the domain 2 C R™. Suppose first that Q
is a ball with center at the origin. Let 2, be the set of all measurable sets
M C R, and let B, C A, be the collection of measurable sets of finite
measure. Let L[, be the group of unitary transformations of the space R,,.

Lemma 2. The space § is invariant with respect to transformations u € 4,
and translations.

Introduce in 9B,, an order relation, considering that 9Mt, > M, if there is such
a u € i, that, after some translation, v, C M, and p(M;) < p(M,). With
the aid of Lemma 2 the following theorem can be proved:

Theorem 3. On the set B,, the function v(IN) is strictly monotone, i.e. from
M, > M, it follows that v(My) > v(M,).

We note that for arbitrary sets from 2, Theorem 3 is no longer true. If, for
example7 Hl - {g : 0 < 51 < o9, |£2| < 1}3 HZ - {f 1 < 51 < o9, |€2| < l}a

sovietrxiv.org/items/ru-196101.25706 Machine Translation


https://sovietrxiv.org/items/ru-196101.25706

then it is easy to verify that y(II;) = ~(II,), although IT; D II, and p(IT; \II,) >
0. Nevertheless, Theorem 3 can be extended to a certain class of sets of infinite
measure.

Theorem 4. If M; = Ny X R,, and My = Ny x R,, p < n, with Ny and
Ny CB,,_, and Ny > Ny, then v(9M;) > v(M,).

In the case of an arbitrary domain €2, the space $) is no longer invariant with
respect to all transformations u € &, and therefore Theorems 3 and 4 are true
only when the order relation in 95, is introduced with the aid of the identity
transformation. If 9, and 9, are sets of one and the same measure, then,
generally speaking, v(9;) # v(9M,). However, the following theorem is valid:

Theorem 5. Let {9} be an arbitrary collection of sets with p(M,,) < p =
const, the diameters d, of which are bounded by one number d. Then there
exists a number A < 1 such that for all a, y(M,) < A.

Of considerable interest is the formulation of a criterion that makes it possible
to find all determining sets. Below we give a condition necessary in order that
7(9M) < 1 hold. Let M be an arbitrary measurable set in R,,. Denote by R
the sphere of radius N with center at the point a. Let also pY (M) = p(MNRY)
and

N
fa (M
pﬂﬁ(a>N) = C (Z\/vn)’

where C), is the volume of the unit ball in R,,.
Definition. The number

BN) = lim  sup pgy(a, N)

N—o00 acR,,

will be called the asymptotic density of the set 9.

It is not hard to see that 0 < g(9) < 1, with S(R,,) = 1, and, if M is a bounded
set, then B(9) = 0. The set of black cells of an infi-

chessboard has asymptotic density equal to 1/2. In general, one can show that
for any number 0 < v < 1 there exists a set N, with (N ) = v.

Theorem 6. If the asymptotic density of the set M, S(IN) = 1, then v(M) = 1.
The question of the sufficiency of the condition given remains open.

3. In applications, the question of the equivalence of norms generated by two
sets M and N turns out to be important. One can show that if M C N
are bounded sets and p(M) < w(N), then the norms | - ||py and | - |y are
not equivalent. Therefore the following theorem is of particular interest:
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Theorem 7. Let II be a strip in the space Ry, and let M C II be a set of finite
measure. Then, if we denote M =TI\ M, the norms || - | and || - ||lgn turn out
to be equivalent, i.e., there exists a constant ¢ such that for all 4(£) € H

lalon < luln < clalon- (9)

The proof of this theorem requires no new ideas in comparison with the proofs
of Theorems 1-5.

If IT is fixed, then the constant ¢ in (9) depends on the set 9t and, generally
speaking, increases as pu(M) increases. One can show, however, that if k£ and
m are arbitrary (fixed) numbers and M, C II is an arbitrary collection of sets,
each of which consists of no more than k connected subsets with diameter less
than m, then the constants ¢, in (9) for all 9, are bounded above by one
constant (cf. Theorem 5). This assertion is naturally generalized to the case of
a space of arbitrary number of dimensions and makes it possible to establish a
broad class of determining sets. Namely, the following is true:

Theorem 8. Suppose that in R, there is a vector Z such that every straight

line parallel to E intersects the set 9 in no more than k intervals of length < m.
Then (M) < 1.

In conclusion I express my gratitude to Prof. G. E. Shilov for his interest in and
attention to this work, and also to V. Ya. Lin for valuable remarks in connection
with item 2.
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