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Abstract
Full Text

LETTER TO THE EDITOR

In the paper (!) B. Ethelbaum made an attempt to generalize the concept of
G. F. Voronoi’ s normal basis of a cubic field to an arbitrary algebraic field of
degree n. His result, asserting the existence in every algebraic field of a normal

basis 1, w, ..., w,,, for which the conditions
Dy . .
w2wi+f,»:7 i1 (0=3,4,...,n—1); wow, + f,, =0, (1)

hold, where f; and f, are certain rational integers, is incorrect. Let us specify
the notation used in paper (!). Denote the field into which K (p) is transformed
by K(w,) (in the paper, K(w,)). Let the basis of this field be

Bj 1 + Bj 5w, +@;
D3 ’

1a wQa wS =

B; 1+ Bigy + -+ ! By 4Byt

Wy = D, Yy Wy = D

3

n

and let

a4 flat T 4 f =0

be the equation satisfied by w,. Form the products w,w,,, Wyw;:

Woly, = C”Ll + O’L,QEQ + 07“3@3 +oet Cn,n—lwn—l + Cn nWn s (5’)
Gyw; = C; 4 + C; C; C, Din1 5 6’
Wat; = Gy + O g + € gy + o+ 0 0 + —5= Wi (67)

K2

These are the same equalities as ( ), (6) in paper (1), but written in different
notation (C; ) = ¢, , W; = w;; 1 = 3,4,. —1). After passing to the new

basis by the formulas wy = wy — C’ w; wz Ci 2w, =w, —C, 5, we obtain

Wod, = Cn,l + Cn,SwS +oeee Cn,nflwnfh (7)
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D,
wow; = Cj 1 + O sws + -+ Cj jw; + é+ Wiyl (8)

7

Let

o+ fra® et f, =0

be the equation satisfied by w,. The author then gives an erroneous proof that
the basis 1,ws, ..., w, will be normal, i.e. that C,, 3 =--=C, , 1 =0, C; 3 =
=0, =0.

The proof of the latter is based on the assertion that it is possible to eliminate
the unknowns ¢; 3, ...,¢; ; OF ¢, 3,...,¢, , 1 from the systems (10) or (11) (*)
and to obtain an equation relating the coefficients b,;, which enter into the
basic numbers w; (i = 3,4,...,n), so that

159

b1+ biowy + -+ by qwi 2 wi!
w; = D .
This would be possible if the number of independent equations in each of the
systems (10), (11) were greater than the number of unknowns to be eliminated,
as the author assumes. In fact, however, in each of the systems (10), (11) the
number of independent equations is equal to the number of unknowns. This can
be shown by carrying out the computations in accordance with the author’ s
arguments, at least for fields of the 4th and 5th degrees, as follows.

If, in the systems (10) and (11), one expresses b, ; in terms of Bi’jfl,z%, s by
then systems are obtained in which it is not difficult to establish a linear depen-
dence among the equations. Consequently, the equation relating b; ; will in fact

be an identity.

The construction of a fundamental basis of type (1) in algebraic fields of degree
n was also studied by D. G. Grebenyuk (?), whose article B. Epelbaum cites.
It follows from the arguments given above that the fundamental basis of D. G.
Grebenyuk also will not exist in every algebraic field.

That not every field has a normal basis is easy to show, for example, by the
following example. Consider the field K(p) generated by some root p of the
equation z* — 722 4+ 42 + 1 = 0. The discriminant of the equation is 1957 - 2.
It is not hard to show that the numbers (p? + p + 1)/2 and (p® + 1)/2 are
algebraic integers, and since 1957 is a prime number, the numbers 1, p, (p? +
p+1)/2,(p® + 1)/2 may be taken as a basis of the field. The discriminant
of the field is 1957. Let us try to pass from this basis to a basis of type (1).
Obviously, one may assume that wy, = p — 7, w3 = (P> + p+1)/2 4+ ayp + ay,
wy = (PP +1)/2+by(p> + p+ 1)/2 + byp + by, where T,a,,a5,b;,by,bs are
rational integers chosen in accordance with the conditions (1). Substituting in
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the equalities (1) the values of wy, w5, w, and equating, in the first equality, the
coefficients of p? on the left and on the right, and in the second—the coefficients
of p3, we obtain 1 +2a;, — 7 = b;, by — 7 = 0, whence 1 + 2a, = 27; the latter
equality cannot hold for any rational integers a,, 7. Thus the field has no normal
basis.

K. K. Billevich
T. K. Shulikina
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